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J
e
a
n B

a
ptiste

 J
ose

ph
 F
ourie

r 

F
rom

 W
ikiped

ia:
J
ean B

aptiste
J
oseph

 F
ourier (2

1 M
arch

 17
6
8
 –

16
 M
ay 18

3
0
) w

as F
rench

 m
ath

em
atician and

 
ph
ysicist b

est know
n for initiating th

e 
investigation of F

ourier series and
 th

eir 
applications to prob

lem
s of h

eat transfer and
 

vib
rations. 

A
 F
ourier series d

ecom
poses any period

ic function or 
period

ic signal into th
e sum

 of a (possib
ly infinite) set of 

sim
ple oscillating functions, nam

ely sines
and

 cosines (or 
com

plex
 ex

ponentials). 

A
pplication: h

arm
onic analysis of a function f(x

,t)
to 

stud
y spatial or

tem
poral frequencies.

F
ourie

r S
e
rie

s

F
ourier analysis = d

ecom
position using sin() and

cos() as b
asis set.

C
onsid

er a period
ic function: 
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T
h
e F

ourier series for f(x
)
is given b

y:

w
ith

 th
e tw

o F
ourier coefficients:



E
x
a
m
ple

: S
a
w
tooth

 F
unction

C
onsid

er th
e saw

tooth
function:
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T
h
en th

e F
ourier coefficients are:

and
 h
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E
x
a
m
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: S
a
w
tooth

F
unction  (2

)



S
id
e
 note

:  E
ule

r’s F
orm

ula

W
ikiped

ia:  L
eonh

ard
 E
uler (17

0
7
 –
17
8
3
) w

as a pioneering 
S
w
iss m

ath
em

atician and
 ph

ysicist.  H
e m

ad
e im

portant 
d
iscoveries in field

s as d
iverse as infinitesim

al calculus and
 

graph
 th

eory.  H
e also introd

uced
 m
uch

 of th
e m

od
ern 

m
ath

em
atical term

inology and
 notation.

(
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(
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π
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π
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π
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2
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2
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s
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i
e

i
+

=

E
uler’s form

ula d
escrib

es th
e relationsh

ip b
etw

een 
th
e trigonom

etric functions and
 th

e com
plex

 
ex
ponential function:

W
ith

 th
at w

e can rew
rite th

e F
ourier series 

in term
s of th

e b
asic w

aves
π

θ
2i

e



D
e
finition of th

e
 F
ourie

r T
ra
nsform

T
h
e functions f(x

)
and

 F
(s)

are called
 F
ourier pairs if:
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F
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F
or sim

plicity w
e use x

 b
ut it can b

e generalized
 to m

ore d
im
ensions.

T
h
e F

ourier transform
 is reciprocal, i.e., th

e b
ack-transform

ation is:

R
equirem

ents:
•

f(x
) is b

ound
ed

•
f(x

) is square-integrab
le

•
f(x

) h
as a finite num

b
er of ex

trem
as

and
 d
iscontinuities

(
)

∫ +
∞∞

−

d
x

x
f

2

N
ote that m

any m
athem

atical functions (incl. trigonom
etric functions) 

are not square integrab
le, b

ut essentially all physical quantities are.

Prope
rtie

s of th
e
 F
ourie

r T
ra
nsform

  (1
)

S
Y
M
M
E
T
R
Y
: 

T
h
e F

ourier transform
 is sym

m
etric:
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Prope
rtie

s of th
e
 F
ourie

r T
ra
nsform

  (2
)
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IT

Y
: 

T
h
e d

ilatation (or ex
pansion) of a function f(x

)
causes a contraction 

of its transform
 F
(s):

Prope
rtie

s of th
e
 F
ourie

r T
ra
nsform
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M
ore properties:
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I
m
porta

nt 1
-
D
 F
ourie

r Pa
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S
pe

cia
l 1

-
D
 Pa

irs (1
):  th

e
 B

ox
 F
unction

C
onsid

er th
e b

ox
 function:

  
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<
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h
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a
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a
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a x

(
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(
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s
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sin

c
 

sin
≡

⇔
Π

π

π
W
ith

 th
e F

ourier pairs

and
 using th

e sim
ilarity relation w

e get:

(
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a
s

a
a x
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c
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a
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S
pe

cia
l 1

-
D
 Pa

irs (2
):  th

e
 D

ira
c C

om
b

C
onsid

er D
irac’s d

elta “function”:
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N
ow
 construct th

e “D
irac com

b
” from

 an infinite 
series of d

elta-functions, spaced
 at intervals of T

:

Ξ
(x

)

Ξ
(x

)⋅f(x
)

N
ote:

•
th
e F

ourier transform
 of a D

irac com
b
 is also 

a D
irac com

b
•

B
ecause of its sh

ape, th
e D

irac com
b
 is also 

called
 im

pulse train or sam
pling function.



S
id
e
 note

:  S
a
m
pling  (1

)
S
am

pling m
eans read

ing off th
e value of th

e signal at d
iscrete values 

of th
e variab

le on th
e x

-ax
is.

T
h
e interval b

etw
een tw

o successive read
ings is th

e sam
pling rate.

T
h
e critical sam

pling is given b
y th

e N
yquist-S

h
annon th

eorem
:

C
onsid

er a function                        , w
h
ere F

(s) h
as 

b
ound

ed
 support                   .   

T
h
en, a sam

pled
 d
istrib

ution of th
e form

w
ith

 a sam
pling rate of:

is enough
 to reconstruct f(x

)
for all x

.
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S
id
e
 note

:  S
a
m
pling  (2

)

A
 fam

ily of sinusoid
s at th

e
 critical fre

que
ncy, all h

aving th
e
 sam

e
 sam

ple
 se

que
nce

s 
of alte

rnating +1 and
 –1. T

h
at is, th

e
y all are

 aliase
s of e

ach
 oth

e
r, e

ve
n th

ough
 th

e
ir 

fre
que

ncy is not ab
ove

 h
alf th

e
 sam

ple
 rate

.

S
am

pling at any rate ab
ove or b

elow
 th

e critical sam
pling is called

 
oversam

pling
or und

ersam
pling, respectively.

O
versam

pling: 
red

und
ant m

easurem
ents, often low

ering th
e S

/N

U
nd
ersam

pling: 
m
easurem

ent d
epend

ent on “single pix
el” or aliasing



S
id
e
 note

:  B
e
sse

l F
unctions  (1

)

F
ried

rich
 W

ilh
elm

 B
essel (17

8
4
 –
18
4
6
) w

as a G
erm

an 
m
ath

em
atician, astronom

er, and
 system

atizer
of th

e 
B
essel functions.  “H

is” functions w
ere first d

efined
 b
y 

th
e m

ath
em

atician D
aniel B

ernoulli and
 th

en generalized
 

b
y F

ried
rich

 B
essel.

T
h
e B

essel functions
are canonical solutions y(x

)
of 

B
essel's d

ifferential equation:

for an arb
itrary real or com

plex
 num

b
er n, th

e so-called
 

ord
er of th

e B
essel function. (

)
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S
id
e
 note

:  B
e
sse

l F
unctions  (2

)

T
h
e solutions

to B
essel's d

ifferential equation are called
 

B
essel functions: 

B
essel functions are also 

know
n as cylind

er 
functions or cylind

rical 
harm

onics
b
ecause they 

are found
 in the solution 

to Laplace's equation in 
cylind

rical coord
inates. (

)
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S
pe

cia
l 2

-
D
 Pa

irs (1
):  th

e
 B

ox
 F
unction

C
onsid

er th
e 2

-D
 b
ox
 function

w
ith

 r
2
= x

2
+ y

2:
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2
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r
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Π
U
sing th

e B
essel function J

1 :  

and
 using th

e sim
ilarity relation :
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ω
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a
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a
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E
x
am

ple: optical telescope

A
perture (pupil):

F
ocal plane:

(
)

(
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ω π
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2
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S
pe

cia
l 2

-
D
 Pa

irs (2
):  th

e
 G

a
uss F

unction

C
onsid

er a 2
-D
 G
auss

function
w
ith

 r
2
= x

2
+ y

2:

(
) 2

2

2
2

     
      sim

ilarity
ω

π
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π
ω

π
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r
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a
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e
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−
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−
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⋅
⇔
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N
ote: T

h
e G

auss function is preserved
 und

er F
ourier transform

!
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C
onvolution  (1

)
T
h
e convolution

of tw
o functions, ƒ

∗g, is th
e integral of th

e 
prod

uct of th
e tw

o functions after one is reversed
 and

 
sh
ifted

: 
(

)
(

)
(

)
(

)
(

)d
u

u
x

g
u

f
x

g
x

f
x

h
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=C
onvolution  (2
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H
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F
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g
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f
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h
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G
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g
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F

x
f

=
⋅

⇔
∗

=
→
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N
ote: T

h
e convolution of tw

o functions (d
istrib

utions) is 
equivalent to th

e prod
uct of th

eir F
ourier transform

s:



C
onvolution  (3

)

E
x
am

ple:
f(x

)
: star

g(x
)
: telescope transfer function

T
h
en h(x

)
is th

e point spread
 function (PS

F
)
of th

e system

(
)

(
)

(
)x

h
x

g
x

f
=

∗

E
x
am

ple:
C
onvolution of f(x

)
w
ith

 a sm
ooth

 kernel g(x
) can b

e used
 to sm

ooth
en 

f(x
)

E
x
am

ple:
T
h
e inverse step (d

econvolution) can b
e used

 to “d
isentangle” tw

o 
com

ponents, e.g., rem
oving th

e sph
erical ab

erration of a telescope.

C
ross-

C
orre

la
tion

T
h
e cross-correlation (or covariance) is a m

easure of 
sim

ilarity of tw
o w

aveform
s as a function of a tim

e-lag 
applied

 to one of th
em

. 

(
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(
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(
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)
d
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u
x

g
u

f
x

g
x

f
x

k
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+
⋅
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=

T
h
e d

ifference
b
etw

een cross-correlation and
 convolution is:

•
C
onvolution reverses th

e signal (‘-’ sign)
•

C
ross-correlation sh

ifts th
e signal and

 m
ultiplies it w

ith
 anoth

er

Interpretation:   B
y h

ow
 m
uch

 (x
) m

ust g(u)
b
e sh

ifted
 to m

atch
 f(u)? 

T
h
e answ

er is given b
y th

e m
ax
im
um

 of k(x
)



A
uto-

C
orre

la
tion

T
h
e auto-correlation is a cross-correlation of a 

function w
ith

 itself:
(

)
(

)
(

)
(

)
(

)
d
u

u
x

f
u

f
x

f
x

f
x

k
 

∫ +
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+
⋅

=
⊗

=

W
ikiped

ia:  T
he auto-correlation yield

s the sim
ilarity 

b
etw

een ob
servations

as a function of the tim
e 

separation b
etw

een them
. 

It is a m
athem

atical tool for find
ing repeating patterns, 

such as the presence of a period
ic signal w

hich has b
een 

b
uried

 und
er noise.

+

+

Pow
e
r S

pe
ctrum

T
h
e Pow

er S
pectrum

 S
f
of f(x

)
(or th

e Pow
er S

pectral 
D
ensity, PS

D
) d

escrib
es h

ow
 th

e pow
er of a signal is 

d
istrib

uted
 w
ith

 frequency.  

T
h
e pow

er is often d
efined

 as th
e squared

 value of th
e signal:

(
)

(
)

2
s

F
s

S
f

=

T
h
e pow

er spectrum
 ind

icates w
h
at frequencies carry 

m
ost of th

e energy .  

T
h
e total energy of a signal is:

A
pplications:

spectrum
 analyzers, calorim

eters of ligh
t sources, …
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d
s

s
S

f



Pa
rse

va
l’s T

h
e
ore

m

Parseval’s
th
eorem

 (or R
ayleigh

’s E
nergy T

h
eorem

) states 
th
at th

e sum
 of th

e square of a function is th
e sam

e as 
th
e sum

 of th
e square of transform

:

(
)

(
)

d
s

s
F

d
x

x
f

∫
∫

+
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−

+
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−

=
2

2

Interpretation:
T
h
e total energy contained

 in a signal 
f(t), sum

m
ed
 over all tim

es t
is equal to th

e total energy 
of th

e signal’s F
ourier transform

 F
(v)

sum
m
ed
 over all 

frequencies v.

W
ie
ne

r-
K
h
inch

in T
h
e
ore

m

T
h
e W

iener–K
h
inch

in
(also W

iener–K
h
intch

ine) th
eorem

 
states th

at th
e pow

er spectral d
ensity S

f
of a function 

f(x
)
is th

e F
ourier transform

 of its auto-correlation 
function:

(
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(
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{
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)s

F
s

F

x
f

x
f

F
T

s
F

*

2

    

⋅

⊗
=

b

A
pplications:

E
.g. in th

e analysis of linear tim
e-invariant system

s, 
w
h
en th

e inputs and
 outputs are not square integrab

le, i.e. th
eir 

F
ourier transform

s d
o not ex

ist.


