
Recap lecture 4 + Frits Paerels

hν << kT Thermal limit
thermal limit of stochastic radiation processes

∆P 2(ν) = P̄ 2(ν)

Use incomplete gamma function to 
calculate Poisson and Gauss 

cumulative distribution function

Propagation of errors
under the assumption of independent variables

σ2
f = σ2

u(
∂f

∂u
)2 + σ2

v(
∂f

∂v
)2 + ...

f̄ = f(ū, v̄, ..)
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Paerels showed that one doesn’t always get the 
exact Poisson quantum noise at hν >> kT



Today:

Comparing data with a model: 
Least-squares fitting, maximum 

likelihood method: Gaussian data

“real” maximum likelihood 
method: Poissonian data

OAF2 chapter 5.3+5.4
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see also Num Res Chapter 15
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Compare data with a model

describe data in terms of a continuous 
function

Compare observations (data) with 
theoretical model prediction 

Describe the data in a few parameters
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Example: continuous model through 
discrete data & model prediction

X-ray binary in quiescence neutron star 
atmosphere model



Method of least squares
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dQi = Pidx

Probability density function 
dQi

dx
= Pi

↪→ Gauss, Poisson

Maximum likelihood: most likely 
outcome is assumed to be the 

‘correct’ one

P (yi)∆y =
1√

2πσi

exp(−1
2

(yi − ym)2

σ2
i

)

note:       = model value not mean here!ym

∆y
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P ∝
N∏

i=1

{exp[−1
2
(
yi − ym

σi
)2]}

∝ exp[−1
2

N∑

i=1

(
yi − ym

σi
)2]}

Method of least squares

minimise:

minimisation: root finding problem
∂

∂yi

N∑

i=1

(
yi − ym

σi
)2 = 0

N∑

i=1

(
yi − ym

σi
)2χ2 ≡

1D:
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more about χ2

drawn from normal distribution

distribution of    is a    distributionχ2
i χ2

for N measurements described by 
M variables, there are N-M 
Degrees of Freedom (d.o.f.)

Probability of obtaining a 
certain χ2

P (χ2
obs) = gammq(

N −M

2
,
χ2

obs

2
)
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Example from Bevington & Robertson 1992

Value and Poisson errors
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Chandra CCD (ACIS) observation 
of an X-ray binary
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pjonker 25!Sep!2007 22:25

Same data as before

Gaussian approximation for 
errors but at low counts Gauss 

and Poisson errors differ
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fitting provides:

best-fitting parameters

an error estimate of the 
uncertainty of the fitted 

parameters

a probability that the data is 
drawn from a parent population 

described by the model 
parameters

χ2
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Fitting a straight line to the 
data

(see also exercise)

ym(xi, a, b) = a + bxi

minimise χ2
i

∂
∑N

i=1(
yi−a−bxi

σi
)2

∂a
= 0

∑ yi

σ2
i

− a
∑ 1

σ2
i

− b
∑ xi

σ2
i

= 0

&∑ xiyi

σ2
i

− a
∑ xi

σ2
i

− b
∑ x2

i

σ2
i

= 0

to find best-fitting parameters 

a =

∑
i

x2
i

σ2
i

∑
i

yi

σ2
i
−

∑
i

xi

σ2
i

∑
i

xiyi

σ2
i∑

i
1

σ2
i

∑
i

x2
i

σ2
i
− (

∑
i

xi

σ2
i
)2
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determine errors on the best-fitting parameters 

σ2
f = σ2

u(
∂f

∂u
)2 + σ2

v(
∂f

∂v
)2 + ...

σ2
a =

N∑

i=1

[σ2
i

∂a

∂yi
]2

∂u & ∂v etc are the different measurement values yi

σ2
a =

∑
i

x2
i

σ2
i∑

i
1

σ2
i

∑
i

x2
i

σ2
i
− (

∑
i

xi

σ2
i
)2

similarly

σ2
b =

∑
i

1
σ2

i∑
i

1
σ2

i

∑
i

x2
i

σ2
i
− (

∑
i

xi

σ2
i
)2

remember
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P (χ2
obs) = gammq(

N −M

2
,
χ2

obs

2
)

Finally calculate the probability 
of obtaining the χ2

by chance

for the straight line fit m=2

reduced χ2
ν

ν = N −M degrees of freedom 

χ2
ν ≡

χ2

ν

for data fitting:  χ2
ν ∼ 1 χ2 ≈ ν

σχ2 =
√

2ν
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Monte Carlo simulations
Estimating confidence limits

assume that the distribution of  

a0

ai − a0

is close to the probability distribution 
ai − atrue

one draw from 
the distribution 

of a’s
⎬

from Num Res page 685
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Monte Carlo simulations

calculate distribution of ai − a0

by simulating many sets of data and 
using     fitting to determine aiχ2

from Num Res page 686
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bootstrap method and application

X-ray binary V395 Car

from Steeghs & Jonker 2007
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bootstrap method: an application



Confidence limits
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single vs. multiple
parameter confidence region

from Num Res page 688



Projections
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from Num Res page 689
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Be aware of non-gaussian distributions

from Num Res page 695


