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1 Equation of Motion for the Reduced Mass

Two bodies with masses m1,2, position vectors r1,2 and velocity vectors v1,2 are influencing each other via
gravity. Using Newton’s laws

d

dt
(m1,2v1,2) = F1,2 (1)

F12 = −F21 (2)

F12 = −Gm1m2

r2
r̂ (3)

with G being the gravitational constant and r = r1 − r2 and r̂ = r/r,

1. show that the center of mass moves at a constant velocity

2. show that the following equation of motion holds for the reduced mass µr = m1m2/(m1 +m2):

µr
d2

dt2
r = −GµrM

r2
r̂ (4)

with the total mass M = m1 +m2.

We now have a single equation that describes the relative motion of the two bodies in a coordinate system where
their center of mass is at rest. This reduces the two-body problem to an equivalent one-body problem.

2 Kepler’s Second Law

Show that a line connecting two bodies sweeps out an area at a constant rate.
Hint: Use polar coordinates to write Kepler’s second law as d

dt

(
r2

2
dθ
dt

)
= 0 and express the conservation of

angular momentum (vector) L = r×mv: d
dtL = 0 in polar coordinates, too.

3 Kepler’s Third Law

Show that the orbital period Porb of a pair of bodies about their mutual center of mass is given by

P 2
orb =

4π2a3

G(m1 +m2)
. (5)

Hint: Use the fact that an area of an ellipse is given by A = πab where a is the semi-major axis and b is
the semi-minor axis and that the magnitude squared of the angular momnetum is given by l2 = a

(
1− ε2

)
GM .

As the area speed (amount of area swept by the radius vector in unit time) is a constant, the period can be
calculated as the ratio between total area and the area speed.

4 Bonus Exercise: Kepler’s First Law

Two bodies move along elliptical paths with one focus of each ellipse located at the center of mass rcm of the
system.

Hint: Change to a polar coordinate system with coordinates r and θ and express the equation of motion in
polar coordinates.
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