Lecture 4: Astronomical Measurement 2

@ Time Filtering
@ First-Order Transfer Function
@ Aliasing
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Time Filtering

Finite Exposure and Time Resolution

@ measurement of stochastic process always takes place

e over finite time period T, e.g. due to limited hours in one night
e with time resolution AT, e.g. due to finite exposure time

@ sampling interval does not have to be the same as exposure time,
e.g. CCD needs time to read out image

@ duty cycle of measurement (typically expressed in %): ratio of
exposure time to sampling interval

@ in the following: assume 100% duty cycle
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Limited Measuring Time
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@ limitation in measuring time T corresponds to multiplication in time
domain of stochastic variable X(t) with window function MN(t/T)
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Limited Measuring Time (continued)
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@ new, time filtered, stochastic variable Y(t)

@ all measurements are limited in time
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Time Resolution
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@ measurement at time t with temporal resolution AT

@ is integration of stochastic variable Y(t) between t — AT /2 and
t+ AT/2,divided by AT (running average)

t+AT/2

Z(t) = Yar(t) / Y(t)dt = AT/ <

t AT/2

) Y(t)dt
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Time Resolution (continued)
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@ express previous equation as convolution in time:

~ AT / <H,> V(£)ar

Z(t) = %n (AtT) L Y(t) = A1Tr| <AtT> o G) X(1)
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Time Resolution (continued)
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@ low-frequency (or ‘low-pass’) filtering of stochastic variable Y(t)
@ limitation in time resolution always due to frequency-limited
transmission characteristic of any physical measuring device

@ ur1, Rr(7) for ergodic process obtained from finite measuring
period T will slightly differ from true u, R(7)

@ error introduced by measuring sample average .7 instead of i
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Error Assessment in Sample Average ur

x(1)
AW&V“W' ® @ accuracy with which

approximate value ur

h()
ﬁDﬁ @M approaches real value p
@ determining average
w/\\“\/” M“v/\//“ “" corresponds to convolution in
g time domain with block
» function
S --NM\;A---"’ (c) 1 t

\ @ in Fourier domain averaging
LA corresponds to multiplication

} V Vo with sinc-function
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Transfer Function
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@ influence of measuring device on signal described in Fourier
domain: Y(f) = X(f)H(f), Y*(f) = X*(f)H*(f)

@ H(f) is transfer function

e therefore |Y(f)[2 = | X(f)[2|H(f)|?

@ transfer function used both for H(f) (signal transfer function) and
|H(f)|? (power transfer function)
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Autocorrelation in Fourier Domain
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@ Fourier transform of autocorrelation:
Sx,; (f) = |H(F)P Sxp)(f) = sinc®(Tf) - Sxy)(f)
@ transforming back to time domain

RXT(T) = h(T) * h(T) *x RX(t)
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Autocorrelation in Fourier Domain
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@ h=(1/T)N(t/T) is real function
@ convolution of block with itself is a triangle
()« h(r) = p(r) = = (L)
T T)= T)= = -
P T\T
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Autocorrelation (continued)
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@ from before
Rx(7) = h(7) x h(t) * Rx(s)
@ rewrite as

+oo
1 T 1 7!
Rt = 7 (7) *Axo = 7 [ A (T ) Axatr -7
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Autocorrelation (continued)
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@ consider u=0,i.e. R=C

Cx () = / ™ Cxy(r — )
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Variance

@ variance from time lag - = 0 and C even

—+o0
1 ! / /
Cx:(0) = [ox,]% = T//\(TT> Cx(p(—7")dr

—+00
1 /
= T//\(;_) CX(t)(T/)dT/

@ explicitly writing triangle function A
] +T -
2 T
[ox;]” = T ( - T> Cxn(r)dr’

@ integral over +T, normalization still 1/T
@ autocovariance is always limited in frequency domain
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Example: First-Order Transfer Function

R

in ! CT c

@ first-order system: described by first-order differential equation

av (i)
dt

+Y(1) = X(1)

70

@ RC circuit: i = RC
@ Fourier transform differential equation
2rifro Y(f) + Y(f) = X(f)
o first-order transfer function from Y(f) = H(f) x X(f):

1

A0 = 5 2nifr,
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Example: First-Order Transfer Function

°
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@ first-order transfer function from before:

1
-1+ 27ifr,

H(f)

e f<«1/(2r1y) = fy, complete transfer, |H(f)| = 1
e f > f,, transfer inversely proportional to f, |H(f)| = f,/f
@ cut-off frequency f, of transfer function H(f)
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Auto-Covariance of First-Order System

In [H(s)]
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*‘2 0
In's/s, T

@ without proof: autocovariance of first-order system drops
exponentially with |7]:

Cxn)(T) = CX(t)(0)9_|TVT° where To =

@ 7 > 7o = correlation virtually zero; integrate:

[oxi)® =2[oxp)? 2 [1 -2 (1-e7/™)]
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Auto-Covariance of First-Order System (continued)

@ limiting case 1: duration of measurement much longer than
correlation time, T > 7,

@ in general:

2 2T T T/
[oxr)? = 2[ox]* 2 [1 =2 (1—e77/™)]
@ in limiting case 1

2
2 _ 270 _ lox)”
[GXT} =2 [Ux(f)] T af,T

@ variance proportional to variance of incoming signal

@ variance approaches zero when duration of measurement goes to
infinity

@ variance approaches zero when measurement frequency goes to
infinity
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Auto-Covariance of First-Order System (continued)
@ from before

2
2 270 _ |ox()]

[UXT} =2 [Gx(f)] T~ T
@ measured signal is ergodic in the mean

@ limit can be understood by noting that f, T is number of cycles
during T with a frequency f,, i.e. it gives number of measurements

e analogous to equation for variance of average 02 = 02 /N
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Auto-Covariance of First-Order System (continued)

@ limiting case 2: duration of measurement equals correlation time,
T = To

@ from before
2 2 T T —T/7o
[ox,]? = 2[ox)* 2 [1 =2 (1-e77/™)]
@ in this limiting case:
O’XT2 = QUx(t)2e_1 o~ Jx(t)z

@ understandable in terms of determining average in case of single
measurement (N = 1)

@ duration of measurement should be much longer than correlation
time, T > 7., to avoid large errors in estimates of average and
variance

@ must take into account errors in average and variance when
looking for really small effects

Christoph U. Keller, Utrecht University, C.U.Keller@uu.nl Astronomical Data Analysis 2011: Astronomical Measurement 2



| Nyquist Frequency
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@ signal S(x) subject to
instrument response R(x)

@ resulting measurement

@ finite frequency response of
instrument = M(x) always
bandwidth limited

@ Fourier transform
M(s) & M(x) is
bandwidth-limited function

@ characterized by cut-off
frequency smax, critical or
Nyquist frequency (s¢)
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| Nyquist Frequency (continued)
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@ gaussian response:
impossible because no
physical system transmits
frequencies to co

@ Shannon and Nyquist
established theorem for
optimum sampling of
band-limited observations

@ theorem states that no
information is lost if sampling
occurs at intervals 7 = 1/(2s;)
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| Regular Sampling

/,\ @ M(x) sampled at regular
| | intervals, M(x) — M(nr)
— \;f n integer

@) - = 7 sampling interval

WL |1 | @ describe sampling process

quantitatively with Dirac comb

s (series of ¢ functions at
JLILUH l llJLL E AN regular distances equal to 1):
Yy > HJJWW [ 20 () « Fo) (X) _ Z 5(X B n)
i Ul L A n—oo
| @ extended comb to arbitrary
‘ distances:
saatiim B i S
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| Regular Sampling
/\ @ write sampled signal Ms(x) as
— = &~
* M e M _
- N o 5(X) zn: (nT)é(x — nr)
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| Regular Sampling (continued)

f(x)

|.|(;) T1II(Ts)

T L

x
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@ Fourier transform pair
Ms(s) < Ms(x)

e Ms(s) = LLL(7S)* M(s)

L iywen

uJHHH“HJu L~ © exceptiorfactor 1/7, My(s) is

(25, 0)f(x)

Ll JJH “ IRV AVAVaV,

series of replications of M(s)
atintervals 1/7

L LJLM mf
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| Regular Sampling (continued)

o @ M(s) bandwidth-limited
/\ N function with cut-off frequency
S T s = s¢ = fully recover single

() = (i.e. not repeated) function
Qe L M) from series by

multiplication with 7 and by
filtering with gate function

LTS DENGEN L CE

x
() | 7111rs) @ Fes)

n (230 T111(78)* M(s)

1.71‘11‘,1 I “l,J TRVaVa o
o 25csinc2Sex * LI (—) M(x)

el B SN '
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Regular Sampling (continued)

@ reconstruct M(x) exactly if series of M(s) functions in frequency
domain touch without overlap

@ only possible by sampling at 7 = 1/(2s¢) (optimum sampling
interval)

@ convolution to fully reconstruct M(x):

—+00

M(x) = /sinc(x_

_ Zsmc(

@ check result for one sampling point x = jr, with sinc(j — n) = 1 for
j=nand =0 forj# n:

X'> S~ M(n7)3(x’ — nr)dx’

) M(nt)

M(x) = M(jr)
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aliased Fourier transform

true Fourier transform

(©)

Press et al. (1992)

@ function h(t) shown in top
panel is undersampled

@ sampling interval A larger
than 51—
max

@ lower panel shows that power
in frequencies above 5 is
‘'mirrored’ with respect to this
frequency

@ produces aliased transform

that deviates from true Fourier
transform
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Aliasing (continued)

@ calculation of intermediate points from samples does not depend
on calculating Fourier transforms

@ equivalent operation in x-domain is direct convolution of
28csinc28ex with LLL(x/7)M(x)
@ omission of 1/7 factor ensures proper normalization in s-domain

@ superposition of series of sinc-functions with weight factors M(nr),
i.e. the sample values, at intervals 7 exactly reconstruct the
continuous function M(x)

@ sinc-functions provide proper interpolation between consecutive
sample points

@ sinc-function referred to as interpolation function

Christoph U. Keller, Utrecht University, C.U.Keller@uu.nl Astronomical Data Analysis 2011: Astronomical Measurement 2



Aliasing (continued)

@ discrete Fourier transform causes no loss of information if
sampling frequency } is twice the highest frequency in continuous
input function

@ maximum frequency Smax for given sampling interval is 217

@ input signal sampled too slowly (contains frequencies higher than
217) = source signal cannot be determined after sampling process

@ loss of fine details

@ must apply low-pass filter before sampling:

e electronic low-pass filter for electrical signals
e defocusing of telescope for imaging
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Aliasing in Fourier Domain

http://en.wikipedia.org/wiki/File:AliasingSines.svg
@ unresolved, high frequencies beat with measured frequencies
@ produce spurious components in frequency domain below Nyquist
frequency

@ may give rise to major problems and uncertainties in the
determination of source function
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