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1st Exercise
• Due date : 21th of February 2018

• Read/study and summarise

• Schödel et al., 2002, Nature, “A star in a 15.2 year orbit 
around the supermassive black hole at the centre of the 
Milky Way”. If you cannot access that tries https://
arxiv.org/abs/astro-ph/0210426. 

• Ghez et al. 2008, ApJ, 689, 1044 (updated measurements)

• Eisenhauer et al. 2005, ApJ, 628, 246 (only 
abstract+intro+discussion) and Reproduce Fig.7 left panel, 
using data in Table 2

Note, for your information, updated measurements of S-stars can be found in Gillessen et al. 
2009, ApJ, 692, 1075 

https://arxiv.org/abs/astro-ph/0210426
https://arxiv.org/abs/astro-ph/0210426


In the summary

• Report the main results

• Introduction that sets the scientific problem. this should also include:

• Discussion on why accurate measurements of the central black hole’s mass 
and distance are important

• Discussion on possible reasons/mechanisms for the existence of S-stars 
close to Sgr A*.

• Describe the measurement techniques in a simple way, with an 
historical angle: e.g.comment on the advent of adaptive optics

• highlight problems related to observations in the Galactic Centre: 
comment on stellar crowding and on why observations are 
performed in K band instead of in optical, where better stellar 
parameter estimation is possible

• Describe briefly the orbital modelling along with its assumptions

• Insert the plot of the stellar orbits



white dwarfs (WDs):  
a few facts we already know

• Final stage of the evolution of low mass (< ~8 Msun) 
stars, after they have stopped their nuclear reactions

• Their composition depends on the different nuclear 
fusion reaction episodes that could take place in the 
core, hence ultimately on the progenitor mass 

•  He WDs: M < 0.8 Msun. Difficult to produce in 
isolation because of long lifetime on main sequence

• C-O WDs: 0.8 Msun < M < 8 Msun. (H & He 
fusion)Vast majority of WDs

• O-Mg-Ne WDs: M ~8-9 Msun (C fusion)
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white dwarfs (WDs):  
a few more facts, some known to us

• Typical values for their physical characteristics 

• Compactness of  10-4 -10-3

• Gravity is counter balanced by exactly what ? we will see 
it today.

Radius Mass central mass density

105-106 g/cm3

central temperature

⇠ 5000 km 0.1� 1.4 Msun ⇠ 107 K



WDs: history
Beginning Ch 3 Shapiro Teukolsky



The beginning
• First detected WD: 40 Eri. In the first HR diagram published 

by Russell in 1914 a WD is present: 40 Eridanus B (part 
of a triple system). Russell was the first to determined its 
spectral type (actually done by Williamina Flemming)  and 
realised that it was too dim for its temperature ==> of 
small size 



Sirius B
• Sirius B has played a major role for our 

understanding of white dwarfs

• Sirius A is the brightest star in the sky after the Sun 
(~2 Msun, L~25 Lsun, ~2.7 pc away), in binary with Sirius B 
(discovered by F. Bessel 1844)

Serius A (image) Serius A and B (simulation)



Sirius B 
• 1910, the orbital period and semimajor axis of the binary allowed 

the measurement for Sirius B mass~0. 94 Msun. 

• 1914, W.S. Adams measured spectrum and obtained (an imprecise) 
temperature measurement of ~8000 K. Via Stefan law, he inferred 
a sub solar radius of about 18 103 km (note : Sun ~7 105 km), implying a 
ultra dense matter of ~7 104 g/cm3 (Sun ~ 1 kg/m3) !

Note, modern measurements are approx:

the first compact object was identified !

Note: Kepler 3rd law: T 2 / a3/Mtot



 Equation of state

but ...Eddington cannot identifies the origin of the 
pressure support, but he foresaw that WD were 
relatively common



Equation of state
In1926, P.A.M. Dirac and E. Fermi independently 
introduce the quantum mechanical statistical 
framework for Fermion (Fermi-Dirac distribution)

The same year, R.H. Fowler (Dirac’s supervisor in 
Cambridge, UK), applying the Fermi-Dirac statistics, 
understands that the electron degeneracy pressure 
can compensate gravity in white dwarfs and ensures 
equilibrium.

R.H. Fowler



Maximum mass for WD

• In 1930 S. Chandrasekhar introduces the relativistic 
corrections needed to describe the equation of state 
for degenerate electrons in high density environment 
(more later). He calculated the WD structure in this 
regime and derive that only one mass is possible. 
Thus there is a limiting mass for WDs

• In 1932 Landau suggests a simple argument to 
understand this mass limit 

a.k.a. Chandrasekhar mass

Note: he also applies it 
to NS, see next class



Maximum mass

• Rapidly (1934), Chandrasekhar understands the 
implication of his discovery for stellar evolution: only 
low mass stars can become WDs. What was to become 
of massive stars was uncertain (black holes? solution 
known since 1915 for non rotating ones). Note 
Neutron stars were still to be discovered...



Towards more realistic 
models

• WDs’ compactness is relatively modest, therefore the 
Newtonian approach is overall acceptable to calculate 
the WD internal structure. 

• 1n 1949, Samuil A. Kaplan introduces general relativistic 
corrections to describe the structure

• After that, efforts have been made to improve the 
equation of state, to account for, e.g., interaction 
between electrons and ions, and the effect of a non-
zero temperature. In 1956-1958, Schtzman, Harrison 
and Wheeler publish the first realistic equation of state, 
including inverse beta decay 



WDs: 
Equation of state

cfr. Ch 2 and 3 Shapiro Teukolsky 
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Def: relation between different thermodynamical properties of an 
element of matter

Use: for a given composition, it allows to derive pressure, internal energy, entropy 
etc...as a function of temperature and density (or any two “state variable”).
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WDs: 
Equation of state

Def: relation between different thermodynamical properties of an 
element of matter

Use: for a given composition, it allows to derive pressure, internal energy, entropy 
etc...as a function of temperature and density (or any two “state variable”).

cfr. Ch 2 and 3 Shapiro Teukolsky 

Together with the conservation laws, will allow us to 
derive the WD internal structure

Def. internal structure: thermodynamical quantities as a function of radius in 
the star



QUANTUM MECHANICAL STATISTICAL DESCRIPTION OF GAS

•Perfect gas, with mass “m” and spin “s”
•At, at LTE temperature T
•Fermions

the gas distribution of its number density as a function of its 
linear momentum is

total energy

μ  chemical potential = is the work necessary to change the particle number by dN: 
dW/dN

Fermi-Dirac 
distribution

g = 2s+1 energy level degeneracy

dn(p)

dp
=

4⇡g

h3

p2

e
✏�µ
kbT � 1

✏ = (pc)2 +m2c4
cfr. Ch 2 shapiro Teukolsky



DONEC QUIS NUNC



A COLD GAS

Degenerate gas of fermions at T—>0

Here the chemical potential is called Fermi energy

The corresponding Fermi momentum

Fermi temperature

“zero” temperature distribution can be assumed if a gas 
has T << TF (i.e. KT << μ)

dn

dp
=

4⇡g

h3
p2⇥{ 0, ✏ > µ

1, ✏  µ

pF = mc

s✓
EF

mc2

◆2

� 1

kbT = EF �mc2F



EXERCISE TIME

Degenerate gas of fermions at T—>0

dn

dp
=

4⇡g

h3
p2⇥{ 0, ✏ > µ

1, ✏  µ

pF = mc

s✓
EF

mc2

◆2

� 1

1) Find                             i.e. as a function of  electron density n
2) Compute with g = 2 , ⇢ = 106 g cm�3, Ye = 0.5

3) The Fermi temperature is 

a) show that electrons in WD are degenerate and “cold” 
b) consider mildly relativistic electrons, what is TF for nucleons ?

xF =
pF
mc

= f(n)

xF(n)

note: n ⌘ ne =
Ye⇢

mH

,m ⌘ me

kbT = EF �mc2
F



the (electron) density determines 
the Fermi momentum

(and Energy)

simply counting 
particles in a 
sphere with 

radius pF

THERMODYNAMICAL PROPERTIES: 
NUMBER DENSITY

n =

Z
n(p)dp

1) Find                             i.e. as a function of  electron density nxF =
pF
mc

= f(n)



simply counting 
particles in a 
sphere with 

radius pF

THERMODYNAMICAL PROPERTIES: 
NUMBER DENSITY

n =

Z
n(p)dp

xF ' 0.8

✓
Ye

0.5

◆1/3 ✓ ⇢

106g cm�3

◆1/3

g = 2

midly relativistic! 

+ typical density:

the denser, the more relativistic! 

2) Compute xF(n) with g = 2 , ⇢ = 106 g cm�3, Ye = 0.5 ,m ⌘ me



Typical central temperature ~107 K<< TF

electrons are fully degenerate in a WD

! TF ⇡ 1.66⇥ 109 K for xF = 0.8

3a) show that electrons in WD are degenerate and “cold” 



TF / n2/3/m

TF,e ⇠ 2000⇥ TF,p/n

inversely proportional 
to mass

 In fact, in WDs only electrons are degenerate

TF,n/p ⇡ 106 K < TWD ⌧ TF,e

3b) consider mildly relativistic electrons, what is TF for nucleons ?



THERMODYNAMICAL PROPERTIES: 
PRESSURE



two extreme regimes:

xF � 1

xF ⌧ 1

⇢ � 106g cm�3

⇢ ⌧ 106g cm�3

WD’s pressure does not depend on temperature =>  
A WD doesn’t have to be ``hot” to be in hydrostatic equilibrium

P / ⇢�

Note: Pa = Kg/m/s = 10 Ba (barye)

P ⇡ 3⇥ 1022 Ba (Ye/0.5)
5/3

✓
⇢

106g cm�3

◆5/3

P ⇡ 5⇥ 1022 Ba (Ye/0.5)
4/3

✓
⇢

106g cm�3

◆4/3



Comparison w other pressures

Note: Pa = Kg/m/s = 10 Ba (barye)

4)  ⇡ 5⇥ 1022 bar

4a) how does it compare with thermal pressure? 

4b)  and to the pressure needed to ensure hydrostatic equilibrium ?

⌘ Pdeg,e



Comparison w other pressures

Note: Pa = Kg/m/s = 10 Ba (barye)

4)  ⇡ 5⇥ 1022 bar

M = 0.5Msun = 1033gG = 6.67⇥ 10�8 cm
3

g s2

Kb = 1.4⇥ 10�16 erg

K
⇢̄ = 105g/cm3

4a) how does it compare with thermal pressure? 

kb

⌘ Pdeg,e

4b)  and to the pressure needed to ensure hydrostatic equilibrium ?



Comparison w other pressures

Note: Pa = Kg/m/s = 10 Ba (barye)

4)  ⇡ 5⇥ 1022 bar

4a) how does it compare with thermal pressure? 

Pth = kbT
⇢

mH

⇡ 1020 bar ⌧ Pdeg,e

⌘ Pdeg,e



Comparison w other pressures

(Virial theorem)

Pdeg,e ⇠ 1022 ' Pgrav ' ↵
GM

3R
⇢̄

It is enough to ensure hydrostatic equilibrium:

Note: Pa = Kg/m/s = 10 Ba (barye)

4)  ⇡ 5⇥ 1022 bar ⌘ Pdeg,e

4b)  and to the pressure needed to ensure hydrostatic equilibrium ?



Realistic equation of state 

The equation of state that we have just derived is an excellent 
approximation and allow us to build WD structure in accordance with 
data (will show it). 

To build a more realistic equation of state, one  should :

I. Account for non-zero temperature
II. Account for particle interactions: Coulomb interaction between  
electrons and ions and β inverse reactions

where protons are converted into neutrons

Why is the reverse reaction inhibited ?

improvement on the Chandrasekhar model Ch 2 & Ch 3.5 shapiro 
teukolsky 



Answer: because it is energetically demanding to produce an electron 
in a degenerate medium, because all the energy levels up to EF are 
occupied.

Note:  this is the same “neutralisation” process that take place in an 
iron core, during core collapse and creation of a neutron star

Does it increase or decrease pressure ?

Answer: it decreases the number of electrons and therefore their 
pressure. 

Realistic equation of 
state



WD structure: 
the maximum mass

cfr. Ch 3 Shapiro Teukolsky 



CALCULATION SET-UP



Equations

P = P (⇢); � =
dlnP

dln⇢
barotropic fluid

mass conservation

hydrostatic equilibrium

two differential equations in two variables m(r) ρ(r) 

it is easy to eliminate m(r) using mass conservation 
and obtain a unique differential equation...



mass conservation

Boundary conditions at r=0

hydrostatic equilibrium at r~0 implies dP/dr =0

if



Eq. for a newtonian star, self-gravitating, 
made of barotropic fluid

Given the equation of state                   , we can obtain ρ(r)

central pressure gradient

central matter density

The stellar radius R is where ρ(R)=0

eq.of.structure.

Note: the dimensional version of these equation is called “Lane-Emden equations)

P (⇢) / ⇢�



solutions for the density profile

P = P (⇢) = K P � .With : � ⌘ 1 +
1

n

non-relativistic electrons

relativistic electrons

only n< 5 star has a finite size and it is physically acceptable



The Mass

using eq.of.structure.

The mass depends on R and dP/dr(R)

Q. is the negative sign wrong ?
A. No, because pressure decreases with radius



Chandrasekhar mass

the more massive, the denser, the more 
relativistic...with a mass limit given by UR 

limit!

radius and mass



Chandrasekhar mass

full calculation

NR

UR

classical WD, observations



mass and radius relation

⇢1/2c / R�6/2 ! M / R�3 n=3/2

n=3,

!!!!

M = constant !!!!



Chandrasekhar mass

full calculation

NR

UR

classical WD, observations



simple argument:  
equilibrium of forces
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simple argument:  
equilibrium of forces

easy to derive!!!

MCh ⌘ (↵K/G)2/3



simple argument:  
equilibrium of forces

For For a fixed mass, 
there is always an 
equilibrium state



simple argument :  
equilibrium of forces

For For a fixed mass, 
there is always an 
equilibrium state

For
fgrav � fpress = fgrav

 
1�

✓
M

MCh

◆�2/3
!

if M>MCh then fgrav > fpress always and the star collapses ! 



WD observations
• Despite their compact size, WD are still large and 

hot enough that the surface radiation can be 
detected

spectral type: ~80% are Type A

Effective temp.:  6 103-3 104 K

features: Balmer lines of neutral H
Sun: 

5780 K
The existence of a confined 

region for WD in HR diagram, 
supports the existence of a 

mass-radius correlation 
together with a narrow range 

of possible masses



Atmospheric models
Modelling Balmer lines to infer surface gravity (g; 
secondary parameter of models) and effective 

temperature (Teff, primary parameter) => WD radius

Model: different Balmer lines.
 Each panel is for a different Teff

De Koester et al. 2001

Observations

each line is plotted for different g 



Einstein gravitational 
redshift

note: we will derive it in next lesson

=
GM

Rc2
' 10�4 � 10�3

For WD it is very small, if measured gives directly the ratio M/R
E.g. it is measured for Sirius B to be 3 10-4



Radius-Mass measurements

• Stefan law for WD with accurate parallaxes (Radius)

• Atmospheric models (Mass and Radius)

• In binaries by 3rd Kepler law (Mass)

• Gravitational redshift (M/R)

Chandrasekhar’s models 
with Ye =0.5 and Ye=0.465

Data comparison with 
realistic equation of state



Conclusions
WD are the least dense of compact objects, so their 
equation of state is reasonably well understood: the 
total pressure is dominated by electron degeneracy 
pressure. Therefore, we can accurately construct their 
structure.  A remarkable fact appears: the existence of 
a maximum possible mass: the Chandrasekhar mass 
~1.4 Msun. The WD radius and their temperature 
remains large enough for the surface emission to be 
detectable. Theory is in good agreement with 
observations. From a theoretical point of view, the 
open questions are the role of magnetic field, rotation 
and interaction with a binary companion. E.g. the role 
of a companion for their final fate (merger, accretion 
induced collapse); supernovae Ia, gravitational wave 
emission etc..


