
Dark Energy, 

Galaxy Cluster Searches,

and

Weak Lensing of Cosmic 
Structures



Layout of the Course

Feb 3:  Introduction / Overview / General Concepts
Feb 5:  Age of Universe / Distance Ladder / Hubble Constant
Feb 10:   Distance Ladder / Hubble Constant Distant Measures
Feb 12:   SNe science / Baryonic Content / Dark Matter Content of Universe
Feb 17:  Dark Matter + Cosmic Microwave Background
Feb 19: Cosmic Microwave Background + Large Scale Structure
Feb 26:   Large Scale Structure / Baryon Acoustic Oscillations + Dark Energy
Mar 5:  Dark Energy / Clusters / Cosmic Shear
Mar 12:  Cosmic Shear / Dark Energy Missions
Mar 19:  No Class
Mar 26:  Other Unresolved Questions / Review for Final Exam

Apr 11:  Final Exam
Today



Review Material from Last Week



So what can we learn from the spatial 
distribution of galaxies on the sky?

04.2.26 Chris Pearson :   Observational Cosmology 3: Structure Formation - ISAS -2004
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STRUCTURE FORMATION

Radiation:

CMB - Isotropic to 1 part in 105, 0.003%, 2µK

3.1: Isotropy & Homogeneity on the Largest Scales3.1: Isotropy & Homogeneity on the Largest Scales

Isotropy and Homogeneity on the largest scales

Cosmological Principle: The Universe is Homogeneous and IsotropicCosmological Principle: The Universe is Homogeneous and Isotropic

True on the largest Scales

Matter:
Large scales > 100Mpc (Clusters / Superclusters) : Universe is smooth

Radio Sources: isotropic to a few percent

Small scales : Highly anisotropic

Spatial Distribution of Galaxies on some 
part of sky

→ We can derive the matter power 
spectrum



How do we quantify structure in the 
distribution of galaxies on the sky?

After measuring the 3D distribution of galaxies in a region of sky, 
determine the clustering of galaxies using correlation functions

C. Porciani! Observational Cosmology! III-39!

Correlation functions!
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dP1 = n dV1  

dP12 = n2 (1+#(r12)) dV1 dV2 

dP123 = n3 (1+#(r12)+ #(r13)+ #(r23)+$(r12, r13, r23)) dV1 dV2 dV3 

Consider a stationary point process with mean density n and write the 

probability of finding N points within N infinitesimal volume elements 

dV1 
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r12 

dV2 

dV3 

r13 

r23 

dP1 = n dV1

dP12 = n2 (1 + ξ(r12)) dV1 dV2

The Correlation function ξ is not equal to zero -- since the 
presence of a galaxy at some place in space makes it more 

likely another one will be close by....

n = average density of galaxies



The power spectrum is the Fourier transform of the correlation function ξ 
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3.6: Statistical Cosmology3.6: Statistical Cosmology
The Correlation Function and the relation to the power spectrum

b is the bias parameter for galaxy biasing w.r.t. underlying Dark Matter Distributionb is the bias parameter for galaxy biasing w.r.t. underlying Dark Matter Distribution

The angular correlation function is found to have the relation 
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The spatial correlation function Galaxies %=1.8, ro=5h-1 Mpc

Clusters %=1.8, ro=12-25h-1 Mpc

The spatial correlation function is the Fourier

transform of the Power Spectrum
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How do we quantify structure in the 
distribution of galaxies on the sky?

There are 2 key complications in interpreting clustering measurements:

Redshift Space Distortions
Galaxy Bias

C. Porciani! Observational Cosmology! III-59!

Redshift distortions!

•! Fingers of God: Radial 
stretching pointing towards 
the observer. They come 
about because of random 
velocities in clusters of 
galaxies!

•! Large overdensities lead to 
a coherent infall motion: 
walls appear denser and 
thicker, voids bigger and 
emptier!

(Impact of peculiar velocities along line of sight)

The Power Spectrum

Determination of the Power Spectrum

How well does the distribution of galaxies trace the distribution of dark 
matter ? (They are not the same thing.)  

If galaxies trace dark matter fairly, then no problem.  

However, details of galaxy formation are sufficiently unknown that we can 
not answer this question a priori (e.g., is there some threshold in the local 
dark-matter density below which formation of “stars” in galaxies does not 

occur or is strongly suppressed ?).

We connect dark matter to galaxies by the linear bias factor, b.

where (n = n - n is the deviation of the local number density of galaxies 
from their average density.

The bias factor is the ratio of the relative overdensities in galaxies to the 
overdensities of dark matter.  (It’s linear because of the ansatz that "g=b").

Friday, April 23, 2010

Fluctuations in number density of 
galaxies is higher than fluctuations in 

the underlying mass density



What does the power spectrum teach us about the 
cosmological parameters? The Power Spectrum

Measurements of (2 = k3 P(k) from 2dFGRS 
and models.  Gave &~0.2.

Confidence regions in 'mh-'b/'m 
plane.  It is bimodal, but the upper 
region is incompatible with other 

cosmological measurements.

Peacock 2003, astro-ph/0309240 and Peacock 2001, astro-ph/0105450.

Friday, April 23, 2010

Compare observed power spectrum with that found in simulations

The Power Spectrum

Measurements of (2 = k3 P(k) from 2dFGRS 
and models.  Gave &~0.2.

Confidence regions in 'mh-'b/'m 
plane.  It is bimodal, but the upper 
region is incompatible with other 

cosmological measurements.

Peacock 2003, astro-ph/0309240 and Peacock 2001, astro-ph/0105450.

Friday, April 23, 2010

Biggest constraint 
is on Ωm h

due to its role in 
determining 

time of matter-
radiation 
equality

also can constrain 
Ωb

Δ2 = k3 P(k)

D
im

en
si

on
al

 P
ow

er
 S

pe
ct

ru
m



Implications for Cosmological Parameters

Can use comparison to constrain cosmological parameters!
The Power Spectrum

Measurements of (2 = k3 P(k) from 2dFGRS 
and models.  Gave &~0.2.

Confidence regions in 'mh-'b/'m 
plane.  It is bimodal, but the upper 
region is incompatible with other 

cosmological measurements.

Peacock 2003, astro-ph/0309240 and Peacock 2001, astro-ph/0105450.

Friday, April 23, 2010

Allowed solutions 
are bimodal, but we 
can eliminate one of 
solutions using other 

constraints

Ωmh = 0.2 
⇒ Ωm = 0.3

Ωb = 0.04

Yet another constraint 
on the baryonic density 

of universe!

The Power Spectrum

Measurements of (2 = k3 P(k) from 2dFGRS 
and models.  Gave &~0.2.

Confidence regions in 'mh-'b/'m 
plane.  It is bimodal, but the upper 
region is incompatible with other 

cosmological measurements.

Peacock 2003, astro-ph/0309240 and Peacock 2001, astro-ph/0105450.

Friday, April 23, 2010



Figure 10: Acoustic oscillations in the radiation-baryon fluid imprint a pattern of har-
monics in the Fourier spectrum of both CMB and density fluctuations (e.g. Meiksin,
White & Peacock 1999). In the latter case for which the ratio of the power spectrum to
that of a model with zero baryon content is plotted in the lower panel, the effect is much
smaller, because the dominant dark matter has no intrinsic oscillations. Nevertheless,
features corresponding to the same physical effect can be picked out at low and high
redshift, opening the way to a relatively clean geometrical tool in cosmology.

41

Acoustic oscillations in the baryon-photon fluid imprint 
“ringing” in the matter power spectrum

after dividing out overall shape

matter power spectrum

CMB TT power 
spectrum

note k = 2π/length (a wavenumber)

Meiksin et al. 1999

These acoustic 
peaks are frozen 
into the power 

spectrum and can 
be used as a 

standard rod to 
measure DA(z) 
and H(z) at all 

redshifts
where the 
clustering

signal can be
precisely 

measured.



The Baryon Acoustic Oscillation Method can be used to look for 
structure in the plane of the sky, but also along the line of sight

Observables of interest for constraining the 
cosmology: DA(z), H(z)

θ DA(z)

c(Δz)/H(z)

telescope

Distances along 
line of sight 

constrain H(z)

Distances in 
plane of the sky 
constrain DA(z)

Alcock-Paczynski 
constraints

both length scales 
must be the same

Recall if z~0:
D = cz/H0



Example of the impact 
BAO fluctuations have on 
the power spectrum for 

z~0.55 galaxies

Anderson+2013

Power spectrum measured 
for absorption lines from 

gas at z~2.3 in z~2.5 quasars

N.G. Busca et al.: BAO in the Lyα forest of BOSS quasars
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Fig. 9. Monopole (upper panel) and quadrupole (middle panel)
correlation functions found by method 1 (red) and method 2
(black). The bottom panel shows the combination ξ0 + 0.1ξ2
found by method 1 (red) and method 2 (black).

The average denoted by ⟨ ⟩ is the simple average over sec-
tors, while ξℓ(r) denotes the correlation function measured for
the whole BOSS sample. The Ws(r) are the summed pixel-pair
weights for the radial bin r for the sector s andW(r) is the same
sum for the whole BOSS sample.

The most important terms in the covariance matrix are the
r = r′ terms, i.e. the monopole and quadrupole variances. They
are shown in figure 10 as a function of r. In the figure, they are
multiplied by the number N of pixel pairs in the r-bin. The prod-
uct is nearly independent of r, as expected for a variance nearly
equal to the pixel variance divided by N. For the monopole, the

variances are only about 30% higher than what one would cal-
culate naively assuming uncorrelated pixels and equation (12).
Figure 10 also displays the monopole-quadrupole covariance
times number of pairs, which also is nearly independent of r.

Figure 11 displays the monopole-monopole and quadrupole-
quadrupole covariances. Nearest-neighbor covariances are of or-
der 20%. Figure 11 also shows monopole-quadrupole covari-
ance.

We used the 15 sets of mock spectra to test our method for
calculating the covariance matrix. From the 15 measurements
of ξℓ(r) one can calculate the average values of ξℓ(r)ξℓ′ (r′) and
compare them with those expected from the covariance ma-
trix. Figures 12 shows this comparison for the monopole and
quadrupole variance, the monopole and quadrupole covariances
between neighboring r-bins and the monopole-quadrupole co-
variance. The agreement is satisfactory.

4.2. Detection significance of the BAO peak

In this section, we estimate the significance of our detection of a
BAO peak at 105 h−1Mpc. At the statistical power of the present
data, it is clear that the peak significance will depend to some
extent on how we treat the so-called “broadband” correlation
function on which the peak is superimposed. In particular, the
significance will depend strongly on the r-range over which the
correlation functions are fitted. To the extent that the BAO peak
is known to be present in the matter correlation function and that
the Lyα absorption is known to trace matter, the actual signif-
icance is of limited interest for cosmology. Of greater interest
is the uncertainty in the derived cosmological parameter con-
straints (section 5) which will be non-linear reflections of the
peak significance derived here.

A detection of the BAO peak requires comparing the quality
of a fit with no peak (the null hypothesis) to that of a fit with a
peak. Typically, this exercise would be performed by choosing
a test statistic, such as the χ2, computing the distribution of this
quality indicator from a large number of peak-less simulations
and looking at the consistency of the data with this distribution.
Since our mock data sets are quite computationally expensive
and only a handful are available, we chose a different approach.

Our detection approach uses the following expression to fit
the observed monopole and quadrupole.

ξℓ(r) = BℓξBBℓ (r) +Cℓξ
peak
ℓ
(r) + Aℓξdistℓ (r) (19)

where ξBBℓ is a broadband term to describe the LSS correlation
function in the absence of a peak, ξpeak

ℓ
is a peak term, and ξdist

ℓ
is

a “distortion” term used to model the effects of continuum sub-
traction. The broadband term is derived from the fiducialΛCDM
cosmology defined by the parameters in equation (A.1). It is ob-
tained by fitting the shape of the fiducial correlation function
with an 8-node spline function masking the region of the peak
(80 h−1Mpc < r < 120 h−1Mpc). The peak term is the difference
between the theoretical correlation function and the broadband
term. Finally, the distortion term is calculated from simulations,
as the difference in the monopole or quadrupole measured using
the true continuum and that measured from fitting the continuum
as described in appendix A. The three components are shown in
figure 13.

Expression (19) contains three parameters each for the
monopole and quadrupole (so six in total). We have performed
fits leaving all six parameters free and fits where we fix the ra-
tio C2/C0 to be equal to its nominal value used to generate our

9

Busca+2013



New Material for This Week



Enigma of Dark Energy

Already up to this point in the course, you have already 
seen many different pieces of evidence for some form of 

dark energy, which we have expressed as ΩΛ > 0

There is an overwhelming amount of evidence for its 
existence

→ SNe Search Experiments
Observed SNe in distant galaxies are observed to be fainter than they would 

otherwise be without dark energy

→ Late Integrated Sachs-Wolfe Effect
Dark Energy Affects the Differential Redshifting of CMB photons as they move in 

and out of gravitational potential.   By cross correlating known galaxy clusters with 
CMB, we can observe this effect.

→ First Acoustic Peak of CMB Implies Universe is Flat, while 
other evidence indicates ΩM ~ 0.3 (Large Scale Flows, Kaiser 
Effect, Ratio of Baryons and Total Matter in Galaxy Clusters, 

Large Scale Structure, Baryon Acoustic Oscillations) 



Enigma of Dark Energy

As you all know, a key component of universe is dark 
energy.   Very roughly, it exerts a repulsive force on the 

space fabric -- increasing its acceleration.

There is an overwhelming amount of evidence for its 
existence

However, its nature remains an enigma



Enigma of Dark Energy

Einstein's Cosmological Constant
• ! Simplest but perhaps most troubling explanation:
! Einstein blundered into fundamental property of universe
• ! Constant energy density, hence increasing net energy as
! universe expands consistent with data
• ! Quantum mechanics allows/predicts such phenomena 
! in the form vacuum energy: empty space is alive
! with virtual particles 

• ! Naive prediction is 10120 times too big and more sophisticated
! models still 1060 off

→ Possibly more natural to explain dark energy as a scalar field that 
evolves with cosmic time...

Credit Hu



Enigma of Dark Energy

As a result of there is a lot of interest in exploring forms of dark 
energy that are not constant, but evolve with cosmic time 
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VI. A Dark Energy Primer 

 
 
In General Relativity (GR), the growth of the Universe is described by a scale factor a(t), 
defined so that at the present time t0, a(t0) = 1.  The time evolution of the expansion in 
GR obeys 
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3 3
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where P and 
 are the mean pressure and density of the contents of the Universe, and � is 
the cosmological constant proposed and then discarded by Einstein.  Remarkably, several 
lines of evidence (described below) confirm that at the present time, 0a 
�� . This 
acceleration immediately implies that either 

1. The Universe is dominated by some particle or field (dark energy) that has 
negative pressure, in particular 1/ 3;w P 
	 � � or 

2. There is in fact a non-zero cosmological constant; or 
3. The theoretical basis for this equation, GR or the standard cosmological model, is 

incorrect. 
Any of these three explanations would require fundamental revision to the underpinning 
theories of physics.  It is of great interest to determine which of these three explanations 
is correct. 
 
The Observable Consequences of Dark Energy 
 
Within the context of GR, a convenient expression of the equation for the expansion is 
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where k is the curvature.  The value of H today, H�, is the Hubble constant, 72�8 km s-1 
Mpc-1.  From these two equations it follows that 
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which holds separately for each contributor to the energy density.  For non-relativistic 
matter, P/
  is of order (v/c)2, and can be ignored, and the equation becomes 
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m0 /a3, where 
m0 is the density of non-relativistic matter 
today.  More generally, if w 	�P/
 is constant, then   
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This implies that

> 0

Quote from Dark Energy Task Force



Enigma of Dark Energy

In order to ascertain the form of dark energy, we parameterize 
its effects in terms as the w parameter:

P = wρc2

Typically take c = 1

There are a few important cases:

R. Fassbender: Introduction to Observational Cosmology I – WS09/10 11

Generalized Dark Energy ModelsGeneralized Dark Energy Models

the current z=0 energy density is given by: 

the phenomenological nature of Dark Energy is classified by the
equation-of-state parameter w (L8): 

with redshift scaling (1+z)3(1+w)

(1+z)-1 for w=-4/3

(1+z)+1 for w=-2/3

Constant

redshift scaling     
of DE density

later

earlier

z<1

dynamical 
significance

w<-1Phantom Energy

1-<w<-1/3Quintessence

-1Cosmological Constant !

wType

R. Fassbender: Introduction to Observational Cosmology I – WS09/10 12

The Dark Energy Parameter Plane The Dark Energy Parameter Plane 
for flat geometriesfor flat geometries

Source: Schuecker et al. 2003
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For quintessence or phantom energy (w < −1 or w > −1), the dark energy 
density evolves:

H. Böhringer LMU Lecture:     Observational Cosmology    (§ 9)      WS2009/10     3 

Evolution of the Density of Dark Energy 

For  w = -1  the density is constant."

multiply by da/dt
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Evolution of the Density of Dark Energy 
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differentiate 
with respect 

to time

Time Varying Dark Energy



Given this evolution in the energy density of dark energy, the 
second Friedmann equation can be rewritten as follows:
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k describes the current curvature of the universe.  For 
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time history of the dark-energy density, modulo some uncertainty due to curvature,  if 
one could accurately measure the expansion history H(a).  When a distant astronomical 
source is observed, it is straightforward to determine the scale factor a at the time of 
emission of the light, since all photon wavelengths stretch during the expansion; this is 
quantified by the redshift z, with (1+z) = a��.  The derivative a�  is more difficult, 
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This implies that the distance to a source at redshift z, defined as D(z), is given by 

 

Based on the above equation, we can derive all the standard 
formulas for the distances, evolution of the Hubble constant, 

growth factors, etc., but let us before doing this, let us consider 
another case first.

Time Varying Dark Energy



Time Varying Dark Energy

the most generic model for Dark Energy allows for a time variation in the 
equation of state parameter: w = w(z)

           common parameterizations: w(z) = w0 + w1 z                      
                                                    w(z) = w0 + wa(1-a) = w0 + wa z/(1+z)
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For this parameterization, we can rewrite the a-3(1+w) factor in the 
second term of the Friedmann equation in the following manner:
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for a time-independent w(a), 
this just reduces to a-3(1+w)
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FIGURE 1. Left panel (a): Evolution of the scale factor vs. time for four cosmological models: three
matter-dominated models with Ω0 = Ωm = 0,1,5, and one with ΩΛ = 0.75,Ωm = 0.25. Right panel (b):
Evolution of radiation, matter, and dark energy densities with redshift. For dark energy, the band represents
w= −1±0.2. From Frieman et al. [13].

of the vacuum can be read off from the stress-tensor as pvac =−ρvac =Λ/8πG, so it acts
as a fluid with equation of state parameter w= −1, as needed to explain acceleration. In
aΛ-dominated model, the expansion is asymptotically exponential, a(t)∼ exp(

√

Λ/3t).
The one fly in the ointment is that the required energy density for cosmic acceleration is
of order ρvac ≃ (0.003 eV)4, while estimates of the vacuum energy density of quantum
fields are at least 60 to 120 orders of magnitude larger. This embarrassing discrepancy,
which predates and is logically separate from but is brought into focus by cosmic
acceleration, is known as the cosmological constant problem.

While the discovery of cosmic acceleration is often portrayed as a surprise, in fact
it fit neatly into a pre-existing theoretical and observational framework that had been
solidifying throughout the 1990’s. There were several elements of this framework:
(1) the theory of primordial inflation [20] predicted a flat Universe, Ω0 = 1, while
observations of dark matter were pointing with increasing accuracy to Ωm ≃ 0.25, so
a component of “missing energy” with ΩME ≃ 0.75 was needed to reconcile the two;
(2) such a missing energy component must be smoothly distributed and would therefore
inhibit the growth of large-scale structure—it must therefore have come to dominate over
non-relativistic matter at recent cosmic epochs, which means it must have a sufficiently
negative equation of state parameter,w≤−0.5; (3) the model of structure formation with
cold dark matter and a cosmological constant, ΛCDM, in combination with primordial
perturbations from inflation, had been found to be in good agreement with observations
of the large-scale clustering of galaxies, e.g., as observed in the APM survey [21]; (4)
estimates of globular cluster ages, in combination with Hubble parameter measurements,
indicated that H0t0 = (H0/70 km/s/Mpc)(t0/14 Gyr) ≃ 1 or larger, which requires
an epoch during which a(t) grows as fast or faster than t, i.e., accelerated expansion
(see Fig. 1a). As a result of this combination of factors, by the mid-1990’s, a model

How does the energy density in dark energy 
evolve relative to other components of 

universe for these more generic models?



R. Fassbender: Introduction to Observational Cosmology I – WS09/10 13

Time Varying Dark EnergyTime Varying Dark Energy

the most general model for Dark Energy also allows a time variation of the
equation-of-state paramter: w=w(z) 

common parameterizations: w(z)=w0+w1!z
w(z)= w0+ wa(1-a) = w0+wa!z/(1+z)

the generalized redshift scaling factor is then given by:

this expression is now valid for all types of (exotic) Dark Energy models
for any form of w(z) 
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The Evolution Function The Evolution Function E(zE(z))
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for flat and open geometries, E(z) is a monotonic function of z 

How does this change the behavior of quantities we calculated 
before?

Evolution Function E(z)
H(z) = H0 E(z)

Credit: Fassbender 
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Cosmic Distance Measurements (L6)Cosmic Distance Measurements (L6)

Comoving Distance : 

flat geometry
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closed Universe
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open Universe
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• cosmic distances are proportional to the integral  over 1/E(z), i.e. the area under this
function out to redshift z

• higher expansion rates in the past, i.e. larger values for the evolution function E(z), 
translate into shorter cosmic distances D(z) [for flat geometries]

• the larger the influence of Dark Energy, the larger the cosmic distances
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We can also apply this modified E(z) factor to our 
calculation of distances.....
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function out to redshift z

• higher expansion rates in the past, i.e. larger values for the evolution function E(z), 
translate into shorter cosmic distances D(z) [for flat geometries]

• the larger the influence of Dark Energy, the larger the cosmic distances

EdS
[1.0,0,0]

OCDM
[0.3,0,0]

QUINT
[0.3,0.7,-0.5]

HIGH
[0.4,0.6,-1]

CCM
[0.3,0.7,-1]

PHANTOM
[0.3,0.7,-1.3]

LOW
[0.2,0.8,-1]

[!!!!m,!!!!DE,w]

What is the effect on the Luminosity Distance DL?

Credit: Fassbender 
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ComovingComoving VolumesVolumes

Vcom(<z): total enclosed 
volume within redshift z 
per deg2

dV/dz: volume per redshift 
shell dz=0.1 per deg2

dzd
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• for measuring the evolution of the number density of an object class, 
the comoving volume element dVcom is needed

• the larger the distance, the larger the comoving volume element per redshift slice  

spherical surface area x thickness

comoving volumes
for CCM model
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Linear Structure Growth FunctionLinear Structure Growth Function

• flat cosmologies with a dark energy component exhibit structure growth in between 
the Einstein-de Sitter (EdS) case of D+=(1+z)-1 and the slow structure growth of a 
low density open Universe (OCDM)
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• the linear structure growth function D+(z) is a solution to the density perturbation 
growth equation for the linear regime (L3)
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What is the effect on the Growth Factor?

Credit: Fassbender 



How can we constrain the w parameter?

Generally, we constrain the w parameter in 
the same way we constrain many other 

cosmological parameters.

We constrain it by looking at the following quantities 
versus redshift (cosmic time, see earlier lecture):

Growth Factor (Rate at which structures in Universe Grow)

Volume Element
Distances

E(z) 

Geometrical 
Tests

Useful in computing distances 
along the line of sight

H(z) = H0 E(z)



How can we probe this?

Luminosity Distance
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• cosmic distances are proportional to the integral  over 1/E(z), i.e. the area under this
function out to redshift z

• higher expansion rates in the past, i.e. larger values for the evolution function E(z), 
translate into shorter cosmic distances D(z) [for flat geometries]

• the larger the influence of Dark Energy, the larger the cosmic distances
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Credit: Fassbender 



How can we probe this?

E(z)
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Time Varying Dark EnergyTime Varying Dark Energy

the most general model for Dark Energy also allows a time variation of the
equation-of-state paramter: w=w(z) 

common parameterizations: w(z)=w0+w1!z
w(z)= w0+ wa(1-a) = w0+wa!z/(1+z)

the generalized redshift scaling factor is then given by:

this expression is now valid for all types of (exotic) Dark Energy models
for any form of w(z) 
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• flat cosmologies with a dark energy component exhibit structure growth in between 
the Einstein-de Sitter (EdS) case of D+=(1+z)-1 and the slow structure growth of a 
low density open Universe (OCDM)
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• the linear structure growth function D+(z) is a solution to the density perturbation 
growth equation for the linear regime (L3)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0.0 1.0 2.0 3.0 4.0 5.0

z

D
+

(z
)

CCM LOW HIGH QUINT PHANTOM OCDM EdS

more structures at high-z

How can we probe this?

Growth Factor

structure grow efficiently when Ω = 1 (since density is closer to 1 
where slight overdensities cause collapse) Credit: Fassbender 



Here’s an alternate set of plots:
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FIGURE 2. Left: Distance vs. redshift in a flat Universe with different values of the cosmological
parameters Ωm and w. Right: volume element vs. redshift for same models. From Frieman et al. [13].

where Ωk = 1−Ω0 = 1−Ωm−ΩDE . For a general dark energy model with equation of
state parameter w(z), the Hubble expansion rate can be written as

H2(z)
H2

0
=Ωm(1+ z)3 +ΩDE exp

[

3
∫

(1+w(z))d ln(1+ z)
]

+Ωk(1+ z)2 . (15)

For the case of the cosmological constant, w= −1, this can be rewritten as

H2(a)
H2

0
=Ωma−3 +ΩΛ+Ωka−2 , (16)

and the luminosity distance becomes

dL(z;Ωm,ΩΛ) =
c(1+ z)
H0

|Ωk|
−1/2Sk

(

∫ 1

1/(1+z)
|Ωk|

1/2 da
a2[Ωma−3 +ΩΛ+Ωka−2]1/2

)

.

(17)
Another important special case is a flat Universe (Ωk = k= 0) and dark energy with w=
constant, independent of redshift. In this case,

H2(z)
H2

0
= (1−ΩDE)(1+ z)3 +ΩDE(1+ z)3(1+w) , (18)

and the luminosity distance is given by

dL(z;ΩDE ,w) = χ(1+ z) =
1+ z
H0

∫ 1+ΩDE [(1+ z)3w−1]−1/2

(1+ z)3/2 dz . (19)

Note that the product H0dL is independent of the Hubble parameter H0.



Where do they provide the strongest 
constraints?
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• Let us therefore assume that the dark energy is a suitably self-
interacting, homogeneous scalar field. Then, its pressure can be
described by

p = w(a)�c2 , (8.27)

where the equation-of-state parameter w is some function of a.
According to (8.15), accelerated expansion needs w < �1/3, and
the cosmological constant corresponds to w = �1. Since all cos-
mological measurements to date are in agreement with the as-
sumption of a cosmological constant, we need to arrange things
such that w⌅ �1 today.

• Suppose we have some function w(a), which could either be ob-
tained from a phenomenological choice, a model for the self-
interaction potential V(⇥) through (8.21) or from a simple ad-hoc
parameterisation. Then, (8.18) implies

�̇

�
= �3(1 + w)

ȧ
a
, (8.28)

or

�(a) = �0 exp
�
�3
⇤ a

1
[1 + w(a⌃)]

da⌃

a⌃

⇥
⇤ �0 f (a) . (8.29)

• If w = const., this simplifies to

�(a) = �0 exp [�3(1 + w) ln a] = �0a�3(1+w) . (8.30)

If w = �1, we recover the cosmological-constant case � = �0 =

const., for pressure-less material, w = 0 and � ⇧ a�3, and for
radiation, w = 1/3 and � ⇧ a�4.

• Therefore, we can take account of the dynamical dark energy
by replacing the term ⇥�0 in the Friedmann equation (2.7) by
⇥DE0 f (a), and the expansion function E(a) turns into

E(a) =
⌅
⇥r0a�4 +⇥m0a�3 +⇥DE0 f (a) +⇥K0a�2

⇧1/2
, (8.31)

where ⇥K0 = 1 � ⇥r0 � ⇥m0 � ⇥DE0 is the curvature density pa-
rameter.

• We thus see that the equation-of-state parameter enters the ex-
pansion function in integrated form. Since all cosmological ob-
servables are integrals over the expansion function, including the
growth factor D+(a) satisfying (2.19), this implies that cosmolog-
ical observables measure integrals over the integrated equation-
of-state function w(a). Needless to say, the dependence of cosmo-
logical measurements on the exact form of w(a) will be extremely
weak, which in turn implies that extremely accurate measure-
ments will be necessary for constraining the nature of the dark
energy.

Logarithmic derivatives of the
angular-diameter distance and the
growth factor with respect to the
equation-of-state parameter.

distance measures most useful 
in examining w at high redshifts

growth factor most useful in 
examining w at low redshifts

Credit: Bartelmann



So the game is to determine 
the w parameter and how it depends on redshift

There are four standard methods:

1.  Supernovae Ia
-- use of standard candles to establish distance-redshift relation

-- first established existence of dark energy >20 years ago

(lecture 4)

2.  Baryonic Acoustic Oscillations
-- gives us a standard rod to establish distance-redshift relation 

with low systematics

(last lecture)

3.  Galaxy Clusters
-- provide us with sensitive probe of growth of structure
-- early evidence for low Ωm

(This lecture)

4.  Weak Gravitational Lensing
-- provide us with sensitive probe of growth of structure
-- powerful technique still in process of realizing full potential

(This lecture)



Now let’s discuss what we can learn 
about the universe and the cosmological 

parameters from galaxy clusters



Galaxy Clusters
Galaxy clusters are large regions of 

the universe that have collapsed 
(due to gravity)

Approximate mass budget:

~2% galaxies
~13% in a very hot ionized gas

~85% in dark matter

Most of the baryons are in the 
ionized gas!

Observational Cosmology Lecture 8 (K. Basu):  Cosmology with Galaxy Clusters

Clusters in hydro-simulations

3

z=4                   z=2                     z=0

Dark matter

Baryons

Stellar
distribution

 mass > 1014 Msol

Credit: Porciani



• Majority of observable cluster mass (majority of baryons) is hot gas

• Temperature  T ~ 108 K ~ 10 keV (heated by gravitational potential)

• Electron number density ne ~ 10-3 cm-3 

• Mainly H, He, but with heavy elements (O, Fe, ..)

• Mainly emits X-rays (but also radio and gamma rays)

• LX ~ 1045 erg/s, most luminous extended X-ray sources in Universe

• Causes the Sunyaev-Zel’dovich e!ect (SZE) by inverse Compton 
scattering the background CMB photons

Observational Cosmology Lectures 4-6:  Cosmology with Galaxy Clusters

Intra-Cluster Medium (ICM)

2Credit: Porciani



Virgo Cluster of Galaxies 
sky.google.com

M84

M86

M87

M58

M88

M89

M90

M91

Central Part of Virgo Cluster

Sunday, March 28, 2010

Two of the most well known near-by 
galaxy clusters are the Virgo cluster 

and the Coma cluster

Virgo cluster
- contains >250 large galaxies

- contains 2000 smaller galaxies
- covers 10 x 10 degrees on sky

- 18 Mpc away
- 3 Mpc diameter

The Coma Cluster

Sunday, March 28, 2010

Coma cluster
- contains >1000 large galaxies

- contains 10000 smaller galaxies
- 90 Mpc away

- 6 Mpc diameter
- largest galaxies are giant ellipticals

Credit: Papovich



Galaxy clusters also provide us with 
important constraints on cosmology!

Why?

1.  Density perturbations in universe grow in a regular, well-
defined way.

2.  Galaxy clusters are clear end result of the growth of density 
perturbations in universe

3.  One can model the build-up of galaxy clusters primarily 
through gravitation, and so it is much simpler to model than 

lower mass (i.e., galaxy) systems.

5.  Clusters are relatively straightforward to identify in 
observable surveys

4.  Mass function of clusters depends sensitively on Ωm the 
matter density and σ8 the amplitude of density fluctuations



What can we learn from 
galaxy clusters?

1.  Probe σ8 and Ωm through measured mass function 
of galaxy clusters (clusters probed mass function of collapsed structures)

3.  Derive Ωm based on relative mass in gas and dark 
matter in clusters

4.  Probe matter power spectrum and Ωm from the 
observed clustering of galaxy clusters

2.  Probe cosmological parameters by examining how 
the apparent volume density of clusters evolve



Mass build-up in universe quantified 
with halo mass function

Through gravitation, overdensities in the early universe grow 
until they collapse.  As time goes on, the mass of these collapsed 

objects become larger and larger.   The volume density of the 
collapsed sources vs. mass is the halo mass function.

Interlude: Halo Mass Function



How is the Halo Mass Function modelled?

Observational Cosmology Lecture 8 (K. Basu):  Cosmology with Galaxy Clusters

The Halo Mass Function

17

Observable Theory

Press-Schechter (1974)

Jenkins et al. (2001)

Cosmology predicts the variance on mass scale M:

Observational Cosmology Lecture 8 (K. Basu):  Cosmology with Galaxy Clusters

The Halo Mass Function

17

Observable Theory

Press-Schechter (1974)

Jenkins et al. (2001)

Cosmology predicts the variance on mass scale M:

It is modelled using the functions below:

δc = 1.67 (equivalent linear growth rate where source would collapse)

σ in the above formula is the expected 1 fluctuations in the overdensity of regions of the 
universe with mass M.

nM = volume density of collapsed sources with mass M



Can we derive a mass function from the 
observations using galaxy clusters?

Yes -- 1) Do a survey

2) Have method to derive masses for 
clusters found in surveys

3) By comparing with theoretical mass 
functions, infer cosmological parameters

1.  Probe σ8 and Ωm through measured mass function 
of galaxy clusters (clusters probed mass function of collapsed structures)



How do we find galaxy clusters?

This is an interesting question -- since galaxy 
clusters are quite rare -- and so one will not 
often find very massive ones even in large 

galaxy surveys.

volume density of >1014 Msol clusters in z=0 universe is ~7x10-5 Mpc-3

Observational Cosmology Lectures 4-6:  Cosmology with Galaxy Clusters

Galaxy clusters in simulations

11

700 Mpc
comoving
cube

Galaxy 
clusters:
rare peaks
in the 
density
field

Credit: Porciani



How do we find galaxy clusters?

This is an interesting question -- since galaxy 
clusters are quite rare -- and so one will not 
often find very massive ones even in large 

galaxy surveys.

So, it often takes a dedicated endeavor 
to find large numbers of them



How do we find galaxy clusters?

1.  By surveying the sky at x-ray wavelengths

9 

REFLEX/ 
NORAS 

Planck eROSITA 

Pencil Beam 

COSMOS 

XDCP 

all sky 
32000 deg2 

(extragal.) 

XDCP 
80 deg2 

COSMOS 
2 deg2 

CDF/LH 
0.2 deg2 

x10 

x40 

x400 

R. Fassbender: Introduction to Observational Cosmology II – SS10  

10 

I) Cluster Galaxies 
optical, NIR, MIR 

II) Intracluster Medium 
X-ray 

III) Sunyaev-Zeldovich Effect (C2L11) 
        mm-wavelength                

IV) Gravitational Lensing (C2L7+10) 
         optical 

concentration of red  
galaxies of similar color 
detection: optical (limited) 
detection: NIR/MIR (yes) 
obs. limitations: 
K-correction (optical) 
PSF (MIR) 

selection based on 
extended X-ray sources 
detection (yes) 
obs. limitations: 
SB-dimming (1+z)-4 

strong or weak shape 
distortions of back- 
ground galaxies  
detection (no) 
obs. limitations: 
lack of background  
galaxies 

selection based on 
shadows in the CMB 
detection (likely) 

obs. limitations: 
instrument sensitivity 

R. Fassbender: Introduction to Observational Cosmology II – SS10  

simulated cluster  images at z~1.5 
Galaxy clusters are bright in the x-ray due to the fact that they contain very 
hot (108 K) ionized gas -- which produces significant thermal bremstrahlung

main observational limitation = surface brightness dimming

surface brightness is proportional to (1+z)-4 (this is the generic cosmological dimming 
effect)



How do we find galaxy clusters?

1.  By surveying the sky at x-ray wavelengths

Observational Cosmology Lectures 4-6:  Cosmology with Galaxy Clusters

X-ray observatories

13

To the right are the typical 
facilities that are used for 

these x-ray surveys

Essentially all extended x-ray 
sources  are galaxy clusters, so 

straightforward to find.

In deep XMM exposures, 
galaxy clusters can be 

identified to z>1.

Main other x-ray sources out 
in the universe is AGN which 
are 20x more numerous but 
those x-ray sources are not 

extended 

Credit: Porciani

2019



How do we find galaxy clusters?

1.  By surveying the sky at x-ray wavelengths

1.  Start by identifying weak, extended x-ray sources in wide-area surveys

3. Estimate redshift of cluster from position of spectral breaks in the red galaxies

2. Follow up clusters and look for overdensity of red galaxies

11 

XDCP is a designated survey for the identification and study of distant X-ray-luminous  
galaxy clusters. The collaboration (~14) is 50% based in Munich, with more  
collaborators in Potsdam, Paris, Trieste, and Santiago 

Search Strategy: 
I) identification of (weak) extended X-ray sources in the XMM-Newton archival data 
II) rejection of lower redshift clusters (z<0.6) based on a cluster identification in  
    Digitized Sky Survey (DSS) images 

Source: RF PhD Thesis (http://arxiv.org/pdf/0806.0861v1); Mullis et al. 2005 

XMM-Newton 
field-of-view 

R. Fassbender: Introduction to Observational Cosmology II – SS10  

DSS image without 
a visible galaxy cluster 

12 

III) follow-up imaging and confirmation of a red galaxy overdensity  
IV) redshift estimate based on the color of the cluster red-sequence (RS) 

Source: RF PhD Thesis (http://arxiv.org/pdf/0806.0861v1) ; Mullis et al. 2005 

VLT R-band 
image with  
X-ray contours 

R. Fassbender: Introduction to Observational Cosmology II – SS10  

VLT z-band 
image with  
X-ray contours 

R-z color- 
magnitude  
diagram  

4. Obtain spectra of red 
galaxies to confirm that a 

galaxy cluster has been found.

13 

V) follow-up spectroscopy for the confirmation as a 3D gravitationally bound  
    system and the determination of the exact cluster redshift  
VI) detailed multi-wavelength follow-up of the most interesting clusters 

Source: RF PhD Thesis (http://arxiv.org/pdf/0806.0861v1) ; Mullis et al. 2005; Rosati et al. 2009 

VLT spectra of 4 cluster  
member galaxies at z=1.39 

R. Fassbender: Introduction to Observational Cosmology II – SS10  

HST i+z + VLT K-band color image with  
Chandra contours of XMMU J2235.3-2557 

VI 

Credit: Fassbender



How do we find galaxy clusters?

1.  By surveying the sky at x-ray wavelengths

15 
Source: Eisenhard et al., 2008 

3x3 arcmin 
color composite 
images in 
B+I+[4.5µm] 

R. Fassbender: Introduction to Observational Cosmology II – SS10  

about 20 spectroscopically 
confirmed IR-selected z>1 
clusters are currently known 
(without X-ray data) 

R. Fassbender: Introduction to Observational Cosmology I – WS09/10  16 
Source: http://www.xray.mpe.mpg.de/theorie/cluster/XDCP/xdcp_index.html 

XDCP has so far confirmed 14 clusters at z>1 and another dozen at 0.8<z<1 
in total about two dozen confirmed X-ray luminous clusters at z>1 are known   Examples of few clusters found in the XMM-Newton Distant Cluster Project

Optical Images shown (red galaxies are likely cluster galaxies), overlaid contours are from x-ray light

Credit: Fassbender



How do we find galaxy clusters?

2.  By using the Sunyaev-Zeldovich effect
- Hot ionized gas in galaxy clusters inverse Compton scatter light from the 

cosmic microwave background (shifting CMB light to higher energies)

As CMB photons pass through hot 
cluster, 1% of the photons are 
subject to Compton scatteringPhysics of the SZ Effect

Mechanism & Thermal Effect
CMB photons

T = (1 + z) 2.725K

galaxy cluster
with hot ICM

z ~ 0 - 3
observer

z = 0

last scattering
surface
z ~ 1100

scattered
photons
(hotter)

Sunyaev &
Zeldovich (1970)

Spectral
shift

CMB photons have a ~1% chance of inverse Compton scattering off of the
ICM electrons; photon number is conserved -> changes the spectrum…

Physics of the SZ Effect
Mechanism & Thermal Effect

CMB photons
T = (1 + z) 2.725K

galaxy cluster
with hot ICM

z ~ 0 - 3
observer

z = 0

last scattering
surface
z ~ 1100

scattered
photons
(hotter)

Sunyaev &
Zeldovich (1970)

Spectral
shift

CMB photons have a ~1% chance of inverse Compton scattering off of the
ICM electrons; photon number is conserved -> changes the spectrum…

This serves to 
increase the 
energy of 

individual photons, 
but preserves 
their overall 

number

Credit: Abdalla



Important point is that the change is proportional to neTe 

integrated along the line of sight 

Individual photon energies are boosted by (kTe/mec2)

How do we find galaxy clusters?

2.  By using the Sunyaev-Zeldovich effect
Physics of the SZ Effect
Functional Form (no need to remember formula)

y parameter

•Temperature shift proportional to the gas
pressure, neTe, & mass dl
•CMB photon energies boosted by ~kTe/(mec2)
•kTe ~ 10 keV, Te ~ 108 K
•x = h/(kTe)
•f(x) is the spectral dependence

The effective change in temperature in the CMB photons is described by 
the following formula (no need to remember):



How do we find galaxy clusters?

2.  By using the Sunyaev-Zeldovich effect

main observational limitation = instrumental sensitivity

- Galaxy clusters can be seen as a bright spot or a hole in the CMB 
background depending on the wavelength in which one looks

The Sunyaev-Zeldovich Effect

SZ maps of three clusters at 0.37 < z < 0.55.  Since SZ is 
proportional to electron density, mass fraction of baryons can 

be measured if one knows the total mass of the cluster.

Sunday, March 28, 2010
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SZ Experiments

20
Credit: Porciani
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SZ Experiments

21

Abell 2319 with PLANCK
Top row: 44, 70, 100, 143 GHz
Bottom row: 217, 353,545 GHz

Source: http://planck.cf.ac.uk/results/abell-2319

Planck satellite

Credit: Porciani



How do we find galaxy clusters?

3.  By identifying red sequence galaxies that 
make up the galaxy clusters

Since elliptical galaxies are red, require 
deep near-IR / mid-IR data to find 

distant galaxy clusters.

- galaxy clusters contain large numbers of very red elliptical galaxies

9 

REFLEX/ 
NORAS 

Planck eROSITA 

Pencil Beam 

COSMOS 

XDCP 

all sky 
32000 deg2 
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R. Fassbender: Introduction to Observational Cosmology II – SS10  

10 

I) Cluster Galaxies 
optical, NIR, MIR 

II) Intracluster Medium 
X-ray 

III) Sunyaev-Zeldovich Effect (C2L11) 
        mm-wavelength                

IV) Gravitational Lensing (C2L7+10) 
         optical 

concentration of red  
galaxies of similar color 
detection: optical (limited) 
detection: NIR/MIR (yes) 
obs. limitations: 
K-correction (optical) 
PSF (MIR) 

selection based on 
extended X-ray sources 
detection (yes) 
obs. limitations: 
SB-dimming (1+z)-4 

strong or weak shape 
distortions of back- 
ground galaxies  
detection (no) 
obs. limitations: 
lack of background  
galaxies 

selection based on 
shadows in the CMB 
detection (likely) 

obs. limitations: 
instrument sensitivity 

R. Fassbender: Introduction to Observational Cosmology II – SS10  

simulated cluster  images at z~1.5 - possible galaxy clusters can be identified by measuring the colors 
for large number of galaxies in a field

Value of optical data is more limited



How do we find galaxy clusters?

3.  By identifying red sequence galaxies that 
make up the galaxy clusters

Useful to follow up overdensities of red galaxies with spectroscopy to ensure that the 
red galaxies are part of the same cluster and not a chance projection on the sky

Observational Cosmology Lecture 8 (K. Basu):  Cosmology with Galaxy Clusters

Photometry of clusters

17

Observational Cosmology Lecture 8 (K. Basu):  Cosmology with Galaxy Clusters

Galaxies in the red sequence

18
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How do we find galaxy clusters?

3.  By identifying red sequence galaxies that 
make up the galaxy clusters

15 
Source: Eisenhard et al., 2008 

3x3 arcmin 
color composite 
images in 
B+I+[4.5µm] 

R. Fassbender: Introduction to Observational Cosmology II – SS10  

about 20 spectroscopically 
confirmed IR-selected z>1 
clusters are currently known 
(without X-ray data) 

R. Fassbender: Introduction to Observational Cosmology I – WS09/10  16 
Source: http://www.xray.mpe.mpg.de/theorie/cluster/XDCP/xdcp_index.html 

XDCP has so far confirmed 14 clusters at z>1 and another dozen at 0.8<z<1 
in total about two dozen confirmed X-ray luminous clusters at z>1 are known  

Such a search is 
particularly 

efficient including 
observations at 

performing search 
at > 4 microns 
with the Spitzer 
Space Telescope



Can we derive a mass function from the 
observations using galaxy clusters?

Yes -- 1) Do a survey

1.  Probe σ8 and Ωm through measured mass function 
of galaxy clusters (clusters probed mass function of collapsed structures)

2) Have method to derive masses for 
clusters found in surveys

-- from x-ray profile

-- from SZ effect
-- from gravitational lensing



Weighing Galaxy Clusters (from the 
ionized gas in clusters)

The basic idea is that:
since the ionized gas in a cluster is pressure 

supported and we can determine the density and 
temperature of gas in a cluster
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• then, (6.21) yields the central ion density

n0 = 5 ⇥ 10�3 cm�3 (6.24)

and thus the central gas mass density

�0 = mpn0 = 8.5 ⇥ 10�27 g cm�3 ; (6.25)

• based on the virial radius (6.15) and on the mass (6.23), we find
the total gas mass

MX = 1.0 ⇥ 1014 M⌅ ; (6.26)

this is of the same order as the cluster mass in galaxies, and
approximately one order of magnitude less than the total cluster
mass;

• it is reasonable to believe that clusters are closed systems in the
sense that there cannot have been much material exchange be-
tween their interior and their surroundings; if this is indeed the
case, and the mixture between dark matter and baryons in clus-
ters is typical for the entire universe, the density parameter in dark
matter should be

�dm,0 ⌃ �b,0
M

M⇤ + MX
⌃ 10�b,0 ⌃ 0.4 ; (6.27)

more precise estimates based on detailed investigations of indi-
vidual clusters yield

�dm,0 ⌃ 0.3 ; (6.28)

6.3.4 Alternative cluster mass estimates

• cluster masses can be estimated in several other ways; one of them
is directly related to the X-ray emission discussed above; the hy-
drostatic Euler equation for an isothermal gas sphere in equilib-
rium with the spherically-symmetric gravitational potential of a
mass M(r) requires

1
�

dp
dr
= �GM(r)

r2 , (6.29)

where � and p are the gas density and pressure, respectively; as-
suming an ideal gas, the equation of state is p = nkT , where
n = �/mp is the particle density of the gas and T is its tempera-
ture; if we further simplify the problem assuming an isothermal
gas distribution, we can write

kT
mp�

d�
dr
= �GM(r)

r2 (6.30)

p = pressure
r = radius
ρ = density

Able to model this 
from observations

We can infer this!

From hydrostatic equilibrium:

Not necessary to do the same detailed modeling 
from lecture 5 for all clusters in cluster samples

Previous Lecture



Fortunately, galaxy clusters appear to be self-similar, with nice scaling 
relations between mass, x-ray luminosity, and temperature, so it is 
possible to convert the temperature T of the cluster gas or x-ray 

luminosity into a mass for the cluster

M200 and r200 refer to the total mass and radius of the collapsed object, 
Δc is the typical overdensity of a collapsed object relative to the average 
mass density of universe (typically ~200), and ρc is the critical density of 

the universe

Observational Cosmology Lecture 8 (K. Basu):  Cosmology with Galaxy Clusters

Self-similar scaling

22

The simplest model to explain the physics of the  ICM is based on
the assumption that only gravity determines its properties.

This makes clusters a scaled version of each other.

For hydrostatic equilibrium: 
The basic idea is that all of the properties of gas in a cluster 

are determined based on gravity and gas is in hydrostatic 
equilibrium

Cluster Masses Based on x-ray Observations



Relationship between temperature and mass of cluster

Observational Cosmology Lecture 8 (K. Basu):  Cosmology with Galaxy Clusters

M-T scaling relation

23

Observational Cosmology Lecture 8 (K. Basu):  Cosmology with Galaxy Clusters

M-T scaling relation

23

Observational Cosmology Lecture 8 (K. Basu):  Cosmology with Galaxy Clusters

M-T scaling relation

23



Can we derive a mass function from the 
observations using galaxy clusters?

Yes -- 1) Do a survey

2) Have method to derive masses for 
clusters found in surveys

3) By comparing with theoretical mass 
functions, infer cosmological parameters

1.  Probe σ8 and Ωm through measured mass function 
of galaxy clusters (clusters probed mass function of collapsed structures)



The volume density of massive structures 
like clusters in nearby universe provide 

sensitive probe of mass function

Hilbert et al. 2010

Rozo+2010

MaxBCG Sample

Identified from the
SDSS (Sloan Digital 
Sky Survey) using

Optical Red Cluster
Member Selection 

Technique



Implications for Cosmological Parameters

Rozo et al. 2010

The Abundance of Galaxy Clusters with Various Masses Provides 
Strong Constraints on the Total Mass Density in the Universe 

and Normalization of the Power Spectrum

Normalization 
of power 
spectrum

Figure 10: Left: Joint 68.3% and 95.4% confidence regions for the mean matter density and perturbation
amplitude from the abundance of clusters in the maxBCG sample (z < 0.3) compared with those fromWMAP
data (Dunkley et al. 2009) for spatially flat ΛCDM models. The shaded region indicates the combination
of the two data sets. From Rozo et al. (2010). Right: Constraints on the dark energy density and equation
of state from the abundance and growth of clusters in the 400 Square Degree sample (z < 0.9) compared
with those from WMAP, SNIa (Davis et al. 2007) and BAO (Eisenstein et al. 2005; Percival et al. 2007) for
spatially flat, constant w models. Note that, contrary to the convention followed in the other figures, the
shaded regions in the right panel indicate only 39.3% confidence. The tight contraints from WMAP compared
with Figure 11 result from the fact that a simplified analysis was used, in particular neglecting the influence
of dark energy on the Integrated Sachs-Wolfe effect (e.g. Spergel et al. 2007). From Vikhlinin et al. (2009b).

Figure 11: Joint 68.3% and 95.4% confidence regions for the dark energy equation of state and mean matter
density (left) or perturbation amplitude (right) from the abundance and growth of RASS clusters at z < 0.5
(labeled XLF; Mantz et al. 2010b) and fgas measurements at z < 1.1 (Allen et al. 2008), compared with
those from WMAP (Dunkley et al. 2009), SNIa (Kowalski et al. 2008) and BAO (Percival et al. 2010) for
spatially flat, constant w models. Combined results from RASS clusters and WMAP are shown in gray in the
right panel; gold contours in both panels show the combination of all data sets. The BAO-only constraint
differs from that in Figure 10 due to the use of different priors. Adapted from Mantz et al. (2010b, the BAO
constraints in the left panel have been updated to reflect more recent data).
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cluster survey

There’s a 
degeneracy here:

Cluster Mass 
Function 

Constrains:
σ8(ΩM)1/2

So a higher σ8,  lower ΩM and lower σ8,  
higher ΩM both match observations



This is just one example of a probe of the cluster 
mass function at low redshift.   Here are some other 

early determinations:



Last week we spoke about how we normalize 
the Matter Power Spectrum

It is through this σ8 parameter



While deriving correlation function and Power 
spectrum from galaxy survey, one thing we are 

particularly interested in is the normalization of the 
power spectrum

This is defined using this parameter σ8 (intended 
to represent the root-mean-squared fluctuations 

in a 8 h-1Mpc volume):

The Power Spectrum

Normalizing the Power Spectrum

Recall that must derive the normalization of the power spectrum empirically.

A convenient way to parameterize the normalization is quantifying the variance 
of fluctuation amplitudes in spheres of R = 8h-1 Mpc radii.  In the nearby 

Universe, this has been measured from galaxies to be:

Accordingly this is the dispersion of the dark matter density contrast averaged over 
spheres of radius R=8 h-1 Mpc, 

these are related by the bias factor using our previous relations

Friday, April 23, 2010

The Power Spectrum

We therefore have an equation for the evolution of the Power Spectrum:

The Initial Power Spectrum

where the constant A is the overall normalization -- it can *not* be determined 
from theory but must be fixed by measurements of the power spectrum.  

The initial power spectrum is:

Friday, April 23, 2010

(related to the A parameter here)

Size of density fluctuations in a volume really 
defines the amplitude of power spectrum

(8 h-1 Mpc was chosen 
because appeared close to 1)

(ns = 1)



What can we learn from 
galaxy clusters?

1.  Probe σ8 and Ωm through measured mass function 
of galaxy clusters (clusters probed mass function of collapsed structures)

3.  Derive Ωm based on relative mass in gas and dark 
matter in clusters

4.  Probe matter power spectrum and Ωm from the 
observed clustering of galaxy clusters

2.  Probe cosmological parameters by examining how 
the apparent volume density of clusters evolve



We also want to see how the mass 
function for clusters evolves with cosmic 

time...

Of course, we are not simply interested in 
using clusters to learn about mass function 

of z=0 universe



So, we can use searches for clusters at 
higher redshift to constrain the 

cosmological parameters

Different cosmological parameters imply 
different growth rates for clusters...



The rate at which structures grow in the universe depends 
upon the cosmological parameters:CHAPTER 2. THE COSMOLOGICAL STANDARD MODEL 13

formula

D+(a) =
5a
2
⇥m

⇤
⇥4/7

m �⇥� +
�
1 +

1
2
⇥m

⇥ �
1 +

1
70
⇥�

⇥⌅�1

,

(2.20)
where the density parameters have to be evaluated at the scale
factor a;

• a very important length scale for cosmic structure growth is set
by the horizon size at the end of the radiation-dominated phase;
structures smaller than that became causally connected while ra-
diation was still dominating; the fast expansion due to the radia-
tion density inhibited further growth of such structures until the
matter density became dominant; small structures are therefore
suppressed compared to large structures which became causally
connected only after radiation domination; the horizon size at the
end of the radiation-dominated era thus divides between larger
structures which could grow without inhibition, and smaller struc-
tures which were suppressed during radiation domination; it turns
out to be

req =
c

H0

a3/2
eq⌥

2⇥m,0
; (2.21)

2.5.2 The power spectrum

• it is physically plausible that the density contrast in the Universe
is a Gaussian random field, i.e. that the probability for finding a
value between � and � + d� is given by a Gaussian distribution;
the principal reason for this is the central limit theorem, which
holds that the distribution of a quantity which is obtained by su-
perposition of random contributions which are all drawn from the
same probability distribution (with finite variance) turns into a
Gaussian in the limit of infinitely many contribtions;

• a Gaussian random process is characterised by two numbers, the
mean and the variance; by construction, the mean of the density
contrast vanishes, such that the variance defines it completely;

• in linear approximation, density perturbations grow in place, as
eq. (2.19) shows because the density contrast at one position ⇧x
does not depend on the density contrast at another; as long as
structures evolve linearly, their scale will be preserved, which im-
plies that it is advantageous to study structure growth in Fourier
rather than in configuration space;

• the variance of the density contrast �̂(⇧k) in Fourier space is called
the power spectrum

⇧
�̂(⇧k)�̂⇥(⇧k⇧)

⌃
⌅ (2⇥)3P�(k) �D(⇧k � ⇧k⇧) , (2.22)

Depend upon the growth factor (linear regime):

where a is size of universe and Ωm, ΩΛ are all evaluated in the past

structure grow efficiently when Ω = 1 (since density is closer to 1 where slight overdensities cause collapse)

Ωm=0.3, ΩΛ=0.0

Ωm=0.3, ΩΛ=0.7

Ωm=1.0, ΩΛ=0.0

Growth 
factor
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Growth of structures

14

Borgani & Guzzo, Nature, 2001

Example showing the role of galaxy clusters in tracing the cosmic 
evolution, in particular dark matter and dark energy contents.

Ω m
=

0.
3,

 Ω
Λ=

0.
7

Ω m
=

1.
0

Note that the two 
cluster models agree at 

redshift z=0 (the 
present day) by 
construction.z=1.4

z=1.4

z=0.6

z=0.6

Different cosmological parameters imply 
different growth rates for clusters...

z=0.0

z=0.0

Slow Growth in # of Clusters

Fast Growth in # of Clusters



Different cosmological parameters imply 
different growth rates for clusters...

Source Counts: The Effect of Cosmology
log N  (per unit area

and unit flux or mag)

! log f         or       magnitude "

Model with a lower density and/or
! > 0 has more volume and thus
more sources to count

Model with a higher density and/or
! " 0 has a smaller volume and thus
fewer sources to count

For nearby, bright sources, these effects are
small, and the counts are close to Euclidean

(with no evolution!)
Source Counts: The Effect of Evolution

log N  (per unit area

and unit flux or mag)

! log f         or       magnitude "

Luminosity evolution
moves fainter sources(more

distant and more numerous) to brighter
fluxes, thus producing excess counts, since
generally galaxies were brighter in the past

No evolution

In order to distinguish between
the two evolution mechanisms,
redshifts are necessary

(at a fixed cosmology!)

Evolution

Density evolution means that there was some galaxy
merging, so there were more fainter pieces in the past,
thus also producing excess counts at the faint end

Galaxy Counts in

Practice

The deepest galaxy

counts to date come from

HST deep and ultra-deep

observations, reaching

down to ~ 29th mag

All show excess over the

no-evolution models,

and more in the bluer

bands

The extrapolated total

count is ~ 1011 galaxies

over the entire sky

Abundance of Rich Galaxy Clusters
• Given the number density of

nearby clusters, we can calculate
how many distant clusters we
expect to see

• In a high density universe,
clusters are just forming now,
and we don’t expect to find any
distant ones

• In a low density universe, clusters
began forming long ago, and we
expect to find many distant ones

• Evolution of cluster abundances:

– Structures grow more slowly in a low density universe, so we
expect to see less evolution when we probe to large distances

– Expected number in survey grows because volume probed within
a particular spot on the sky increases rapidly with distance

The Angular Diameter Test
Angular

size

redshift

Model with a lower
density and/or ! > 0

Model with a higher
density and/or ! " 0

Requires a population on non-evolving sources

with a fixed proper size  - “standard rulers”.

Some suggested candidates:

•  Isophotal diameters of brightest cluster gal.

•  Mean separation of galaxies in clusters

•  Radio source lobe separations

•  …

The Angular Diameter Test:

Some Early Examples

Brightest cluster ellipticals #

Clusters of galaxies

$

Again,

evolution

overwhelms

the

cosmological

effects …

Simple Illustration of 
how many clusters 

one would expect to 
find in various 

cosmological models 
as a function of 

redshift 

Note that there are 
essentially no clusters 
at high redshift in the 
Ωm=1.0, ΩΛ=0.0 model
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DarkDark EnergyEnergy Status 2004Status 2004

thethe emergenceemergence of of ConcordanceConcordance CosmologyCosmology

Source: Schuecker et al., 2004; http://www.eso.org/public/images/eso0419d/

combinedcombined resultsresults fromfrom
CMB, SN CMB, SN IaIa, and , and GalaxyGalaxy ClustersClusters

different methods have different 
degeneracies, combining them provides 
strong constraints

strong need for  Dark Energy component
with !DE~0.7

R. Fassbender: Introduction to Observational Cosmology I – WS09/10 30

2) Galaxy Cluster Results III2) Galaxy Cluster Results III

(iv) Evolving Gas Mass Fraction: (L11)  
geometric standard rod test

(v)  Evolution of the Cluster Mass Function: (L10)
measures a combination of structure growth and comoving volume elements

the influence of Dark Energy can be directly probed with galaxy clusters
by studying the redshift evolution towards higher z  

observed 
mass function 
with Dark Energy

without  
Dark Energy

Source: Vikhlinin et al. 2009

5!detection
of Dark Energy
from Clusters 
alone

Here we exploit differences in the rates of structure growth, 
volume element, and luminosity distance DL

The evolution of the cluster mass function also breaks degeneracy between 
σ8 and ΩM

Different cosmological parameters imply 
different growth rates for clusters...

Ωm=0.3, ΩΛ=0.0Ωm=0.3, ΩΛ=0.7

Vikhlinin et al. 2009 (Chandra Cluster Cosmology Project)



What can we learn from 
galaxy clusters?

1.  Probe σ8 and Ωm through measured mass function 
of galaxy clusters (clusters probed mass function of collapsed structures)

3.  Derive Ωm based on relative mass in gas and dark 
matter in clusters

4.  Probe matter power spectrum and Ωm from the 
observed clustering of galaxy clusters

2.  Probe cosmological parameters by examining how 
the apparent volume density of clusters evolve



Use fractional composition of cluster in 
baryons and dark matter to infer 

composition of universe

(total baryonic mass in gas + stars)

(total mass of cluster)
=

Ωb

Ωm
= fgas

Total baryonic mass in gas + stars:
-- use x-ray light profile and spectrum to infer 

mass in gas
-- use optical light to infer mass in stars

Total mass in cluster:
-- use x-ray light profile, gravitational lensing properties 



Use fractional composition of cluster in 
baryons and dark matter to infer 

composition of universe

(total baryonic mass in gas + stars)

(total mass of cluster)
=

Ωb

Ωm
= fgas

Total baryonic mass in gas + stars:
-- use x-ray light profile and spectrum to infer 

mass in gas

-- use optical light to infer mass in stars

Total mass in cluster:
-- use x-ray light profile, gravitational lensing properties 

As we showed in the dark matter lecture, we can 
use this to demonstrate that Ωm ~ 0.3
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Gas mass fraction

31

Since galaxy clusters collapse from a scale of ~10 Mpc, they are 
expected to contain a fair sample of the baryonic content of the 
universe (mass segregation is not believed to occur at such large 
scales).

The gas mass fraction, fgas, is therefore a reasonable estimate of the 
baryonic mass fraction of the cluster. It should also be reasonable 
approximation to the universal baryon mass fraction, fB = ΩB / Ωm

                                   In reality, fgas ! fB always!
M

an
tz

, A
lle

n 
et

 a
l.

Earlier lecture (#5) on the dark matter 
content of the universe:



What can we learn from 
galaxy clusters?

1.  Probe σ8 and Ωm through measured mass function 
of galaxy clusters (clusters probed mass function of collapsed structures)

3.  Derive Ωm based on relative mass in gas and dark 
matter in clusters

4.  Probe matter power spectrum and Ωm from the 
observed clustering of galaxy clusters

2.  Probe cosmological parameters by examining how 
the apparent volume density of clusters evolve



R. Fassbender: Introduction to Observational Cosmology I – WS09/10 27

2) Galaxy Cluster Results I2) Galaxy Cluster Results I

(i)   Cluster Baryon Mass Fraction:
measure baryon fraction in clusters fb=Mb/Mtot~0.12-0.14 and use robust 
baryon density from nucleosynthesis !b ~0.045 to obtain
!!!!m= !!!!b / fb ~ 0.3

(ii)   Local Cluster Luminosity Function:
as proxy of the mass function (L10-L11)

• local low-z studies of galaxy clusters can provide strong constraints on
the matter density !m and "8 (more details in L10+L11) 

• cluster results have pointed towards a low matter density !!!!m~0.3
Universe for a long time

• on combination with the (almost) flat geometry from CMB measurements
Dark Energy is needed to close the energy gap

Source: H.Böhringer

R. Fassbender: Introduction to Observational Cosmology I – WS09/10 28

CCM [0.3,0.7,-1]

EdS [1.0,0,0]

non-linear 
parts 

2) Galaxy Cluster Results II2) Galaxy Cluster Results II

Model PS:

Observations:

(iii)  Power Spectrum of Clusters (and other LSS tracers) : (L4+L6)

the peak of the PS imprints the 

particle horizon scale at
matter-radiation equality

the higher !m ! the earlier tequ

!the smaller the horizon scale
!the larger keq

!PS peak shifts to right

REFLEX 
Cluster Survey

+ 
other LSS tracers

Source: Schuecker et al., 2001

REFLEX survey + 
other measures of 
the matter power 

spectrum

Schuecker et al. 2001

Use galaxy clusters to probe clustering on large 
scales in the same way we use galaxies to do this



So the game is to determine 
the w parameter and how it depends on redshift

There are four standard methods:

1.  Supernovae Ia
-- use of standard candles to establish distance-redshift relation

-- first established existence of dark energy >20 years ago

(lecture 4)

2.  Baryonic Acoustic Oscillations
-- gives us a standard rod to establish distance-redshift relation 

with low systematics

(last lecture)

3.  Galaxy Clusters
-- provide us with sensitive probe of growth of structure
-- early evidence for low Ωm

(this lecture)

4.  Weak Gravitational Lensing
-- provide us with sensitive probe of growth of structure
-- powerful technique still in process of realizing full potential

(this lecture)



Let’s start talking about what we 
can learn from cosmic shear



Gravitational lensing from collapsed masses has a 
systematic imprint on the shapes of galaxies, seen 

over large areas of sky, i.e.,  cosmic shear...

Cosmic Shear



Gravitational Lensing has come up twice 
before:

1) measuring the total mass in galaxy clusters through gravitational lensing

2) determining the Hubble constant by measuring the time delay between 
two sets of images 

yet another case where we use gravitational lensing to 
learn about the cosmological properties

Gravitational lensing from collapsed masses has a 
systematic imprint on the shapes of galaxies, seen 

over large areas of sky, i.e.,  cosmic shear...



What effect does gravitational lensing have on 
galaxies we observe?

Weak gravitational lensing!

Courtesy S. Colombi!

Without lensing Including lensing



present 

z=zs 

z=zl 

z=0 

past 

!""

!""

"

2sin

2cos

2

1

=

=

+

#
=

ba

ba

observables 

•! Arises from total matter clustering 

–! Not affected by galaxy bias uncertainty 

–! well modeled based on simulations 

(current accuracy, <10% White & Vale 

04) 

•! A % level effect; needs numerous 

(~108) galaxies for the precise 

measurements 

Credit: Takada



What effect does gravitational lensing have on 
galaxies we observe?

Weak lensing basics !

•! Convergence tells us about the magnification of images. A 
circular image stays circular!

•! A circular image that is sheared appears as an ellipse.!

•!  The shearing of images is a spin-2 field: under a rotation by 
" the field is left unchanged. Rotating the coordinate system 
counterclockwise by � changes !1+i!2 into (!1+i!2) e

-2i" !

C. Porciani! Observational Cosmology! III-8!

2.  Shear
-- expressed as γ (called the shear)

Weak lensing basics !

•! Convergence tells us about the magnification of images. A 
circular image stays circular!

•! A circular image that is sheared appears as an ellipse.!

•!  The shearing of images is a spin-2 field: under a rotation by 
" the field is left unchanged. Rotating the coordinate system 
counterclockwise by � changes !1+i!2 into (!1+i!2) e

-2i" !

C. Porciani! Observational Cosmology! III-8!

1.  Magnification
-- expressed as κ (called convergence)
-- does not affect shape



Quick illustration: let’s say you have this mass 
distribution



Quick illustration: then a grid of circles would be 
distorted as such



Here is just magnification alone:



Here is just shear alone:



Weak Lensing Basics:

If sources are small, one can remap the surface brightness from a source 
fS (without lensing) to fobs (with lensing) as follows:

(weak lensing is when the distortion of sources and background sources are not 
multiply lensed)Weak lensing basics !

•! If the source is small the effect is a re-mapping of the source’s surface 
brightness distribution!

•! To leading order, the distortion matrix A is conventionally decomposed as!

•! The convergence �<< 1 describes isotropic distortions of images 
(contractions or dilations)!

•! The shear �=(�1,�2)<< 1 and the reduced shear (g1,g2) describe anisotropic 
distortions!
C. Porciani! Observational Cosmology! III-7!

! 

fobs("i) = fS (Aij" j )

! 

Aij =
1"# " $

1
"$

2

"$
2

1"# + $
1

% 

& 
' 

( 

) 
* = (1"#)

1" g
1

"g
2

"g
2

1+ g
1

% 

& 
' 

( 

) 
* 

Weak lensing basics !

•! If the source is small the effect is a re-mapping of the source’s surface 
brightness distribution !

•! To leading order, the distortion matrix A is conventionally decomposed as!

•! The convergence �<< 1 describes isotropic distortions of images 
(contractions or dilations)!

•! The shear �=(�1,�2)<< 1 and the reduced shear (g1,g2) describe anisotropic 
distortions!
C. Porciani! Observational Cosmology! III-7!
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fobs("i) = fS (Aij" j )
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To first order,  Aij is typically expressed as follows:

The convergence κ describe the magnifications or contractions of sources 
(κ << 1)

The shear γ (and reduced shear g) describe the distortion of the shapes of 
the sources (γ << 1)

where θi is position within a source or lensed image



•! The shearing of images is a spin-2 field 

•! Shear has two degrees of freedom (amplitude and its position angle) 

•! Rotating the coordinate system by % changes: the shear depends on the 

coordinate system 

•! Under a rotation by & the field is left unchanged 

•! A rotation by &/4 changes $1 to $2 and $2 to -$1  

#1>0, #2=0 #1<0, #2=0 #2>0, #1=0 #2<0, #1=0 
1 

2 

Lensing basics�

! 

"1 + i"2 # "1 + i"2( )e$2i%

Shear is Classified as a Spin-2 Field

Credit: Takada

•! The shearing of images is a spin-2 field 

•! Shear has two degrees of freedom (amplitude and its position angle) 

•! Rotating the coordinate system by % changes: the shear depends on the 

coordinate system 

•! Under a rotation by & the field is left unchanged 

•! A rotation by &/4 changes $1 to $2 and $2 to -$1  

#1>0, #2=0 #1<0, #2=0 #2>0, #1=0 #2<0, #1=0 
1 

2 

Lensing basics�

! 

"1 + i"2 # "1 + i"2( )e$2i%

Essential property of Spin-2 field is that it remains unchanged after rotation by 180 
degrees



Measuring Shear

Since we do not know where sources are on the sky, we cannot directly 
measure the deflection of sources on the sky

w(θ) is a window function that weights light from the source and gives 
less weight to the noisy exterior of the image

However it is possible to measure the shape of galaxies.

Measuring shear!

•! Since we do not know a priori the positions of galaxies, the 
deflection (as for the eclipse of 1919) is not measurable. However 
the shearing of shapes is.!

•! The simplest information about galaxy shapes is the (weighted) 
second moment of the galaxy surface brightness!

•! The window function w is centred on the galaxy and suppresses the 
noise from other parts of the sky!

•! An observed ellipticity is then measured as!

C. Porciani! Observational Cosmology! III-12 !
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Simplest approach is to measure the weighted second moment of 
the surface brightness distribution I(θ):

Measuring shear!

•! Since we do not know a priori the positions of galaxies, the 
deflection (as for the eclipse of 1919) is not measurable. However 
the shearing of shapes is.!

•! The simplest information about galaxy shapes is the (weighted) 
second moment of the galaxy surface brightness!

•! The window function w is centred on the galaxy and suppresses the 
noise from other parts of the sky!

•! An observed ellipticity is then measured as!

C. Porciani! Observational Cosmology! III-12 !
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one can then derive the ellipticity from these second moments:



Measuring Shear

But galaxies are not perfect circles and have intrinsic orientations and 
ellipticities (typical ellipticities ~10-30%)

When we observe a galaxy, the shear we observe is the intrinsic 
value + the shear induced by gravitational lensing

One complication in deriving the shear is that light from the 
galaxy is blurred by the earth’s atmosphere or due to the intrinsic 

diffraction limit of a telescope



Here is just shear alone:



The idea is to make a shear map from this distortion:



Large Numbers of Sources Needed

Since galaxies have approximately random orientations on the sky, we 
need measurements of a large number of sources per unit area to 

average over these effects and establish the overall effect of 
gravitational lensing.

We can reduce the error caused by the intrinsic ellipticity of the 
sources as the square root of the number of sources we examine.

Assuming that typical intrinsic ellipticity is 10% and the ellipticity 
caused by gravitational lensing is 1%, we need 100 sources to measure 

the shear with a S/N of 1.   Therefore we need large numbers of 
sources to measure the cosmic shear accurately!



Mean shear in cells

" Average |γ| in circles of radius θ
" Move circles over image, find variance

θ

~1% shear
correlation in
WHT fields

Shear power spectrum Skewness

" Quantifies non
Gaussianity of 
mass dist.

" blue > variance
" green > skewness

Averaging over the ellipticity in many sources, we can 
derive a mean shear at different positions on sky

 (but signal is very weak)



PSF Anisotropies

In order to measure the shear on an image, we need to understand 
how the PSF (point spread function) varies as a function of position 

on a detector or from the optics.
An example!

C. Porciani! Observational Cosmology! III-19 !

x (pixels)

y (pixels)

To the left is one example of 
the apparent shear that is 

present in the shapes of stars 
(which are effectively point sources)



PSF Anisotropies

In order to measure the shear on an image, we need to understand 
how the PSF (point spread function) varies as a function of position 

on a detector or from the optics.
An example!

C. Porciani! Observational Cosmology! III-19 !

x (pixels)

y (pixels)

The PSF anisotropies are usually 
measured by observing a large 

number of stars with a detector 
and quantifying the apparent shear

One uses this shear map to apply a 
correction to the shear measured 

for galaxies on real images



PSF Anisotropies

In order to measure the shear on an image, we need to understand 
how the PSF (point spread function) varies as a function of position 

on a detector or from the optics.
An example!

C. Porciani! Observational Cosmology! III-19 !

x (pixels)

y (pixels)

(after correction)(before correction)



After measuring shear for a bunch of galaxies, how 
do we be sure that we have removed most of the 

systematics?

And how do we go about computing power 
spectrum for large numbers of sources?



•! Correlated images of 

distant galaxies over all 

angular scales 

•! Use images of all 

distant galaxies 

•! Correlation function 

method to measure the 

cosmic shear signals 

•! The lowest one is 2pt 

function  �

!�

Determine correlation of shear measurement on 
different angular scales θ

Credit: Takada



Determine correlation of shear measurement on 
different angular scales θ

Lensing basics�
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•! Can obtain useful formula to relate the shear to the 

projected mass (in the weak lensing limit)�

Hold for any mass distribution 
! 

"+ (#) = $ (#) %$ (< #)

! 

" (< #) $
1

%#2
d#'

0

#
& d'"(#',')&The averaged # 

inside the circle�

! 

"# ($) = 0 # a monitor of systematics 

•! The polar coordinate picks up a specific pattern of the 

shear wrt the coordinate origin (e.g. cluster center) 

•! The tangential shear defined by azimuthally averaging 

shear along the circle (or the annulus) of a given 

radius 

similar to measures of the clustering or correlation 
function, determine the extent to which the shear 

of sources at a given separation θ is tangential
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•! Can obtain useful formula to relate the shear to the 

projected mass (in the weak lensing limit)�

Hold for any mass distribution 
! 

"+ (#) = $ (#) %$ (< #)

! 

" (< #) $
1

%#2
d#'

0

#
& d'"(#',')&The averaged # 

inside the circle�

! 

"# ($) = 0 # a monitor of systematics 

•! The polar coordinate picks up a specific pattern of the 

shear wrt the coordinate origin (e.g. cluster center) 

•! The tangential shear defined by azimuthally averaging 

shear along the circle (or the annulus) of a given 

radius 

the diagram to right shows just one origin over 
which we can perform this averaging.

Can also measure in a similar way γx
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projected mass (in the weak lensing limit)�

Hold for any mass distribution 
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"+ (#) = $ (#) %$ (< #)
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0

#
& d'"(#',')&The averaged # 

inside the circle�

! 

"# ($) = 0 # a monitor of systematics 

•! The polar coordinate picks up a specific pattern of the 

shear wrt the coordinate origin (e.g. cluster center) 

•! The tangential shear defined by azimuthally averaging 

shear along the circle (or the annulus) of a given 

radius 

E-mode

B-mode
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• While it is generally di⇥cult or impossible to observe the di�er-
ential magnification ⇤µ or the convergence ⇧, image distortions
can in principle be measured. With a brief excursion through
Fourier space, it can easily be shown that the power spectrum
of the shear is exactly identical to that of the convergence,

P⇥(l) = P⇧(l) . (10.21)

Thus, the statistics of the image distortions caused by cosmologi-
cal weak lensing contains integral information on the power spec-
trum of the matter fluctuations.

The power spectrum of the weak-
lensing convergence ⇧ for three dif-
ferent source redshifts.

• Since the shear is defined on the two-dimensional sphere (the ob-
server’s sky), its power spectrum is related to its correlation func-
tion �⇥ through the two-dimensional Fourier transform

�⇥(⌦) =
⇤

d2l
(2 )2 P⇥(l)ei�⌦�l =

⇤ ⌅

0

ldl
2 

P⇥(l)J0(l⌦) , (10.22)

where J⌥ is the ordinary Bessel function of order ⌥.

10.1.3 Correlation functions

• In principle, shear correlation functions are measured by com-
paring the ellipticity of one galaxy with the ellipticity of other
galaxies at an angular distance ⌦ from the first.

• Ellipticities are oriented, of course, and one has to specify against
what other direction the direction of, say, the major axis of a given
ellipse is to be compared to. Since correlation functions are mea-
sured by counting pairs, a preferred direction is defined by the
line connecting the two galaxies of the pair under consideration.

• Let � be the angle between this direction and the major axis of
the ellipse, then the tangential and cross components of the shear
are defined by

⇥+ ⇤ ⇥ cos 2� , ⇥� ⇤ ⇥ sin 2� . (10.23)

The factor two is important because it accounts for the fact that
an ellipse is mapped onto itself when rotated by an angle  . This
illustrates that the shear is a spin-2 field: It returns into its original
orientation when rotated by  rather than 2 .

• The correlation functions of the tangential and cross components
of the shear are

�++(⌦) = ⇧⇥+(⌅)⇥+(⌅ + ⌦)⌃ = 1
2

⇤ ⌅

0

ldl
2 

P⇧(l)
�
J0(l⌦) + J4(l⌦)

⇥

(10.24)
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•! Can obtain useful formula to relate the shear to the 

projected mass (in the weak lensing limit)�

Hold for any mass distribution 
! 

"+ (#) = $ (#) %$ (< #)
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#
& d'"(#',')&The averaged # 

inside the circle�

! 

"# ($) = 0 # a monitor of systematics 

•! The polar coordinate picks up a specific pattern of the 

shear wrt the coordinate origin (e.g. cluster center) 

•! The tangential shear defined by azimuthally averaging 

shear along the circle (or the annulus) of a given 

radius 
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•! Can obtain useful formula to relate the shear to the 

projected mass (in the weak lensing limit)�

Hold for any mass distribution 
! 

"+ (#) = $ (#) %$ (< #)
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" (< #) $
1

%#2
d#'

0

#
& d'"(#',')&The averaged # 

inside the circle�

! 

"# ($) = 0 # a monitor of systematics 

•! The polar coordinate picks up a specific pattern of the 

shear wrt the coordinate origin (e.g. cluster center) 

•! The tangential shear defined by azimuthally averaging 

shear along the circle (or the annulus) of a given 

radius 

Also frequent to use ξ to represent this:



Recall E-mode and B-mode type fields from 
discussion of CMB polarization

One tends to break down the polarization
map into two modes 

(Helmholtz-Hodge theorem)

E-modes

B-modes

E-modes are curl free and 
can be written as the 
gradient of a potential 

B-modes have no 
divergence. 

The terms E and B modes simply reflect the general 
form of the polarization fields and are in analogy with 
similar fields in electromagnetism.  However, they have 

no direct relation with electric or magnetic fields

• We can break down the polarization 
field into two components which 
we call E and B modes. This is the 
spin-2 analog of the gradient/curl 
decomposition of a vector field.

• E modes are generated by density 
(scalar) perturbations via Thomson 
scattering.

• B modes are generated by gravity 
waves (tensor perturbations) at last 
scattering or by gravitational 
lensing (which transforms E modes 
into B modes along the line of sight 
to us) later on. 

Observational Cosmology Lecture 3 (K. Basu):  CMB spectrum and anisotropies

E and B modes

27

E-mode

B-mode

Two flavors of CMB polarization:

Density perturbations: curl-free, “E-mode”
Gravity waves: curl, “B-mode”

∇⋅B = 0

∇ × E = 0

CMB lecture



E/B modes of spin-2 field �

Lensing basics�

E mode B mode 
 distinct different pattern�

Credit: Takada

Examples of E-mode type and B-mode type fields



How do we check to see if we have removed the 
anisotropies properly?

E-mode (curl-free)

B-mode (curl)

Similar to the situation with polarization in the cosmic 
microwave background, we divide the field into an E-

mode and B-mode 

We expect only E-mode shear signal and no B-mode 
shear signal



The current state of the art!

C. Porciani! Observational Cosmology! III-23!

An example of such a check
E-mode 

shear gives a 
signal

B-mode 
shear gives 
no signal as 
expected



And how do we go about computing power 
spectrum for large numbers of sources?



Convert from to angular power spectrum using 
Fourier transform again:
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• While it is generally di⇥cult or impossible to observe the di�er-
ential magnification ⇤µ or the convergence ⇧, image distortions
can in principle be measured. With a brief excursion through
Fourier space, it can easily be shown that the power spectrum
of the shear is exactly identical to that of the convergence,

P⇥(l) = P⇧(l) . (10.21)

Thus, the statistics of the image distortions caused by cosmologi-
cal weak lensing contains integral information on the power spec-
trum of the matter fluctuations.

The power spectrum of the weak-
lensing convergence ⇧ for three dif-
ferent source redshifts.

• Since the shear is defined on the two-dimensional sphere (the ob-
server’s sky), its power spectrum is related to its correlation func-
tion �⇥ through the two-dimensional Fourier transform

�⇥(⌦) =
⇤

d2l
(2 )2 P⇥(l)ei�⌦�l =

⇤ ⌅

0

ldl
2 

P⇥(l)J0(l⌦) , (10.22)

where J⌥ is the ordinary Bessel function of order ⌥.

10.1.3 Correlation functions

• In principle, shear correlation functions are measured by com-
paring the ellipticity of one galaxy with the ellipticity of other
galaxies at an angular distance ⌦ from the first.

• Ellipticities are oriented, of course, and one has to specify against
what other direction the direction of, say, the major axis of a given
ellipse is to be compared to. Since correlation functions are mea-
sured by counting pairs, a preferred direction is defined by the
line connecting the two galaxies of the pair under consideration.

• Let � be the angle between this direction and the major axis of
the ellipse, then the tangential and cross components of the shear
are defined by

⇥+ ⇤ ⇥ cos 2� , ⇥� ⇤ ⇥ sin 2� . (10.23)

The factor two is important because it accounts for the fact that
an ellipse is mapped onto itself when rotated by an angle  . This
illustrates that the shear is a spin-2 field: It returns into its original
orientation when rotated by  rather than 2 .

• The correlation functions of the tangential and cross components
of the shear are

�++(⌦) = ⇧⇥+(⌅)⇥+(⌅ + ⌦)⌃ = 1
2

⇤ ⌅

0

ldl
2 

P⇧(l)
�
J0(l⌦) + J4(l⌦)

⇥

(10.24)
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• While it is generally di⇥cult or impossible to observe the di�er-
ential magnification ⇤µ or the convergence ⇧, image distortions
can in principle be measured. With a brief excursion through
Fourier space, it can easily be shown that the power spectrum
of the shear is exactly identical to that of the convergence,

P⇥(l) = P⇧(l) . (10.21)

Thus, the statistics of the image distortions caused by cosmologi-
cal weak lensing contains integral information on the power spec-
trum of the matter fluctuations.

The power spectrum of the weak-
lensing convergence ⇧ for three dif-
ferent source redshifts.

• Since the shear is defined on the two-dimensional sphere (the ob-
server’s sky), its power spectrum is related to its correlation func-
tion �⇥ through the two-dimensional Fourier transform

�⇥(⌦) =
⇤

d2l
(2 )2 P⇥(l)ei�⌦�l =

⇤ ⌅

0

ldl
2 

P⇥(l)J0(l⌦) , (10.22)

where J⌥ is the ordinary Bessel function of order ⌥.

10.1.3 Correlation functions

• In principle, shear correlation functions are measured by com-
paring the ellipticity of one galaxy with the ellipticity of other
galaxies at an angular distance ⌦ from the first.

• Ellipticities are oriented, of course, and one has to specify against
what other direction the direction of, say, the major axis of a given
ellipse is to be compared to. Since correlation functions are mea-
sured by counting pairs, a preferred direction is defined by the
line connecting the two galaxies of the pair under consideration.

• Let � be the angle between this direction and the major axis of
the ellipse, then the tangential and cross components of the shear
are defined by

⇥+ ⇤ ⇥ cos 2� , ⇥� ⇤ ⇥ sin 2� . (10.23)

The factor two is important because it accounts for the fact that
an ellipse is mapped onto itself when rotated by an angle  . This
illustrates that the shear is a spin-2 field: It returns into its original
orientation when rotated by  rather than 2 .

• The correlation functions of the tangential and cross components
of the shear are

�++(⌦) = ⇧⇥+(⌅)⇥+(⌅ + ⌦)⌃ = 1
2

⇤ ⌅

0

ldl
2 

P⇧(l)
�
J0(l⌦) + J4(l⌦)

⇥

(10.24)

Correlation Function
Type Parameters
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• While it is generally di⇥cult or impossible to observe the di�er-
ential magnification ⇤µ or the convergence ⇧, image distortions
can in principle be measured. With a brief excursion through
Fourier space, it can easily be shown that the power spectrum
of the shear is exactly identical to that of the convergence,

P⇥(l) = P⇧(l) . (10.21)

Thus, the statistics of the image distortions caused by cosmologi-
cal weak lensing contains integral information on the power spec-
trum of the matter fluctuations.

The power spectrum of the weak-
lensing convergence ⇧ for three dif-
ferent source redshifts.

• Since the shear is defined on the two-dimensional sphere (the ob-
server’s sky), its power spectrum is related to its correlation func-
tion �⇥ through the two-dimensional Fourier transform

�⇥(⌦) =
⇤

d2l
(2 )2 P⇥(l)ei�⌦�l =

⇤ ⌅

0

ldl
2 

P⇥(l)J0(l⌦) , (10.22)

where J⌥ is the ordinary Bessel function of order ⌥.

10.1.3 Correlation functions

• In principle, shear correlation functions are measured by com-
paring the ellipticity of one galaxy with the ellipticity of other
galaxies at an angular distance ⌦ from the first.

• Ellipticities are oriented, of course, and one has to specify against
what other direction the direction of, say, the major axis of a given
ellipse is to be compared to. Since correlation functions are mea-
sured by counting pairs, a preferred direction is defined by the
line connecting the two galaxies of the pair under consideration.

• Let � be the angle between this direction and the major axis of
the ellipse, then the tangential and cross components of the shear
are defined by

⇥+ ⇤ ⇥ cos 2� , ⇥� ⇤ ⇥ sin 2� . (10.23)

The factor two is important because it accounts for the fact that
an ellipse is mapped onto itself when rotated by an angle  . This
illustrates that the shear is a spin-2 field: It returns into its original
orientation when rotated by  rather than 2 .

• The correlation functions of the tangential and cross components
of the shear are

�++(⌦) = ⇧⇥+(⌅)⇥+(⌅ + ⌦)⌃ = 1
2

⇤ ⌅

0

ldl
2 

P⇧(l)
�
J0(l⌦) + J4(l⌦)

⇥

(10.24)
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•! Can obtain useful formula to relate the shear to the 

projected mass (in the weak lensing limit)�

Hold for any mass distribution 
! 
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inside the circle�

! 

"# ($) = 0 # a monitor of systematics 

•! The polar coordinate picks up a specific pattern of the 

shear wrt the coordinate origin (e.g. cluster center) 

•! The tangential shear defined by azimuthally averaging 

shear along the circle (or the annulus) of a given 

radius 

Power Spectrum
Type Parameters

Fourier Transform

WL power spectra !

C. Porciani! Observational Cosmology! III-15!

These power spectra encode information regarding the total mass !
distribution (DM+baryons) and cosmology (H(z) and the growth factor !
of perturbations)!!



What can we compare these angular power 
spectrum measurements against?

! 

"(#)$%
m0

dz
L

0

zS

&
d
LS

(z
L
,z

S
)d

L
(z

L
)

d
S
(z

S
)

'(z
L
,# )       

 for a source galaxy at zs 

•! Lensing efficiency function: Wgl 

–! Overall amplitude is propotional to !m, i.e. !de if combined 

with CMB or a flat universe is a prior assumed 

–! Sensitive to Hubble expansion through dA, i.e. DE 

–! Depends on source redshift – main uncertainty in cosmic shear 

measurements if redshift info is not available 

•! Mass clustering part: " 

–! Sensitive to primordial power spectrum (amplitude and shape) 

–! Redshift history of the growth rate is sensitive to DE, and 

neutrino mass if combined with CMB information 

(what are the essential elements?)

Here’s the equation:
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 for a source galaxy at zs 

•! Lensing efficiency function: Wgl 

–! Overall amplitude is propotional to !m, i.e. !de if combined 

with CMB or a flat universe is a prior assumed 

–! Sensitive to Hubble expansion through dA, i.e. DE 

–! Depends on source redshift – main uncertainty in cosmic shear 

measurements if redshift info is not available 

•! Mass clustering part: " 

–! Sensitive to primordial power spectrum (amplitude and shape) 

–! Redshift history of the growth rate is sensitive to DE, and 

neutrino mass if combined with CMB information 

lensing efficiency
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•! Lensing efficiency function: Wgl 

–! Overall amplitude is propotional to !m, i.e. !de if combined 

with CMB or a flat universe is a prior assumed 

–! Sensitive to Hubble expansion through dA, i.e. DE 

–! Depends on source redshift – main uncertainty in cosmic shear 

measurements if redshift info is not available 

•! Mass clustering part: " 

–! Sensitive to primordial power spectrum (amplitude and shape) 

–! Redshift history of the growth rate is sensitive to DE, and 

neutrino mass if combined with CMB information 

growth of mass 
perturbations



How do we weight different sources in computing 
power spectrum from weak lensing? 

Masses “half way” in between the background source and us (the 
observers) have the biggest effect on the gravitational shear of the 

observed background sources.

The lensing weight g!

•! Lensing is more efficient for structure mid-way between the 
observer and the source!

C. Porciani! Observational Cosmology! III-10 !

Because of this dependence, very important to be able to quantify 
the redshift distribution of the background sources



Recall how perturbations (and collapsed 
structures) grow at different rates depending on 

the cosmology



R. Fassbender: Introduction to Observational Cosmology I – WS09/10 19

ComovingComoving VolumesVolumes

Vcom(<z): total enclosed 
volume within redshift z 
per deg2

dV/dz: volume per redshift 
shell dz=0.1 per deg2
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222

• for measuring the evolution of the number density of an object class, 
the comoving volume element dVcom is needed

• the larger the distance, the larger the comoving volume element per redshift slice  

spherical surface area x thickness

comoving volumes
for CCM model

R. Fassbender: Introduction to Observational Cosmology I – WS09/10 20

Linear Structure Growth FunctionLinear Structure Growth Function

• flat cosmologies with a dark energy component exhibit structure growth in between 
the Einstein-de Sitter (EdS) case of D+=(1+z)-1 and the slow structure growth of a 
low density open Universe (OCDM)

EdS
[1.0,0,0]

OCDM
[0.3,0,0]

QUINT
[0.3,0.7,-0.5]

HIGH
[0.4,0.6,-1]

CCM
[0.3,0.7,-1]

PHANTOM
[0.3,0.7,-1.3]

LOW
[0.2,0.8,-1]

[!!!!m,!!!!DE,w]

• the linear structure growth function D+(z) is a solution to the density perturbation 
growth equation for the linear regime (L3)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

0.0 1.0 2.0 3.0 4.0 5.0

z

D
+

(z
)

CCM LOW HIGH QUINT PHANTOM OCDM EdS

more structures at high-z

structure grow efficiently when Ω = 1 (since density is closer to 1 
where slight overdensities cause collapse)

The rate at which structures grow in the universe depends 
upon the cosmological parameters:CHAPTER 2. THE COSMOLOGICAL STANDARD MODEL 13

formula

D+(a) =
5a
2
⇥m

⇤
⇥4/7

m �⇥� +
�
1 +

1
2
⇥m

⇥ �
1 +

1
70
⇥�

⇥⌅�1

,

(2.20)
where the density parameters have to be evaluated at the scale
factor a;

• a very important length scale for cosmic structure growth is set
by the horizon size at the end of the radiation-dominated phase;
structures smaller than that became causally connected while ra-
diation was still dominating; the fast expansion due to the radia-
tion density inhibited further growth of such structures until the
matter density became dominant; small structures are therefore
suppressed compared to large structures which became causally
connected only after radiation domination; the horizon size at the
end of the radiation-dominated era thus divides between larger
structures which could grow without inhibition, and smaller struc-
tures which were suppressed during radiation domination; it turns
out to be

req =
c

H0

a3/2
eq⌥

2⇥m,0
; (2.21)

2.5.2 The power spectrum

• it is physically plausible that the density contrast in the Universe
is a Gaussian random field, i.e. that the probability for finding a
value between � and � + d� is given by a Gaussian distribution;
the principal reason for this is the central limit theorem, which
holds that the distribution of a quantity which is obtained by su-
perposition of random contributions which are all drawn from the
same probability distribution (with finite variance) turns into a
Gaussian in the limit of infinitely many contribtions;

• a Gaussian random process is characterised by two numbers, the
mean and the variance; by construction, the mean of the density
contrast vanishes, such that the variance defines it completely;

• in linear approximation, density perturbations grow in place, as
eq. (2.19) shows because the density contrast at one position ⇧x
does not depend on the density contrast at another; as long as
structures evolve linearly, their scale will be preserved, which im-
plies that it is advantageous to study structure growth in Fourier
rather than in configuration space;

• the variance of the density contrast �̂(⇧k) in Fourier space is called
the power spectrum

⇧
�̂(⇧k)�̂⇥(⇧k⇧)

⌃
⌅ (2⇥)3P�(k) �D(⇧k � ⇧k⇧) , (2.22)

Depend upon the growth factor (linear regime):

where a is size of universe and Ωm, ΩΛ are all evaluated in the past

Growth 
Factor



How do we expect the shear power spectrum to look?
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•! Lensing efficiency function: Wgl 

–! Overall amplitude is propotional to !m, i.e. !de if combined 

with CMB or a flat universe is a prior assumed 

–! Sensitive to Hubble expansion through dA, i.e. DE 

–! Depends on source redshift – main uncertainty in cosmic shear 

measurements if redshift info is not available 

•! Mass clustering part: " 

–! Sensitive to primordial power spectrum (amplitude and shape) 

–! Redshift history of the growth rate is sensitive to DE, and 

neutrino mass if combined with CMB information 

Formula:

Refregier+2003

Fourier
Transform
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• While it is generally di⇥cult or impossible to observe the di�er-
ential magnification ⇤µ or the convergence ⇧, image distortions
can in principle be measured. With a brief excursion through
Fourier space, it can easily be shown that the power spectrum
of the shear is exactly identical to that of the convergence,

P⇥(l) = P⇧(l) . (10.21)

Thus, the statistics of the image distortions caused by cosmologi-
cal weak lensing contains integral information on the power spec-
trum of the matter fluctuations.

The power spectrum of the weak-
lensing convergence ⇧ for three dif-
ferent source redshifts.

• Since the shear is defined on the two-dimensional sphere (the ob-
server’s sky), its power spectrum is related to its correlation func-
tion �⇥ through the two-dimensional Fourier transform

�⇥(⌦) =
⇤

d2l
(2 )2 P⇥(l)ei�⌦�l =

⇤ ⌅

0

ldl
2 

P⇥(l)J0(l⌦) , (10.22)

where J⌥ is the ordinary Bessel function of order ⌥.

10.1.3 Correlation functions

• In principle, shear correlation functions are measured by com-
paring the ellipticity of one galaxy with the ellipticity of other
galaxies at an angular distance ⌦ from the first.

• Ellipticities are oriented, of course, and one has to specify against
what other direction the direction of, say, the major axis of a given
ellipse is to be compared to. Since correlation functions are mea-
sured by counting pairs, a preferred direction is defined by the
line connecting the two galaxies of the pair under consideration.

• Let � be the angle between this direction and the major axis of
the ellipse, then the tangential and cross components of the shear
are defined by

⇥+ ⇤ ⇥ cos 2� , ⇥� ⇤ ⇥ sin 2� . (10.23)

The factor two is important because it accounts for the fact that
an ellipse is mapped onto itself when rotated by an angle  . This
illustrates that the shear is a spin-2 field: It returns into its original
orientation when rotated by  rather than 2 .

• The correlation functions of the tangential and cross components
of the shear are

�++(⌦) = ⇧⇥+(⌅)⇥+(⌅ + ⌦)⌃ = 1
2

⇤ ⌅

0

ldl
2 

P⇧(l)
�
J0(l⌦) + J4(l⌦)

⇥

(10.24)
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• While it is generally di⇥cult or impossible to observe the di�er-
ential magnification ⇤µ or the convergence ⇧, image distortions
can in principle be measured. With a brief excursion through
Fourier space, it can easily be shown that the power spectrum
of the shear is exactly identical to that of the convergence,

P⇥(l) = P⇧(l) . (10.21)

Thus, the statistics of the image distortions caused by cosmologi-
cal weak lensing contains integral information on the power spec-
trum of the matter fluctuations.

The power spectrum of the weak-
lensing convergence ⇧ for three dif-
ferent source redshifts.

• Since the shear is defined on the two-dimensional sphere (the ob-
server’s sky), its power spectrum is related to its correlation func-
tion �⇥ through the two-dimensional Fourier transform

�⇥(⌦) =
⇤

d2l
(2 )2 P⇥(l)ei�⌦�l =

⇤ ⌅

0

ldl
2 

P⇥(l)J0(l⌦) , (10.22)

where J⌥ is the ordinary Bessel function of order ⌥.

10.1.3 Correlation functions

• In principle, shear correlation functions are measured by com-
paring the ellipticity of one galaxy with the ellipticity of other
galaxies at an angular distance ⌦ from the first.

• Ellipticities are oriented, of course, and one has to specify against
what other direction the direction of, say, the major axis of a given
ellipse is to be compared to. Since correlation functions are mea-
sured by counting pairs, a preferred direction is defined by the
line connecting the two galaxies of the pair under consideration.

• Let � be the angle between this direction and the major axis of
the ellipse, then the tangential and cross components of the shear
are defined by

⇥+ ⇤ ⇥ cos 2� , ⇥� ⇤ ⇥ sin 2� . (10.23)

The factor two is important because it accounts for the fact that
an ellipse is mapped onto itself when rotated by an angle  . This
illustrates that the shear is a spin-2 field: It returns into its original
orientation when rotated by  rather than 2 .

• The correlation functions of the tangential and cross components
of the shear are

�++(⌦) = ⇧⇥+(⌅)⇥+(⌅ + ⌦)⌃ = 1
2

⇤ ⌅

0

ldl
2 

P⇧(l)
�
J0(l⌦) + J4(l⌦)

⇥

(10.24)

WL power spectra!

C. Porciani! Observational Cosmology! III-15!

These power spectra encode information regarding the total mass !
distribution (DM+baryons) and cosmology (H(z) and the growth factor !
of perturbations)!!



To measure a weak lensing signal, we need a very 
wide-area survey -- to probe the density 

fluctuations from many lines of sight

Why?  

Springel etal05 
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10 First CFHTLS cosmic shear results

Fig. 10.— Effective redshift distribution of galaxies with
21.5 < IAB < 24.5 determined from the Hubble Deep Field North
and South. The error bars are the Poisson errors from the finite
number of galaxies in each bin (note that these do not include
cosmic variance). The smooth solid curve represents the best fit
model with a mean source redshift of ⟨z⟩ = 0.81. The dashed his-
togram corresponds to the redshift distribution when the adopted
weighting scheme is not taken into account.

mean source redshift. The smooth curve corresponds to
the best fit redshift distribution, which has parameters
α = 1.35, β = 1.654 and zs = 0.668. This corresponds
to a mean source redshift of ⟨z⟩ = 0.81. To quantify
the uncertainties in the source redshift distribution, we
keep α and β fixed, but vary zs to identify the 68% and
95% confidence intervals. This yields zs ∈ [0.632, 0.703]
with 68% confidence and zs ∈ [0.613, 0.721] with 95%
confidence. We marginalise over the latter interval when
estimating the cosmological parameters.

The scales probed by the measurement are affected
significantly by the non-linear growth of structure. As
shown by Jain & Seljak (1997) and Schneider et al.
(1998), we cannot use the linear power spectrum, but it
is necessary to use the non-linear power spectrum. Two
different approaches to calculate the non-linear power
spectrum have been proposed and we present results for
both. The first is based on the scaling formula suggested
by Hamilton et al. (1991), which was extended to a
wider range of cosmologies by Peacock & Dodds (1996).
Peacock & Dodds (1996) provide a prescription to com-
pute the power spectrum, using a fitting formula which
is calibrated using numerical simulations. More recently,
Smith et al. (2003) suggested an approach based on a
halo model approach to better capture the breakdown of
the stable clustering assumption in the Peacock & Dodds
(1996) prescription. We note that both prescriptions are
based on relatively small numbers of numerical simula-
tions and that their accuracy is limited. Comparison
with recent numerical simulations suggest that they are
accurate to ∼ 5%; this number depends on the region
of parameter space that is probed and larger errors can
occur (M. White, private communication).

Fig. 11.— Joint constraints on Ωm and σ8 constraints from
the CFHTLS Wide data using the Smith et al. (2003) model for
the non-linear power spectrum. The contours indicate the 68.3%,
95.4%, and 99.7% confidence limits on two paramaters jointly. We
marginalised over the Hubble parameter and source redshift distri-
bution as described in the text.

5.2. Constraints on Ωm and σ8

Cosmological parameters are estimated by comparing
the predicted signal mi to the observed top-hat variance
di as a function of scale θi. We consider cold dark matter
models with a flat geometry (i.e., Ωm+ΩΛ = 1). We vary
the parameters of the model, focussing on constraining
the matter density Ωm and the normalisation σ8. For
these parameters we limit the calculations to Ωm ∈ [0, 1]
and σ8 ∈ [0.5, 1.2].

As discussed above, we vary the source redshift dis-
tribution through zs =∈ [0.613, 0.721], assuming a flat
prior. Furthermore, the signal depends somewhat on
the value for the Hubble parameter, for which we use
h ∈ [0.6, 0.8] as motivated by the findings of the HST
Key project (Freedman et al. 2001). In section §5.1 we
also consider w0, the dark energy equation of state. The
maximum likelihood function is given by

L =
1

(2π)n|C|1/2
exp

[

(di − mi)C
−1(di − mi)

T
]

. (17)

Here C−1 is the covariance matrix. C can be decomposed
as C = Cn + Cs, where Cn is the statistical noise and
Cs the cosmic variance covariance matrix. The matrix
Cs is computed according to Schneider et al. (2002b),
assuming an effective survey area of 13.5 deg2 for the
CFHTLS W1 and 8.5 deg2 for W3, a number density of
galaxies ngal = 12 per arcmin2, and an intrinsic elliptic-
ity dispersion of σe = 0.3 per component.

Figure 11 shows the joint constraints on Ωm, σ8 using
the Smith et al. (2003) model for the non-linear power
spectrum. For reference with other cosmic shear studies,
we estimate the value of σ8 for a fiducial matter density
of Ωm = 0.3. For the Peacock & Dodds (1996) model,

What does these teach us about various 
cosmological parameters?

Constrained Quantity in Cosmic 
Shear Analyses:

σ8 (Ωm)0.6

Hoekstra+2006

Consider the following example from CFHT-LS (22 deg2), one of the 
first significant surveys to allow for cosmic shear measurements:



These are similar types of constraints as 
we derive looking at the mass function of 

galaxy clusters (earlier in this lecture)

Rozo et al. 2010

Normalization 
of power 
spectrum

Figure 10: Left: Joint 68.3% and 95.4% confidence regions for the mean matter density and perturbation
amplitude from the abundance of clusters in the maxBCG sample (z < 0.3) compared with those fromWMAP
data (Dunkley et al. 2009) for spatially flat ΛCDM models. The shaded region indicates the combination
of the two data sets. From Rozo et al. (2010). Right: Constraints on the dark energy density and equation
of state from the abundance and growth of clusters in the 400 Square Degree sample (z < 0.9) compared
with those from WMAP, SNIa (Davis et al. 2007) and BAO (Eisenstein et al. 2005; Percival et al. 2007) for
spatially flat, constant w models. Note that, contrary to the convention followed in the other figures, the
shaded regions in the right panel indicate only 39.3% confidence. The tight contraints from WMAP compared
with Figure 11 result from the fact that a simplified analysis was used, in particular neglecting the influence
of dark energy on the Integrated Sachs-Wolfe effect (e.g. Spergel et al. 2007). From Vikhlinin et al. (2009b).

Figure 11: Joint 68.3% and 95.4% confidence regions for the dark energy equation of state and mean matter
density (left) or perturbation amplitude (right) from the abundance and growth of RASS clusters at z < 0.5
(labeled XLF; Mantz et al. 2010b) and fgas measurements at z < 1.1 (Allen et al. 2008), compared with
those from WMAP (Dunkley et al. 2009), SNIa (Kowalski et al. 2008) and BAO (Percival et al. 2010) for
spatially flat, constant w models. Combined results from RASS clusters and WMAP are shown in gray in the
right panel; gold contours in both panels show the combination of all data sets. The BAO-only constraint
differs from that in Figure 10 due to the use of different priors. Adapted from Mantz et al. (2010b, the BAO
constraints in the left panel have been updated to reflect more recent data).
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cluster survey

There’s a 
degeneracy here:

Cluster Mass 
Function 

Constrains:
σ8(ΩM)1/2

So a higher σ8,  lower ΩM and lower σ8,  
higher ΩM both match observations



What constraints can we set on w with these experiments?

Jee+2015

16 Jee et al.

Figure 11. Constraint on w0.

Table 2
Summary of cosmological parameter constraints from joint probes.

Parameter Joint probe ⇤CDM (⌦k ⌘ 0) ⇤CDM (⌦k 6= 0) wCDM (⌦k ⌘ 0) wCDM (⌦k 6= 0)

⌦m DLS+BAO 0.291+0.039
�0.035 0.291+0.039

�0.033 0.286+0.043
�0.037 0.259+0.052

�0.047

DLS+WMAP9 0.293+0.012
�0.014 0.315+0.038

�0.024 0.191+0.085
�0.051 -

DLS+BAO+WMAP9 0.297+0.010
�0.012 0.297+0.011

�0.012 0.290+0.020
�0.017 0.269+0.029

�0.024

DLS+BAO+WMAP9+SN 0.283+0.007
�0.005 0.286+0.009

�0.011 0.286+0.008
�0.011 0.279+0.012

�0.009

�8 DLS+BAO 0.827+0.064
�0.058 0.827+0.059

�0.068 0.831+0.060
�0.061 0.908+0.092

�0.108

DLS+WMAP9 0.833+0.011
�0.018 0.805+0.025

�0.025 0.922+0.129
�0.091 -

DLS+BAO+WMAP9 0.833+0.011
�0.018 0.837+0.022

�0.013 0.845+0.025
�0.039 0.853+0.051

�0.033

DLS+BAO+WMAP9+SN 0.837+0.013
�0.015 0.841+0.010

�0.016 0.841+0.022
�0.011 0.849+0.026

�0.017

ns DLS+WMAP9 0.966+0.010
�0.013 0.968+0.012

�0.013 0.962+0.014
�0.011 0.968+0.012

�0.013

DLS+BAO+WMAP9 0.965+0.008
�0.012 0.967+0.014

�0.010 0.961+0.012
�0.012 0.967+0.015

�0.011

DLS+BAO+WMAP9+SN 0.978+0.006
�0.010 0.974+0.011

�0.016 0.961+0.013
�0.009 0.962+0.018

�0.009

⌦b DLS+WMAP9 0.0475+0.0013
�0.0012 0.0518+0.0049

�0.0044 0.0330+0.0138
�0.0030 0.0366+0.0086

�0.0063

DLS+BAO+WMAP9 0.0478+0.0009
�0.0010 0.0487+0.0018

�0.0016 0.0469+0.0036
�0.0033 0.0437+0.0056

�0.0026

DLS+BAO+WMAP9+SN 0.0469+0.0008
�0.0007 0.0467+0.0011

�0.0012 0.0455+0.0014
�0.0012 0.0461+0.0015

�0.0017

h DLS+WMAP9 0.686+0.014
�0.012 0.680+0.040

�0.052 - -

DLS+BAO+WMAP9 0.685+0.006
�0.011 0.683+0.006

�0.014 0.678+0.033
�0.009 0.701+0.041

�0.023

DLS+BAO+WMAP9+SN 0.697+0.003
�0.004 0.697+0.004

�0.004 0.701+0.006
�0.006 0.697+0.009

�0.004

⌦k DLS+WMAP9 0 �0.010+0.013
�0.015 0 -

DLS+BAO+WMAP9 0 �0.004+0.005
�0.006 0 �0.006+0.011

�0.011

DLS+BAO+WMAP9+SN 0 �0.001+0.006
�0.005 0 �0.001+0.009

�0.009

w DLS+BAO -1 -1 �1.06+0.17
�0.15 -

DLS+WMAP9 -1 -1 �1.54+0.09
�0.18 -

DLS+BAO+WMAP9 -1 -1 �1.02+0.10
�0.09 �1.13+0.13

�0.21

DLS+BAO+WMAP9+SN -1 -1 �1.03+0.03
�0.03 �1.09+0.09

�0.07

One Example:

 DEEP LENS 
SURVEY



What are some of the most notable cosmic shear studies 
from 2000 to 2018:



Observational Challenges — Intrinsic Alignments

In order to measure the effect that gravitational lensing has on 
background galaxies, we assume that the relative orientation 

of galaxies is random

Any alignment between the orientation of galaxies is assumed 
to result from gravitational lensing by intervening masses

But what if the relative orientation of galaxies is not random?

Such alignment could result from tidal interactions of galaxies 
on each other (if galaxies are nearby)

Seems clear that shallower surveys would be more affected 
than deeper surveys



In fact, galaxies have been shown to exhibit some intrinsic 
alignments, but to first order it is not a huge concern

Good technique for ensuring that Intrinsic Alignment do not 
bias one’s results is to exclude sources from the analysis that 

have similar redshifts

Observational Challenges — Intrinsic Alignments



Other Challenges / Possible Systematic Errors

The shear signal one derives from observations is very 
sensitive to knowledge of the intrinsic redshift distribution of 
the sources (originally just used redshifts from HDF North)

In comparing with the predictions from cosmological models, 
the shear signal dependences on the clustering of sources at 
very small scales -- where the power spectrum is non-linear 
and baryonic physics may be important.  Deficiencies in our 

knowledge of the latter two processes may affect weak lensing 
results.



Cosmic Shear: Lots of Potential For Setting the 
Best Future Constraints

From the Dark Energy Task Force report !

C. Porciani! Observational Cosmology! III-30!

From the Dark Energy Task Force Report:



Cosmic Shear: Lots of Potential For Setting the 
Best Future Constraints
Tomography

• Divide sample by photometric redshifts

• Cross correlate samples

• Order of magnitude increase in precision even after CMB breaks 
 degeneracies

Hu (1999)
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One can take advantage of the redshifts one can estimate for background 
sources to measure the growth of structures as a function of redshift.   More 

distant sources will pass by much more structure along the line of sight

Notice that there is much more power in the shear signal cross-correlating 
sources in the more distant redshift sample (#2) than the closer one (#1)

Comparing shear of sources 
in redshift bin #2 with 

sources in bin #2

Comparing shear of sources 
in redshift bin #1 with 

sources in bin #2

Comparing shear of sources 
in redshift bin #1 with 

sources in bin #1


