
Velocity Moments and the Jeans

equations BT 4.2 p 195-198

We usually don’t observe the motions of

individual stars, but we can observe the

average motions, and the spread in

velocities (the velocity dispersion). Here we

derive equations for the densities, average

velocities, and dispersions.

We can derive these without taking into

account the full distribution function.

Assume a population of objects with density

ν and distribution function f in a potential

Φ.

Notice that ν is not necessarily the same as

ρ, which is the total matter density.
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Integrate distribution function f(~x,~v) over

velocities. This gives three velocity

moments:

0. Spatial density of stars / 0th moment:

ν(~x) =
∫

f(~x,~v) d3~v

1. Mean stellar velocity / first moment:

vi (~x) ≡
1

ν

∫
vif(~x,~v) d3~v, i = 1,2,3

2. Second moments:

vivj (~x) ≡
1

ν

∫
vivjf(~x,~v) d3~v, j = 1,2,3

Plus:

Velocity dispersion tensor:

σ2
ij ≡ (vi − vi )(vj − vj ) = vivj − vi vj
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Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):

∂ν
∂t +

∑3
i=1

∂
∂xi

ν vi = 0

Jeans equation 2 (the Force equation):

∂(ν vj )
∂t +

∑3
i=1

∂
∂xi

(ν vivj ) + ν ∂Φ
∂xj

= 0

Jeans equation 3 (a common rewrite of

Jeans-2):

ν
∂ vj
∂t +

∑3
i=1 ν vi

∂ vj
∂xi

= −ν ∂Φ
∂xj

−
∑3

i=1
∂

∂xi
νσ2

ij
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Jeans equation 1
(the Continuity equation)

This equation is obtained by taking the 0th
moment of the Collisionless Boltzmann
Equation (CBE) in v.
Recall the CBE:

∂f

∂t
+

3∑
i=1

vi
∂f

∂xi
−

∂Φ

∂xi

∂f

∂vi
= 0 (CBE).

The 0th moment in v of the CBE:∫
CBE d~v

or:∫
∂f

∂t
d~v +

3∑
i=1

∫
vi

∂f

∂xi
d~v−

3∑
i=1

∂Φ

∂xi

∫
∂f

∂vi
d~v = 0.

Using the divergence theorem, we can
rewrite the last term as a surface integrale:∫

∂f

∂t
d~v+

3∑
i=1

∫
vi

∂f

∂xi
d~v−

3∑
i=1

∂Φ

∂xi

∫
[f ]∞−∞d~S = 0.

Since f(~x,~v) = 0 for “infinite” velocities,
the last term is zero.
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The second term can be simplified by

moving the derivative outside the integral:

∂ν
∂t +

∑3
i=1

∂
∂xi

ν vi = 0 Jeans− 1

or:
∂ν

∂t
+∇ · (ν ~v ) = 0

This is a continuity equation for the mean

streaming motion ~v of the stars in

configuration space

Note the similarity with the the continuity

equations for fluid mechanics:

∂ρ

∂t
+ ~∇ · (ρ~v) = 0
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Jeans equation 2 + 3

(the Force equation)

The first moment in v of the CBE:∫
CBE v d~v

or:

∂

∂t

∫
fvjd~v+

3∑
i=1

∫
vivj

∂f

∂xi
d~v−

3∑
i=1

∂Φ

∂xi

∫
vj

∂f

∂vi
d~v = 0

The last term can be simplified. Do the

partial integration over dvi and use the fact

that f vanishes for large v:∫
vj

∂f

∂vi
d~v =

∫ ∫
vj(f(vi =∞)−f(vi = −∞))d2v 6=i−

∫ ∂vj

∂vi
fd~v =

0−
∫

δijfd~v = −δijν

where δij = 1 for i = j and 0 for i 6= j.
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Hence:

∂

∂t

∫
fvjd~v +

3∑
i=1

∫
vivj

∂f

∂xi
d~v +

3∑
i=1

∂Φ

∂xi
δijν = 0

or

∂(ν vj )
∂t +

∑3
i=1

∂
∂xi

(ν vivj ) + ν ∂Φ
∂xj

= 0

(Jeans− 2)

Multiply continuity equation (Jeans-1) by
vj , and subtract from the last equation
(Jeans-2):

ν
∂ vj

∂t
−

3∑
i=1

vj
∂ν vi

∂xi
+

3∑
i=1

∂ν vivj

∂xi
+ ν

∂Φ

∂xj
= 0

Using

∂νσ2
ij

∂xi
=

∂

∂xi
ν( vivj − vi vj ) =

∂(ν vivj )

∂xi
− vj

∂(ν vi )

∂xi
− ν vi

∂ vj

∂xi
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We obtain the more frequently used variant
of Jeans-2, Jeans equations 3:

ν
∂ vj
∂t +

∑3
i=1 ν vi

∂ vj
∂xi

= −ν ∂Φ
∂xj

−
∑3

i=1
∂

∂xi
νσ2

ij

(Jeans− 3)

Hence we obtain the analogue of the Euler
equation:

ρ∂~v

∂t
+ ρ(~v · ~∇)~v = −ρ~∇Φ− ~∇p = 0

• Almost the same as Euler equations for
fluid, but instead of ~∇p we have the
summation over the stress tensor ∂νσ2

ij∂xi.
For a stationary model the left terms
disappear completely, and the velocity
dispersion tensor counter-acts gravity, just
like for a star made of gas. Note that the
pressure in a galaxy is anisotropic ! But
notice: no equation of state for our “gas”
in a galaxy, in contrast to stars !

• Generally 3 equations for 6 unknowns:
many solutions!
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• Caveat: solutions are not guaranteed to

be physical, since no check that f ≥ 0

Velocity ellipsoid

The tensor σ2
ij is symmetric ⇒ it is diagonal

in locally orthogonal coordinates (x̃1, x̃2, x̃3): σ̃11 0 0

0 σ̃22 0

0 0 σ̃33


The ellipsoid with semi-axes σ̃11, σ̃22, and

σ̃33, oriented along the local axes x̃1, x̃2,

and x̃3, is called the velocity ellipsoid. It is

sometimes used to describe the local

velocity distribution
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Jeans equations for spherical models

BT 4.2d, page 203-209

Assume a coordinate system (r, θ, φ). We

assume the system is invariant under

rotations about the center. Hence we have

vr = vθ = vφ = 0

vrvθ = vrvφ = vθvφ = 0

v2
θ = v2

φ

so that velocity ellipsoid is everywhere

aligned with (r, θ, φ) coordinates.

Now the Jeans equation(-2/3) in the

stationary case reduces to:

d(ν v2
r )

dr
+

ν

r

[
2 v2

r − 2 v2
θ

]
= −ν

dΦ

dr

Define the anisotropy function:

β(r) = 1− v2
θ / v2

r .
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Clearly β ≤ 1. We obtain one non-trivial

Jeans equation:

1

ν

d

dr
ν v2

r + 2
β

r
v2
r = −

dΦ

dr

Given β(r), v2
r and ν(r) we can derive the

potential and mass distribution. Full

knowledge of the full distribution function is

not necessary to interpret observable

parameters such as the velocity dispersion.
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Total enclosed mass and rotation curve

For a circular orbit with velocity vc(r) we

have:

dΦ

dr
=

GM(< r)

r2
=

v2
c

r

So the Jeans equation can be written as

v2
c =

GM(< r)

r
= − v2

r

d ln ν

d ln r
+

d ln v2
r

d ln r
+ 2β



Measure: ν(r), v2
r and β ⇒ determine

enclosed mass
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Isotropic models

Now simplify the equation, and assume

β = 0, or ’isotropic velocity dispersions’ -

i.e., they are the same in all directions.

Below we show how the observed light

distribution and observed velocity dispersion

can be used to derive the internal mass

distribution. In order to do that, we have to

calculate the projection effects.

For β = 0, we have from our previous

equations:

M(< r) = −
r v2

r

G

d ln ν

d ln r
+

d ln v2
r

d ln r


BT87 : 4− 56

Now use the geometry of the projection

along the line-of-sight to calculate the

projected surface brightness I(R), and the

projected velocity dispersion σp:
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If I is observed surface brightness, ν is
luminosity density, then

I(R) = 2
∫ ∞
0

ν(
√

z2 + R2)dz = 2
∫ ∞
R

ν(r)rdr√
r2 −R2

Similarly, we derive for the observed
dispersion:

I(R)σ2
p(R) = 2

∫ ∞
R

ν(r) v2
r (r)rdr√

r2 −R2

These are Abel integral equations and can
be easily inverted:

ν(r) = −
1

π

∫ ∞
r

dI

dR

dR√
R2 − r2
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ν(r) v2
r = −

1

π

∫ ∞
r

d(Iσ2
p)

dR

dR√
R2 − r2

Hence, the observables σp and I can be

used directly to infer the intrinsic σ and ν.

With the Jeans equation above we can

immediately calculate the mass distribution

from these two.
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An example is M87 (see also BT).

Three main questions: a), b), and c).
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Sargent et al. 1978: long-slit spectroscopy

of M87 yields a galaxy spectrum for

positions along the slit.

The strong absorption is due to the sum of

the Ca II H and K absorption lines of

individual stars in the galaxy. Also is show

measurement for a reference star.

Comparing the galaxy and stellar spectrum

yields the projected velocity dispersion at

the observed location of the galaxy.
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From this analysis, Sargent et al conclude

that the observed velocity dispersion is

rising towards the center:
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Based on this velocity dispersion profile, the

mass distribution and mass-to-light ratios

were calculated. Υ(r) is ratio of mass with

radius r to luminosity with radius r

Υ(r) = M(< r)/[4π
∫ r

0
νr2dr]
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The mass-to-light ratio increases strongly

towards the center. The authors argued

that this proved that a black hole had to be

present (with a mass of order 5 109 Msun).
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