
Total overview of a measurement procedure

This lecture:

Signal-to-noise ratios

Is radiation indeed intrinsically stochastic?

Dealing with noise, e.g. optimal filtering



the case of type I X-ray bursts 

Galloway private communication

1 Measurement of x(t) in a time T => windowing and 

averaging over time !T

y(t) = Π(
t

T
)x(t)windowing:

averaging:

z(t) ≡ y∆T (t) =
1

∆T

∫ t+∆T/2

t−∆T/2
y(t′)dt′ =

1
∆T

∫ ∞

−∞
Π(

t− t′

∆T
)y(t′)dt′

= low-pass filter, remember Nyquist theorem

Type I X-ray bursts

One bin/measurement: average in time domain 
over box

This is a 
convolution!



Time domain, 

multiplication with box

time -> convolving, hence 

smoothing, with sinc in 

freq domain

remove high frequencies 

due to finite response of 

instrument and detector

response

Finite duration

1 Sample !averaging

1:

2:
2:

1:

Note figure used here different from Lecture notes p25!

Average in time domain over 
length T, i.e. convolve in time
domain with box function

Remember 
convolution goes 

from −∞ to ∞



z(t) =
1

∆T

∏
(

t

∆T
) ∗ y(t)

z(t) =
1

∆T

∏
(

t

∆T
) ∗

∏
(

t

T
)x(t)

Derivation on black board page 25,26,27 

lecture notes OAF2

σ2
xT

= σ2/N for T >> τ0

   depends on transfer 

function

which in order to avoid aliasing 

should be suited for the 

system under study

τ0

H(f)

Consider example on pages 25-27 of Lecture notes

What is the combined effect of finite sample and 
finite bin size?



bootstrap method

Estimating   if the probability density 

function of the s.p. is known

σ

Jackknife method

e.g.

Propagation of Errors chapter 5.2

Estimating   if the probability density 

function of the s.p. is not known

σ

More on this later



Signal detection involves:

limited time interval !  windowing

not continuous ! sampling

samples not instantaneous ! averaging

dealing with noise ! filtering

thus the detected signal will only 

approximate the source signal

response of the detection system



Filtering

Time Filtering

measure a process x(t) over interval T assumed 

zero outside T

≡ y(t) = Π(
t

T
)x(t)

Y (f) = X(f) ∗ Tsinc(Tf)
all information about frequencies <1/T is lost!

Sampling: high frequencies are filtered out

leads to band limited data

Window: low frequencies are filtered out

Leakage: convolution with a sinc 

function mixes frequencies in the transform

Recap

Aka



Filtering

Frequency Filtering

y(t) =
∫ ∞

−∞
x(t− θ)h(θ)dθ

y(t) = x(t) ∗ h(t)

Filtering of process x with filter h

Y (f) = X(f)H(f)

Sampling: high frequencies are filtered out

leads to band limited data

Window: low frequencies are filtered out

Aka

Recap



Gaussian response function

R(λ)
1√

(2π)σ
exp− (

λ2

2σ2
)

σ

frequency

Recap: detector/instrument system response



Gaussian response function

Full resolution spectrum



Gaussian response function

Full resolution spectrum

Gaussian smoothed 

spectrum

Convolved with Gaussian response function=



Mazur: Peer Instruction

 Identify in a real astrophysical 
measurement 

all the steps discussed above

Response instrument/detector
Finite duration measurement

Sampling 
Average of 1 sample
Noise contributions?



data sampling: ideal case nyquist criterium 

is fulfilled        sampling does not lead to 

loss of information

Recap

Conditions: 

band-limited response of the detector 

removes highest noise powers and the 

sampling is fast enough to cover the band 

limit of the detector

Signal is band-limited also and

Filtering: 
one can design an optimal filter such that 

the filtered measured data-set is as close 

as possible (in least-square sense) to the 

uncorrupted signal 

νsampling > νmax,detector > νmax,signal

RV completely described by the samples

either:

or:
and

however, noise is often white and thus contains high frequencies!



Noise removal by optimal 

filtering

cs(t) = s(t) + n(t)

Design an optimal filter !(t) that 

produces a signal u(T) as close as 

possible to u(t)

Ũ(f) =
C(f)φ(f)

R(f)
Close in least square sense

is minimised

∫ ∞

−∞
|Ũ(f)− U(f)|2df

s(t) is the smeared signal i.e. true× response

∼

Num. Res 13.3

or U(f)

c(t)

s(t) = u(t) ∗ r(t)



Noise removal by optimal 

filtering
∫ ∞

−∞
| [S(f) + N(f)]φ(f)

R(f)
− S(f)

R(f)
|2df

∫ ∞

−∞
|R(f)|−2{|S(f)|2|1− φ(f)|2 + |N(f)|2|φ(f)|2}df

∫
S(f)N(f)df terms are zero since noise 

and signal are uncorrelated

︸ ︷︷ ︸

! minimised with respect to !

!

= 0

= 0



Noise removal by optimal 

filtering

dθ

dφ
= 0

−2S2(1− φ) + 2N2φ = 0

φ =
S2

S2 + N2Optimal filter

|S(f)|2 + |N(f)|2 = PDS(f) = |CS(f)|2

Does not contain true signal directly!
U(f)

|C(f)|2



Noise removal by optimal 

filtering

Page 542 Num Res

PSD



Some Applications of filtering

An optimal filter for the detection of galaxy 

clusters through weak lensing

Maturi, et al. 2005, A&A, 442, 851

On optimal detection of point sources in CMB maps

Vio et al, 2002, A&A, 391, 789

The largest scale perturbations: A window on the 

physics of the beginning

Wandelt, New Astronomy Review, 2006, 11, 900



Application to timing experiments in 
Low-mass X-ray binaries



C.f. X-ray Timing experiments

GX 340+0



X-ray Timing experiments

GX 5-1 Poisson 

noise removed



X-ray Timing experiments



Recap Filtering: 

one can design an optimal filter such that 

the filtered measured data-set is as close 

as possible (in least-square sense) to the 

uncorrupted signal 
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