Lecture 1: Foundations of Optics

@ Electromagnetic Waves

© Material Properties

@ Electromagnetic Waves Across Interfaces
@ Fresnel Equations
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Electromagnetic Waves

Electromagnetic Waves in Matter

@ Maxwell’s equations = electromagnetic waves

@ optics: interaction of electromagnetic waves with matter as
described by material equations

@ polarization of electromagnetic waves are integral part of optics

Maxwell’s Equations in Matter Symbols

. D electric displacement
VD =4mp p electric charge density
. 19D 4n- H magnetic field
V xH-— o= ¢! c speed of light in vacuum
. 198 | electric current density
VxE+-"=-=0 E electric field
c ot B magnetic induction
V-B=0 t time

Christoph U. Keller, Leiden University, keller@strw.leidenuniv.nl Lecture 1: Foundations of Optics



Linear Material Equations

e dielectric constant

[ magnetic permeability
o electrical conductivity
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Isotropic and Anisotropic Media

@ isotropic media: € and p are scalars
@ anisotropic media: € and y are tensors of rank 2

@ isotropy of medium broken by
e anisotropy of material itself (e.g. crystals)
e external fields (e.g. Kerr effect)
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Wave Equation in Matter

@ static, homogeneous medium with no net charges: p =0
@ for most materials: 1 = 1

@ combine Maxwell, material equations = differential equations for
damped (vector) wave

@ damping controlled by conductivity o
e E and H are equivalent = sulfficient to consider E
@ interaction with matter almost always through E

@ but: at interfaces, boundary conditions for H are crucial
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Plane-Wave Solutions

l_('-)_(’fwt)

@ Plane Vector Wave ansatz E = Eoe’(
k spatially and temporally constant wave vector
k normal to surfaces of constant phase
|k| wave number
X spatial location
w angular frequency (27 x frequency v)
_t time
Ey (generally complex) vector independent of time and space
e could also use E = Eye~/(k¥-wt)
@ damping if k is complex
e E, describes the polarization and the absolute phase
e real electric field vector given by real part of £

@ sum of solutions is also a solution
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Complex Index of Refraction

@ temporal derivatives = Helmholtz equation

S 2 470\ =
v2E+wCz”( +/>E 0

@ spatial derivatives = dispersion relation between k and w

@ complex index of refraction

i} 4 L W2
n2:u<e+lm>7 K- k=%
w

@ split into real (n: index of refraction) and imaginary parts (k:
extinction coefficient)
n=n+ik
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Transverse Waves

B

x E

@ plane-wave solution must also fulfill Maxwell’s equations

= — —

Eo-k=0, Hy-k=0, Hy=

| >

XEO

= |
=t

@ isotropic media: electric, magnetic field vectors normal to wave
vector = transverse waves

@ Ey, Hp, and k orthogonal to each other, right-handed vector-triple

@ conductive medium = complex A, Ey and H, out of phase

@ E, and Hy have constant relationship = consider only E
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Energy Propagation in Isotropic Media

@ time-averaged Poynting vector
- C — P
<s> — 5-Re (EO X HO>

Re real part of complex expression
* complex conjugate
(.) time average

@ energy flow parallel to wave vector in isotropic media

g\ _ clnl LS
<S> 87 1 |Eol” ,E\
@ energy flow is proprtional to index of refraction!

@ in anisotropic materials (e.g. crystals), energy propagation and
wave vector are not parallel!
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Quasi-Monochromatic Light

@ monochromatic light: purely theoretical concept

@ monochromatic light wave always fully polarized

@ real life: light includes range of wavelengths =
quasi-monochromatic light

@ quasi-monochromatic: superposition of mutually incoherent

monochromatic light beams whose wavelengths vary in narrow
range 0\ around central wavelength g

2
A

@ measurement of quasi-monochromatic light: integral over
measurement time ty
@ amplitude, phase (slow) functions of time for given spatial location

@ slow: variations occur on time scales much longer than the mean
period of the wave
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Polychromatic Light or White Light

@ wavelength range comparable wavelength (‘% ~ 1)

@ incoherent sum of quasi-monochromatic beams that have large
variations in wavelength

@ cannot write electric field vector in a plane-wave form

@ must take into account frequency-dependent material
characteristics

@ intensity of polychromatic light is given by sum of intensities of
constituting quasi-monochromatic beams
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Material Properties
Index of Refraction

@ complex index of refraction

- 4no oo WP
nz—,u<6+lw>, k-k= ? P

no electrical conductivity = real index of refraction
transparent, dielectric materials: real index of refraction
conducting materials (metal): complex index of refraction
also transparent, conducting materials, e.g. ITO

index of refraction depends on wavelength (dispersion)
index of refraction depends on temperature

index of refraction roughly proportional to density
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Glass Dispersion

1.9

Lanthanum dense flint LaSF9
1.8
1.7 - Dense flint SF10
1.6 —k Flint F2

Barium crown BaK4

Refractive index »n

Borosilicate crown BK7

Fluorite crown FK5 1A

1.4 T T T T T T
0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

Wavelength A (um)
http://en.wikipedia.org/wiki/File:Dispersion-curve.png
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Wavelength Dependence of Index of Refraction

@ tabulated by glass manufacturer

@ various approximations to express wavelength dependence with a
few parameters

@ typically index increases with decreasing wavelength
@ Abbé number:
b= Ng — 1
9 e —ne

ng: index of refraction at Fraunhofer d line (587.6 nm)
ne: index of refraction at Fraunhofer F line (486.1 nm)
nc: index of refraction at Fraunhofer C line (656.3 nm)
low dispersion materials have high values of vy

Abbe diagram: v4 Vs ng
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Empirical Models of Index of Refraction

@ tabulated, measured index as function of wavelength
@ approximations to express smooth wavelength dependence
@ most common: Sellmeier equation and coefficients:

B )2 Bo)\2 B3 )2

2
_ 1
TN =TT teog TG

@ reflects resonances that drive index variation with wavelength
@ only applicable over a limited wavelength range

@ BK7: By =1.03961212, Cy =6.00069867e-3, B, =2.31792344e-1,
C, =2.00179144e-2,B; =1.01046945, C3 =1.03560653e2
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Transparent Materials
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1 1 1 | I 1 1 1 1 |
1 1 1 1 | - MgFI2 1 1
LiF | |
1 1
- ) 1 | -
SII 1 1 1 | | | |
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Internal Transmission

Typical Transmission of LITHOSIL® (10 mm path length)

Transmission including Fresn
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wavelength [nm]

@ internal transmission per cm
@ typically strong absorption in the blue and UV
@ almost all glass absorbs above 2 ym
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Metal Reflectivity
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Electromagnetic Waves Across Interfaces

@ classical optics due to interfaces between 2 different media

@ from Maxwell’s equations in integral form at interface from
medium 1 to medium 2
1) A o= 4ry

1)-ﬁ:o
) x
)

(W]
il

D, —

I

B, -
CE
( 2 — '

A normal on interface, points from medium 1 to medium 2
¥ surface charge density on interface

K surface current density on interface

L7 N
1

=Tl
I
o

!
!

xi = —TR
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Fields at Interfaces

@ ¥ = 0in general, K = 0 for dielectrics
@ complex index of refraction includes effects of currents = K=0

@ requirements at interface between media 1 and 2

(Be~Dr) -7 = 0
(BQ—E)-F; - 0

(EZ—E)xﬁ =0
(Ijlz—Fh)xﬁ =0

@ normal components of D and B are continuous across interface
@ tangential components of E and H are continuous across interface
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Plane of Incidence

@ plane wave onto interface

@ incident (), reflected (), and
transmitted (!) waves

= = i Kisrst.
Eirt _ E(I),r,fe/(k X—wt)
girt — c gint s Birt e ee
HW pla
N€ of ine;
. - ) flncl nce
@ interface normal n || z-axis t

@ spatial, temporal behavior at interface the same for all 3 waves

— -

(K" X)z=0 = (K" X) =0 = (K" - X) 20

@ valid for all X in interface = all 3 wave vectors in one plane, plane
of incidence
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Snell’s Law

@ spatial, temporal behavior the
same for all three waves

(K'-X) 220 = (K"-X)2=0 = (K"-X) =0
o k| =un
@ w, ¢ the same for all 3 waves
@ Snell’s law

nysinf; = ny sinf, = N, sin 6;
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Monochromatic Wave at Interface

o C —; i —: C —: i
H/,r,t — 7k/,r,t > El,r,t B/,r,t _ —k"r’t « El,r,t
0 Wil o » o w 0
@ boundary conditions for monochromatic plane wave:
(rﬁE-g; + PRES — hgé-g) =0
(Rixéé+Erxéé—l?thé> -n=0
(Eé+éé—§é) xn=0
1o gi Tor o 2 1ot =
—k' xEy+ —K xEy— —k xEy) xn=0
HA HA w2

@ 4 equations are not independent

) onlx need to consider last two equations (tangential components
of Eg and Hy are continuous)
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Two Special (Polarization) Cases

™, p TE, s

@ electric field parallel to plane of incidence = magnetic field is
transverse to plane of incidence (TM)

@ celectric field particular (German: senkrecht) or transverse to plane
of incidence (TE)

@ general solution as (coherent) superposition of two cases

@ choose direction of magnetic field vector such that Poynting vector
parallel, same direction as corresponding wave vector
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Electric Field Perpendicular to Plane of Incidence

@ electric field also perpendicular to interface normal 7i
° (E‘é +Ef - E‘é) x fi = 0 becomes (with £;"" instead of E;"")

E{+E5—El=0

° (l?’xl?é+l?’xl§5—l?txl§'é> x 1l = 0 becomes

iy E} cos 0; — iy E} cos 6, — MElcosf; =0
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Electric Field Perpendicular to Plane of Incidence

NoE -

H N & H

Jmy

@ from previous slide:
iy E} cos 0; — iy E} cos 6, — mElcosf; =0

o kit x EX"!in direction of Hj"!

@ Poynting vector in same direction as wave vector = flip sign of
tangential component of magnetic field vector of reflected wave

@ reason for minus sign for reflected component in above equation

@ cos ;. terms from projecting k"""t x EI"! onto interface plane
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Electric Field Perpendicular to Plane of Incidence

I
I

I,

@ ratios of reflected and transmitted to incident wave amplitudes
E! Ny cos ; — N, cos b
rs - = — ~ ~
E Ny cos 0 + o cos O;
fo— El 2n4 cos 0,
*T K 711 oS 0; + p COS 0;
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Electric Field in Plane of Incidence

° (E‘é +E; - E‘é) x i = 0 becomes
Elcos; — E5cos, — Elcosf; =0 .

@ flip tangential component of electric field vector to align Poynting
and wave vectors

@ cosd;,; terms are due to the cross products E(’J’r’t x n
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Electric Field in Plane of Incidence

° (k’xE6+erE6—kthé) x i = 0 becomes
h1E6+h1E6—h2Eé:0

o k't x Ey"is in direction of Hy"'
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Electric Field in Plane of Incidence

@ ratios of reflected and transmitted to incident wave amplitudes

N> cos 0; — Ny cos 0;

N> cos 0 + Ny cos b;

24 cos 0,

N> cos 0 + Ny cos 0;
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Summary of Fresnel Equations
e eliminate ¢; using Snell's law 71, cos 6; = /73 — 72 sin? 6

@ for most materials p1/pp ~ 1
@ electric field amplitude transmission ts p, reflection rs p

2n4 cos 0,
ts —
fy cos 0 + /73 — n23|n 0;
; 2nyho cos b;
p pr—
72 cos §; + fiy\/ 73 — 72 sin? 6;
I~71 cos6; — F)% — IN’I‘.l2 sin2 0;
rs ==
Ay cos0; + /B — 2 sin? 0,
78 cos 0; — fy\/ M3 — 72 sin? 6
I =
[

Mg cos 0; + Ny /M3 — 72 sin® 6
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Consequences of Fresnel Equations

@ complex index of refraction = s, tp, rs, 1, (generally) complex
@ real indices = argument of square root in Snell’s law

focosb; = /5 — 2 sin? 9; can still be negative = complex ts, t,,
Is, Ip
@ real indices, arguments of square roots positive (e.g. dielectric
without total internal reflection)
e therefore &, > 0, real = incident and transmitted waves will have
same phase
e therefore rs , real, but become negative when n, > ny = negative
ratios indicate phase change by 180° on reflection by medium with
larger index of refraction
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Other Form of Fresnel Equations

@ using trigonometric identities

fo — 2sin 6; cos 6;

s — sin(9,-+0t)
— 2sin 6; cos 6;

P — sin(0;+6;) cos(6,—0;)
fo — _Sin(e,‘f@[)

s — sin(0;+6;)
r— tan(6;—6;)
b= tan(0;+6;)

@ refractive indices “hidden” in angle of transmitted wave, 6;

@ can always rework Fresnel equations such that only ratio of
refractive indices appears

@ = Fresnel equations do not depend on absolute values of indices

@ can arbitrarily set index of air to 1; then only use indices of media
measured relative to air
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Relative Amplitudes for Arbitrary Polarization

e electric field vector of incident wave E!, length E!, at angle « to
plane of incidence
@ decompose into 2 components: parallel and perpendicular to
interface ' ' ' ‘
Eyp=Egcosa, Epg= Eysina

@ use Fresnel equations to obtain corresponding (complex)
amplitudes of reflected and transmitted waves

Eé:; = (1o, 1p) Epcos v, Eg:é = (rs, ts) E} sina
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Reflectivity

@ Fresnel equations apply to electric field amplitude

need to determine equations for intensity of waves
time-averaged Poynting vector < > == 'Z' |Eo ‘ k‘

absolute value of complex index of refraction enters
energy along wave vector and not along interface normal

each wave propagates in different direction = consider energy of
each wave passing through unit surface area on interface

@ does not matter for reflected wave = ratio of reflected and
incident intensities is independent of these two effects

@ relative intensity of reflected wave (reflectivity)
_ &

|8
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@ transmitted intensity: multiplying amplitude squared ratios with

e ratios of indices of refraction (different speed of light)
e projected area on interface

@ relative intensity of transmitted wave (transmissivity)

_ |Pia| cos 6 |E6|2
|

|74| cos 6; | E}

@ arbitrarily polarized light with E‘é at angle « to plane of incidence

R = |r?cos?a + |rs|?sin® o
no| cos 6; .
T = W(\tp|zcosza+ts\23m2a>
I

@ R+ T =1 for dielectrics, not for conducting, absorbing materials
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Projection Correction

d N [ \
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Reflection and Transmission

1
0.9
0.8

> 0.7

0.6

0.5

0.4

0.3

0.2

0.1

0

reflectivit

n=1 n,=1.55
——--_'__-—
==—-. TN
N o\
~ [
] ===-R N !
I ’ X/
| —FRe RV
4 ===-Ts ,./ ‘x
1 =—Tp ‘,/" \
==/
.-—--‘-—P‘f / |

O 10 20 30 40 50 60 70 80 90

angle of incidence [deg]




