
Large Scale Structure +

Baryonic Acoustic Oscillations
(as seen in galaxy large scale structure)

Searching for an Understanding 
of Dark Energy



Layout of the Course

Feb 7:  Introduction / Overview / General Concepts
Feb 14:  Age of Universe / Distance Ladder
Feb 21: Distance Ladder / Hubble Constant
Feb 28:   Distant Measures / SNe science / Baryonic Content
Mar 7:  Dark Matter Content of Universe / Cosmic Microwave Background
Mar 14: Cosmic Microwave Background / Large-Scale Structure
Mar 21: No class 
Mar 28:  Large Scale Structure / Baryon Acoustic Oscillations
Apr 4:  Baryon Acoustic Oscillations / Dark Energy / Clusters
Apr 11: Clusters / Cosmic Shear
Apr 18: No class
Apr 25: Dark Energy Missions / Review for Final Exam

May 23:  Final Exam

This Week



Review Material from Last Week



Power Spectra Derived from Fluctuations 
in CMB 

-- Use the spherical harmonic expansion to construct a power 
spectrum to describe anisotropies of the CMB on the sky

Observational Cosmology Lecture 3 (K. Basu):  CMB spectrum and anisotropies

CMB power spectrum

26

Use spherical harmonics in place of sine waves:

Calculate coe!cients, alm, and then the statistical 
average:

Amplitude of fluctuations on each scale ! that’s what we plot.

Power Spectrum

Observational Cosmology Lecture 3 (K. Basu):  CMB spectrum and anisotropies

CMB power spectrum

26

Use spherical harmonics in place of sine waves:

Calculate coe!cients, alm, and then the statistical 
average:

Amplitude of fluctuations on each scale ! that’s what we plot.

Expansion:

Observational Cosmology Lecture 3 (K. Basu):  CMB spectrum and anisotropies

CMB power spectrum

26

Use spherical harmonics in place of sine waves:

Calculate coe!cients, alm, and then the statistical 
average:

Amplitude of fluctuations on each scale ! that’s what we plot.

After deriving the alm coefficients from the 
data, determine the statistical average

l = 180 / θ



How CMB light can be broken down?

Measure Temperature and Polarization of Light

One tends to break down the polarization map into two modes 
(Helmholtz-Hodge theorem)

E-modes

B-modes

E-modes are curl free and 
can be written as the 
gradient of a potential 

B-modes have no 
divergence. 

The terms E and B modes simply reflect the general 
form of the polarization fields and are in analogy with 
similar fields in electromagnetism.  However, they have 

no direct relation with electric or magnetic fields

• We can break down the polarization 
field into two components which 
we call E and B modes. This is the 
spin-2 analog of the gradient/curl 
decomposition of a vector field.

• E modes are generated by density 
(scalar) perturbations via Thomson 
scattering.

• B modes are generated by gravity 
waves (tensor perturbations) at last 
scattering or by gravitational 
lensing (which transforms E modes 
into B modes along the line of sight 
to us) later on. 

Observational Cosmology Lecture 3 (K. Basu):  CMB spectrum and anisotropies

E and B modes

27

E-mode

B-mode

Two flavors of CMB polarization:

Density perturbations: curl-free, “E-mode”
Gravity waves: curl, “B-mode”

cold spotshot spots

∇⋅B = 0

∇ × E = 0

90% of the 
photons in the 

CMB are 
unpolarized;

this leaves 10% 
which is 

polarized.



Cosmic Microwave Background
TE spectrum

EE spectrum

Planck Collaboration: Cosmological parameters
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Fig. 3. Frequency-averaged T E and EE spectra (without fitting for T -P leakage). The theoretical T E and EE spectra plotted in the
upper panel of each plot are computed from the Planck TT+lowP best-fit model of Fig. 1. Residuals with respect to this theoretical
model are shown in the lower panel in each plot. The error bars show ±1� errors. The green lines in the lower panels show the
best-fit temperature-to-polarization leakage model of Eqs. (11a) and (11b), fitted separately to the T E and EE spectra.
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BB spectrum

Planck Collaboration: Cosmological parameters
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Fig. 3. Frequency-averaged T E and EE spectra (without fitting for T -P leakage). The theoretical T E and EE spectra plotted in the
upper panel of each plot are computed from the Planck TT+lowP best-fit model of Fig. 1. Residuals with respect to this theoretical
model are shown in the lower panel in each plot. The error bars show ±1� errors. The green lines in the lower panels show the
best-fit temperature-to-polarization leakage model of Eqs. (11a) and (11b), fitted separately to the T E and EE spectra.
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FIG. 12. Upper: BB spectrum of the BICEP2/Keck maps be-
fore and after subtraction of the dust contribution, estimated
from the cross-spectrum with Planck 353GHz. The error bars
are the standard deviations of simulations, which, in the lat-
ter case, have been scaled and combined in the same way. The
inner error bars are from lensed-⇤CDM+noise simulations as
in the previous plots, while the outer error bars are from
the lensed-⇤CDM+noise+dust simulations. The red curve
shows the lensed-⇤CDM expectation. Lower: constraint on r
derived from the cleaned spectrum compared to the fiducial
analysis shown in Fig. 6.

analysis with the full multi-spectra likelihood. It is clear
from the widths of the likelihood curves that compressing
the spectra to form the cleaned di↵erence results in very
little loss of information on r. The di↵erence in peak
values arises from the di↵erent data treatments and is
consistent with the scatter seen across simulations. Fi-
nally, we note that one could also form a combination
(BK⇥BK�2↵BK⇥P+↵2P⇥P)/(1�↵)2 in which dust
does not enter at all for ↵ = ↵fid. However, the variance
of this combination of spectra is large due to the Planck
noise levels, and likelihoods built from this combination
are considerably less constraining.

V. POSSIBLE CAUSES OF DECORRELATION

Any systematic error that suppresses the BK150⇥P353
cross-frequency spectrum with respect to the
BK150⇥BK150 and P353⇥P353 single-frequency
spectra would cause a systematic upward bias on the r
constraint. Here we investigate a couple of possibilities.

A. Spatially varying dust frequency spectrum

If the frequency dependence of polarized dust emission
varied from place to place on the sky, it would cause the
150GHz and 353GHz dust sky patterns to decorrelate
and suppress the BK150⇥P353 cross-frequency spectrum
relative to the single-frequency spectra. The assump-
tion made so far in this paper is that such decorrela-
tion is negligible. In fact PIP-XXX implicitly tests for
such variation in their Figure 6, where the Planck single-
and cross-frequency spectra are compared to the modi-
fied blackbody model (with the cross-frequency spectra
plotted at the geometric mean of their respective frequen-
cies). This plot is for an average over a large region of low
foreground sky (24%); however, note that if there were
spatial variation of the spectral behavior anywhere in this
region it would cause suppression of the cross-frequency
spectra with respect to the single-frequency spectra.
PIP-XXX also tests explicitly for evidence of decorre-

lation of the dust pattern across frequencies. Their fig-
ure E.1 shows the results for large and small sky patches.
The signal-to-noise ratio is low in clean regions, but no
evidence of decorrelation is found.
As a further check, we artificially suppress the ampli-

tude of the BK150⇥P353 spectra in the Gaussian dust-
only simulations (see Sec. IVA) by a conservative 10%
(PIP-XXX sets a 7% upper limit). We find that the
maximum likelihood value for r shifts up by an average
of 0.018, while Ad shifts down by an average of 0.43µK2,
with the size of the shift proportional to the magnitude of
the dust power in each given realization. This behavior
is readily understandable—since the BK150⇥BK150 and
BK150⇥P353 spectra dominate the statistical weight, a
decrease of the latter is interpreted as a reduction in dust
power, which is compensated by an increase in r. The
bias on r will be linearly related to the assumed decorre-
lation factor.

B. Calibration, analysis etc.

Figure 3 shows that the EE spectrum BK150⇥BK150
is extremely similar to that for BK150⇥P143. We
can compare such spectra to set limits on possible
decorrelation between the BICEP2/Keck and Planck
maps arising from any instrumental or analysis re-
lated e↵ect, including di↵erential pointing, polarization
angle mis-characterization, etc. Taking the ratio of
BK150⇥P143 to the geometric mean of BK150⇥BK150

Planck Collaboration: Cosmological parameters
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Fig. 1. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ⇤CDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� uncertainties.

sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2015). The most highly developed of
these are the CamSpec and revised Plik pipelines. For the
2015 Planck papers, the Plik pipeline was chosen as the base-
line. Column 6 of Table 1 lists the cosmological parameters for
base ⇤CDM determined from the Plik cross-half-mission like-
lihood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations and
multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasise that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on

the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015
likelihood and the published 2013 nominal mission parameters
are summarized in column 7 of Table 1. These shifts are within
0.71� except for the parameters ⌧ and Ase�2⌧ which are sen-
sitive to the low multipole polarization likelihood and absolute
calibration.

In summary, the Planck 2013 cosmological parameters were
pulled slightly towards lower H0 and ns by the ` ⇡ 1800 4-K line
systematic in the 217 ⇥ 217 cross-spectrum, but the net e↵ect of
this systematic is relatively small, leading to shifts of 0.5� or
less in cosmological parameters. Changes to the low level data
processing, beams, sky coverage, etc. and likelihood code also
produce shifts of typically 0.5� or less. The combined e↵ect of
these changes is to introduce parameter shifts relative to PCP13
of less than 0.71�, with the exception of ⌧ and Ase�2⌧. The main
scientific conclusions of PCP13 are therefore consistent with the
2015 Planck analysis.

Parameters for the base ⇤CDM cosmology derived from
full-mission DetSet, cross-year, or cross-half-mission spectra are
in extremely good agreement, demonstrating that residual (i.e.
uncorrected) cotemporal systematics are at low levels. This is
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TT spectrum



Cosmic Microwave Background

TT spectrum

Sachs-Wolfe Plateau:   Constrain normalization of primordial 
power spectrum

1st acoustic peak:  Measure Angular Diameter Distance to Last 
Scattering Surface

Ratio of Even and Odd Acoustic Peaks: Probe Baryon Content

Ratio of Amplitude of 3rd to 1st Acoustic Peak: Matter Content

High Frequency Modes: Silk Damping...

Planck Collaboration: Cosmological parameters
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Fig. 1. The Planck 2015 temperature power spectrum. At multipoles ` � 30 we show the maximum likelihood frequency averaged
temperature spectrum computed from the Plik cross-half-mission likelihood with foreground and other nuisance parameters deter-
mined from the MCMC analysis of the base ⇤CDM cosmology. In the multipole range 2  `  29, we plot the power spectrum
estimates from the Commander component-separation algorithm computed over 94% of the sky. The best-fit base ⇤CDM theoretical
spectrum fitted to the Planck TT+lowP likelihood is plotted in the upper panel. Residuals with respect to this model are shown in
the lower panel. The error bars show ±1� uncertainties.

sults to the likelihood methodology by developing several in-
dependent analysis pipelines. Some of these are described in
Planck Collaboration XI (2015). The most highly developed of
these are the CamSpec and revised Plik pipelines. For the
2015 Planck papers, the Plik pipeline was chosen as the base-
line. Column 6 of Table 1 lists the cosmological parameters for
base ⇤CDM determined from the Plik cross-half-mission like-
lihood, together with the lowP likelihood, applied to the 2015
full-mission data. The sky coverage used in this likelihood is
identical to that used for the CamSpec 2015F(CHM) likelihood.
However, the two likelihoods di↵er in the modelling of instru-
mental noise, Galactic dust, treatment of relative calibrations and
multipole limits applied to each spectrum.

As summarized in column 8 of Table 1, the Plik and
CamSpec parameters agree to within 0.2�, except for ns, which
di↵ers by nearly 0.5�. The di↵erence in ns is perhaps not sur-
prising, since this parameter is sensitive to small di↵erences in
the foreground modelling. Di↵erences in ns between Plik and
CamSpec are systematic and persist throughout the grid of ex-
tended ⇤CDM models discussed in Sect. 6. We emphasise that
the CamSpec and Plik likelihoods have been written indepen-
dently, though they are based on the same theoretical framework.
None of the conclusions in this paper (including those based on

the full “TT,TE,EE” likelihoods) would di↵er in any substantive
way had we chosen to use the CamSpec likelihood in place of
Plik. The overall shifts of parameters between the Plik 2015
likelihood and the published 2013 nominal mission parameters
are summarized in column 7 of Table 1. These shifts are within
0.71� except for the parameters ⌧ and Ase�2⌧ which are sen-
sitive to the low multipole polarization likelihood and absolute
calibration.

In summary, the Planck 2013 cosmological parameters were
pulled slightly towards lower H0 and ns by the ` ⇡ 1800 4-K line
systematic in the 217 ⇥ 217 cross-spectrum, but the net e↵ect of
this systematic is relatively small, leading to shifts of 0.5� or
less in cosmological parameters. Changes to the low level data
processing, beams, sky coverage, etc. and likelihood code also
produce shifts of typically 0.5� or less. The combined e↵ect of
these changes is to introduce parameter shifts relative to PCP13
of less than 0.71�, with the exception of ⌧ and Ase�2⌧. The main
scientific conclusions of PCP13 are therefore consistent with the
2015 Planck analysis.

Parameters for the base ⇤CDM cosmology derived from
full-mission DetSet, cross-year, or cross-half-mission spectra are
in extremely good agreement, demonstrating that residual (i.e.
uncorrected) cotemporal systematics are at low levels. This is
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Cosmic Microwave Background

TE / EE spectra

Allows us to verify that we understand the physics correctly...

Contains Very Similar Information to that Present in TT Power 
Spectrum...

Expect some difference from TT power spectrum -- depending on 
the ionization history of universe

Planck Collaboration: Cosmological parameters
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Fig. 3. Frequency-averaged T E and EE spectra (without fitting for T -P leakage). The theoretical T E and EE spectra plotted in the
upper panel of each plot are computed from the Planck TT+lowP best-fit model of Fig. 1. Residuals with respect to this theoretical
model are shown in the lower panel in each plot. The error bars show ±1� errors. The green lines in the lower panels show the
best-fit temperature-to-polarization leakage model of Eqs. (11a) and (11b), fitted separately to the T E and EE spectra.
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Cosmic Microwave Background

BB spectra

Signal arises from (1) gravity waves from inflation and (2) the 
impact of gravitational lensing on CMB...
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FIG. 12. Upper: BB spectrum of the BICEP2/Keck maps be-
fore and after subtraction of the dust contribution, estimated
from the cross-spectrum with Planck 353GHz. The error bars
are the standard deviations of simulations, which, in the lat-
ter case, have been scaled and combined in the same way. The
inner error bars are from lensed-⇤CDM+noise simulations as
in the previous plots, while the outer error bars are from
the lensed-⇤CDM+noise+dust simulations. The red curve
shows the lensed-⇤CDM expectation. Lower: constraint on r
derived from the cleaned spectrum compared to the fiducial
analysis shown in Fig. 6.

analysis with the full multi-spectra likelihood. It is clear
from the widths of the likelihood curves that compressing
the spectra to form the cleaned di↵erence results in very
little loss of information on r. The di↵erence in peak
values arises from the di↵erent data treatments and is
consistent with the scatter seen across simulations. Fi-
nally, we note that one could also form a combination
(BK⇥BK�2↵BK⇥P+↵2P⇥P)/(1�↵)2 in which dust
does not enter at all for ↵ = ↵fid. However, the variance
of this combination of spectra is large due to the Planck
noise levels, and likelihoods built from this combination
are considerably less constraining.

V. POSSIBLE CAUSES OF DECORRELATION

Any systematic error that suppresses the BK150⇥P353
cross-frequency spectrum with respect to the
BK150⇥BK150 and P353⇥P353 single-frequency
spectra would cause a systematic upward bias on the r
constraint. Here we investigate a couple of possibilities.

A. Spatially varying dust frequency spectrum

If the frequency dependence of polarized dust emission
varied from place to place on the sky, it would cause the
150GHz and 353GHz dust sky patterns to decorrelate
and suppress the BK150⇥P353 cross-frequency spectrum
relative to the single-frequency spectra. The assump-
tion made so far in this paper is that such decorrela-
tion is negligible. In fact PIP-XXX implicitly tests for
such variation in their Figure 6, where the Planck single-
and cross-frequency spectra are compared to the modi-
fied blackbody model (with the cross-frequency spectra
plotted at the geometric mean of their respective frequen-
cies). This plot is for an average over a large region of low
foreground sky (24%); however, note that if there were
spatial variation of the spectral behavior anywhere in this
region it would cause suppression of the cross-frequency
spectra with respect to the single-frequency spectra.
PIP-XXX also tests explicitly for evidence of decorre-

lation of the dust pattern across frequencies. Their fig-
ure E.1 shows the results for large and small sky patches.
The signal-to-noise ratio is low in clean regions, but no
evidence of decorrelation is found.
As a further check, we artificially suppress the ampli-

tude of the BK150⇥P353 spectra in the Gaussian dust-
only simulations (see Sec. IVA) by a conservative 10%
(PIP-XXX sets a 7% upper limit). We find that the
maximum likelihood value for r shifts up by an average
of 0.018, while Ad shifts down by an average of 0.43µK2,
with the size of the shift proportional to the magnitude of
the dust power in each given realization. This behavior
is readily understandable—since the BK150⇥BK150 and
BK150⇥P353 spectra dominate the statistical weight, a
decrease of the latter is interpreted as a reduction in dust
power, which is compensated by an increase in r. The
bias on r will be linearly related to the assumed decorre-
lation factor.

B. Calibration, analysis etc.

Figure 3 shows that the EE spectrum BK150⇥BK150
is extremely similar to that for BK150⇥P143. We
can compare such spectra to set limits on possible
decorrelation between the BICEP2/Keck and Planck
maps arising from any instrumental or analysis re-
lated e↵ect, including di↵erential pointing, polarization
angle mis-characterization, etc. Taking the ratio of
BK150⇥P143 to the geometric mean of BK150⇥BK150

consistent with the signal 
from gravitational lensing

before subtraction of 
dust signal

Detection first reported in 2014 by BICEP II, but most of the signal 
likely from dust emission in our own galaxy



So what can we learn from the spatial 
distribution of galaxies on the sky?

04.2.26 Chris Pearson :   Observational Cosmology 3: Structure Formation - ISAS -2004
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STRUCTURE FORMATION

Radiation:

CMB - Isotropic to 1 part in 105, 0.003%, 2µK

3.1: Isotropy & Homogeneity on the Largest Scales3.1: Isotropy & Homogeneity on the Largest Scales

Isotropy and Homogeneity on the largest scales

Cosmological Principle: The Universe is Homogeneous and IsotropicCosmological Principle: The Universe is Homogeneous and Isotropic

True on the largest Scales

Matter:
Large scales > 100Mpc (Clusters / Superclusters) : Universe is smooth

Radio Sources: isotropic to a few percent

Small scales : Highly anisotropic

Spatial Distribution of Galaxies on some 
part of sky

→ We can derive the matter power 
spectrum



How does the matter power 
spectrum take on its shape?

04.2.26 Chris Pearson :   Observational Cosmology 3: Structure Formation - ISAS -2004
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STRUCTURE FORMATION

3.4: The Power Spectrum3.4: The Power Spectrum
Quantifying the power in fluctuations on large scales

• Inflation ! Scale Free Harrison - Zeldovich spectrum model:
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Instead of simply P(k) !  often plot (k3P(k))1/2 the root mean square mass fluctuations

The Power Spectrum

We therefore have an equation for the evolution of the Power Spectrum:

The Initial Power Spectrum

where the constant A is the overall normalization -- it can *not* be determined 
from theory but must be fixed by measurements of the power spectrum.  

The initial power spectrum is:

Friday, April 23, 2010

The initial power spectrum of fluctuations is the following:

04.2.26 Chris Pearson :   Observational Cosmology 3: Structure Formation - ISAS -2004
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Position of turn-over 
determined by horizon size 
@ matter-radiation equality

No growth below 
horizon scale 
before matter-

radiation equality



The matter power spectrum is 
one of the most important 

quantities to derive in 
observational cosmology.



Correlation Function and Power Spectrum

• Given the overdensity field

• Its Fourier transform is

• Its inverse transform is

    where            is the wave number

• The power spectrum is

• Then

Correlation function and power spectrum are a Fourier pair
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An Example from Las Campanas Redshift Survey

Correlation function is easier to evaluate, but power spectrum is what

we need to compare with the theory.  Typically normalized by using

the r.m.s. of density fluc’s in spheres of 8 Mpc radius, *8

The

Observed

Power

Spectrum

(Tegmark et al.)

Are the Baryonic Oscillations Seen in the CMBR

Detected in the Very Large Scale Structure?

Probably …

2dF (Percival et al.) SDSS (Eisenstein et al.)

Is the Power Spectrum

Enough? These two images have

identical power spectra

(by construction)

The power spectrum alone does not

capture the phase information: the

coherence of cosmic structures

(voids, walls, filaments …)

Cluster-Cluster Clustering

Richness

(from N. Bahcall)

Clusters are clustered

more strongly than

individual galaxies,

and rich ones more

than the poor ones

Field galaxies "

galaxy 
clustering

study

from 
microwave 
background structure inferred from relative 

position of hydrogen gas clouds

Different techniques/sources probe different regimes 
in matter power spectrum

small scales

Tegmark

from galaxy 
clusters

from weak 
lensing

large scales



How do we derive the matter 
power spectrum?

New Material



We can derive the matter 
power spectrum from the 

clustering of galaxies on sky

04.2.26 Chris Pearson :   Observational Cosmology 3: Structure Formation - ISAS -2004
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STRUCTURE FORMATION

Radiation:

CMB - Isotropic to 1 part in 105, 0.003%, 2µK

3.1: Isotropy & Homogeneity on the Largest Scales3.1: Isotropy & Homogeneity on the Largest Scales

Isotropy and Homogeneity on the largest scales

Cosmological Principle: The Universe is Homogeneous and IsotropicCosmological Principle: The Universe is Homogeneous and Isotropic

True on the largest Scales

Matter:
Large scales > 100Mpc (Clusters / Superclusters) : Universe is smooth

Radio Sources: isotropic to a few percent

Small scales : Highly anisotropic



We quantify clustering in terms 
of correlation functions

C. Porciani! Observational Cosmology! III-39!

Correlation functions!

dV1 

r12 

dV2 

dP1 = n dV1  

dP12 = n2 (1+#(r12)) dV1 dV2 

dP123 = n3 (1+#(r12)+ #(r13)+ #(r23)+$(r12, r13, r23)) dV1 dV2 dV3 

Consider a stationary point process with mean density n and write the 

probability of finding N points within N infinitesimal volume elements 

dV1 

dV1 

r12 

dV2 

dV3 

r13 

r23 
dP1 = n dV1

dP12 = n2 (1 + ξ(r12)) dV1 dV2

The Correlation function ξ tells us -- given the 
existence of a galaxy in some volume dV1 -- how much 

more likely we are to find a nearby galaxy at some 
distance r12

n = average density of galaxies



Why do we care about 
correlation functions?

The power spectrum is the Fourier transform of the 
correlation function ξ 
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3.6: Statistical Cosmology3.6: Statistical Cosmology
The Correlation Function and the relation to the power spectrum

b is the bias parameter for galaxy biasing w.r.t. underlying Dark Matter Distributionb is the bias parameter for galaxy biasing w.r.t. underlying Dark Matter Distribution

The angular correlation function is found to have the relation 
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The spatial correlation function Galaxies %=1.8, ro=5h-1 Mpc

Clusters %=1.8, ro=12-25h-1 Mpc

The spatial correlation function is the Fourier

transform of the Power Spectrum
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The spatial correlation function is related to the

mass density variation in spheres of radius,R
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6R ~ unity on scales of 8Mpc ! normalize power spectrum at that scale 
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Standard Estimator :
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w(") = (2DD /DR) #1

Hamilton Estimator :
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w(") = 4(DDxDR) /(DR
2
#1)

Landy & Szalay- SL Estimator :
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w(") = (DD# 2DR + RR) /RR
Smaller uncertainties on large scales

! 

"w(#) =
1+ w(#)

DD



We quantify clustering in terms 
of correlation functions

The Correlation function ξ 
is calculated by examining 

the distances between 
every pair of galaxies in a 

survey and comparing it to 
a random distribution

CHAPTER 9. COSMIC STRUCTURES 92

9.1.3 Measuring the correlation function

• How can the correlation function be measured? Obviously, we
cannot measure the correlation function of the density field di-
rectly. All we can do is using galaxies as tracers of the underlying
density field and use their correlation function as an estimate for
that of the matter.

The correlation function quantifies
the probability to find a galaxy in
the small volume dV2 if there is a
galaxy in the small volume dV1, a
distance r = |⌅r2 � ⌅r1| away.

• Suppose we divide space into cells of volume dV small enough to
contain at most a single galaxy. Then, the probability of finding
one galaxies in dV1 and another galaxy in dV2 is

dP = ⌅n(⌅x1)n(⌅x2)⇧dV1dV2 , (9.8)

where n is the number density of the galaxies as a function of
position.

• If we introduce a density contrast for the galaxies in analogy to
the density contrast for the matter,

�n ⇤ n
n̄
� 1 , (9.9)

and assume for now that �n = �, we find from (9.8) with n =
n̄(1 + �)

dP = n̄2⌅(1 + �1)(1 + �2)⇧dV1dV2 = n̄2[1 + ⇥(x)]dV1dV2 , (9.10)

where x is the distance between the two volume elements. This
shows that the correlation function quantifies the excess probabil-
ity above random for finding galaxy pairs at a given distance.

Correlations between points can be
determined by counting pairs.• Thus, the correlation function can be measured by counting

galaxy pairs and comparing the result to the Poisson expectation,
i.e. to the pair counts expected in a random point distribution.
Symbolically,

1 + ⇥1 =
⌅DD⇧
⌅RR⇧ , (9.11)

where D and R represent the data and the random point set, re-
spectively.

• Several other ways of measuring ⇥ have been proposed, such as

1 + ⇥2 =
⌅DD⇧
⌅DR⇧ ,

1 + ⇥3 =
⌅DD⇧⌅RR⇧
⌅DR⇧2 ,

1 + ⇥4 = 1 +
⌅(D � R)2⇧
⌅RR⇧2 , (9.12)

which are all equivalent in the ideal situation of an infinitely ex-
tended point distribution. For finite point sets, ⇥3 and ⇥4 are supe-
rior to ⇥1 and ⇥2 due to their better noise properties.

ξ(r) > −1 since 
probability always positive

ξ(r) → 0 at r →∞



We quantify clustering in terms 
of correlation functions

One estimates the correlation function by comparing the 
number of sources seen at a given distance r and angle in 

the data D and comparing it to a purely random 
distribution R:
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3.6: Statistical Cosmology3.6: Statistical Cosmology
The Correlation Function and the relation to the power spectrum

b is the bias parameter for galaxy biasing w.r.t. underlying Dark Matter Distributionb is the bias parameter for galaxy biasing w.r.t. underlying Dark Matter Distribution

The angular correlation function is found to have the relation 
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The spatial correlation function Galaxies %=1.8, ro=5h-1 Mpc

Clusters %=1.8, ro=12-25h-1 Mpc

The spatial correlation function is the Fourier

transform of the Power Spectrum
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We quantify clustering in terms 
of correlation functions

The Correlation function ξ is typically parametrized as 
a power-law in radius:

Correlation Functions

Correlation function is related to fluctuations in the matter density

This is because the mean value (the expectation value) of " is 0.  

! can only depend on the difference x - y, and because Universe is 
isotropic, ! can not depend on direction of separation.  Therefore ! = !(r)

Measurements of the correlation function show that it follows a powerlaw:

Friday, April 23, 2010

Typical values for γ are 1.8.   r0 is known as the 
correlation length and it tells us the typical distance 
from a source we can expect a large enhancement in 

neighboring sources



We quantify clustering in terms 
of correlation functions

The Correlation function ξ is typically parametrized as 
a power-law in radius:

Correlation Functions

Correlation function is related to fluctuations in the matter density

This is because the mean value (the expectation value) of " is 0.  

! can only depend on the difference x - y, and because Universe is 
isotropic, ! can not depend on direction of separation.  Therefore ! = !(r)

Measurements of the correlation function show that it follows a powerlaw:

Friday, April 23, 2010

Red galaxies have a larger correlation length than blue 
galaxies.  Typical r0’s for red galaxies at 5 h-1Mpc and for 

blue galaxies 3 h-1Mpc.



The Correlation function ξ is typically parametrized as 
a power-law in radius:

Correlation Functions

Correlation function is related to fluctuations in the matter density

This is because the mean value (the expectation value) of " is 0.  

! can only depend on the difference x - y, and because Universe is 
isotropic, ! can not depend on direction of separation.  Therefore ! = !(r)

Measurements of the correlation function show that it follows a powerlaw:

Friday, April 23, 2010

Galaxy Correlation Function

• If only 2-D positions on the
sky are known, then use
angular separation ) instead of
distance r:

    w()) = ()/)0)
 -*,  * = $ - 1

At sufficiently large
scales, e.g., voids, ( (r)
must turn negative

How to Measure ((r)

• Simplest estimator: count the number of data-data pairs,

(DD), and the equivalent number in a randomly

generated (Poissonian) catalog, (RR) : ( ) 1!=
RR

DD
r
est

"

( )
RR

RRRDDD
r
est

+!
=

2
"

• A better (Landy-Szalay)

estimator is:

     where (RD) is the number

     of data-random pairs

• This takes care of the edge effects, where one has to

account for the missing data outside the region sampled,

which can have fairly irregular boundaries

Another Definition of ((r)

• We can also measure it through the

overdensity:

     where        is the mean density

• In case of discrete galaxy catalogs, define

counts in cells, Ni

• Then ( (r) is the expectation value:

n

nn !
=)(r"

i

ii

i

N

NN !
=)(r"

n

)()(),( 2121 xxxx !!" =

• Note that we have considered a correlation of a single

density field with itself, so strictly speaking ( (r) is the

autocorrelation function, but in general we can correlate

two different data sets, e.g., galaxies and quasars

• One can also define n-point correlation functions,

,

321
!!!" =

4321
!!!!" = … etc.

((r)

Brighter galaxies

(~ more massive)

are clustered

more strongly

than fainter (less

massive) ones

This is telling us

something about

galaxy formation,

perhaps biasing

Faint

Bright

((r)

Redder galaxies

(or early-type,

ellipticals -

earlier to form)

are clustered

more strongly

than bluer ones

(or late-type,

spirals - later

forming)

That, too, says

something about

galaxy formation

So, is the Universe Fractal?
For each galaxy, count the number of galaxies

within distance R from it, N(<R).  If

! 

N(< R)"R
D2

…then the distribution can be

described as a fractal with

correlation dimension D2 = const.

If D2 = 3, then the distribution is

consistent with being simple,

homogenous in 3-D.

But in the real universe D2 $  const.,

since ( (r) is not a pure power-law.

Thus, the universe is not a fractal

Correlation Functions

Correlation function is related to fluctuations in the matter density

This is because the mean value (the expectation value) of " is 0.  

! can only depend on the difference x - y, and because Universe is 
isotropic, ! can not depend on direction of separation.  Therefore ! = !(r)

Measurements of the correlation function show that it follows a powerlaw:

Friday, April 23, 2010

What are the typical properties of the correlation function?



Brighter, more massive galaxies have a larger correlation 
length than fainter, lower mass galaxies:

Galaxy Correlation Function

• If only 2-D positions on the
sky are known, then use
angular separation ) instead of
distance r:

    w()) = ()/)0)
 -*,  * = $ - 1

At sufficiently large
scales, e.g., voids, ( (r)
must turn negative

How to Measure ((r)

• Simplest estimator: count the number of data-data pairs,

(DD), and the equivalent number in a randomly

generated (Poissonian) catalog, (RR) : ( ) 1!=
RR

DD
r
est

"

( )
RR

RRRDDD
r
est

+!
=

2
"

• A better (Landy-Szalay)

estimator is:

     where (RD) is the number

     of data-random pairs

• This takes care of the edge effects, where one has to

account for the missing data outside the region sampled,

which can have fairly irregular boundaries

Another Definition of ((r)

• We can also measure it through the

overdensity:

     where        is the mean density

• In case of discrete galaxy catalogs, define

counts in cells, Ni

• Then ( (r) is the expectation value:

n
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• Note that we have considered a correlation of a single

density field with itself, so strictly speaking ( (r) is the

autocorrelation function, but in general we can correlate

two different data sets, e.g., galaxies and quasars

• One can also define n-point correlation functions,

,

321
!!!" =

4321
!!!!" = … etc.

((r)

Brighter galaxies

(~ more massive)

are clustered

more strongly

than fainter (less

massive) ones

This is telling us

something about

galaxy formation,

perhaps biasing

Faint

Bright

((r)

Redder galaxies

(or early-type,

ellipticals -

earlier to form)

are clustered

more strongly

than bluer ones

(or late-type,

spirals - later

forming)

That, too, says

something about

galaxy formation

So, is the Universe Fractal?
For each galaxy, count the number of galaxies

within distance R from it, N(<R).  If

! 

N(< R)"R
D2

…then the distribution can be

described as a fractal with

correlation dimension D2 = const.

If D2 = 3, then the distribution is

consistent with being simple,

homogenous in 3-D.

But in the real universe D2 $  const.,

since ( (r) is not a pure power-law.

Thus, the universe is not a fractal

The different clustering 
properties of these 

galaxies tell us 
something about how 

they form

What are the typical properties of the correlation function?

Red galaxies have a 
larger correlation 
length than blue 

galaxies.  Typical r0’s for 
red galaxies at 5 h-1Mpc 
and for blue galaxies 3 

h-1Mpc.



Angular Correlation Function

The Correlation function ξ that I’ve described thus far 
is the spatial correlation function.

There’s also an angular correlation function w(θ) that 
one can measure -- when one knows the position of 

the sources on the sky and does not know their 
redshift

It makes sense that you could use the position of 
sources on the sky -- even without redshift information 

-- to measure clustering since if sources are close to 
each other in 3-dimensional space -- they will be close 

to each other in 2-dimensional space



Of course, the observed clustering will be diluted 
depending on how large the redshift dimension is to 

one’s samples

It makes sense that you could use the position of 
sources on the sky -- even without redshift information 

-- to measure clustering since if sources are close to 
each other in 3-dimensional space -- they will be close 

to each 

Angular Correlation Function



Therefore we can go from the angular correlation 
function to a spatial correlation function, but there’s not 

*if* we know the distribution of galaxies in redshift.

Correlation Functions
Angular Correlation Functions

Correlation properties of galaxies can be determined from their angular 
positions.  The 3D correlation function implies that their angular positions are 
also correlated.  The angular correlation function is the integral of the spatial 

correlation function along the line of sight.  

The probability of finding a galaxy at location %1 on the sky and a galaxy at 
location %2 is 

The relation between w(%) and !(r) is given by the Limber equation.

where DA is the angular diameter distance, and dD = -c dt (physical distance 
along line of  sight). 

This does require that one knows (or has an estimate of) the redshift 
distribution of your sample.

Friday, April 23, 2010

There’s a well-known equation called Limber’s equation 
that relates the angular correlation function w(θ) to the 

spatial correlation function ξ(r)

where DA(z) is the angular diameter distance and p(z) is 
the redshift distribution of the sources.

Angular Correlation Function



Other Techniques for 
Quantifying Clustering

Of course, there are other techniques as well for 
quantifying clustering...  counts in cells, void probability 

functions

Counts In Cell -- Divide the Space into Discrete Grid 
Points “Cells” and Calculate the Variation in the # of 

Sources per Grid Point

Void Probability Function -- Probability of Finding Zero 
Galaxies in a Volume of Radius R



We quantify clustering in terms 
of correlation functions

But we need samples of galaxies to derive 
these correlation functions...  

How do we compile these samples?



How do we compile these samples?

1.  Obtaining multi-colour images of a large 
area of the sky

1I.  Create a catalogue and then select the 
sources over some range of brightness (and 

perhaps using some other criteria)

III.  Measure redshifts for sources (to add 
third dimension)



How do we obtain redshifts for large 
numbers of sources?

(using a fiber)

Why use fibers? Can obtain spectra of > 100s of galaxies 
or stars per field by packing fibers closely



How do we obtain redshifts for large 
numbers of sources?

(using a slit)

C. Porciani! Observational Cosmology! III-10!

Slit spectroscopy!

Opaque plate!

Long, thin slit!
Diffraction 
grating in the 
spectrograph !

The dispersed light is 
imaged on a detector 
(typically a CCD)!

The image of a celestial body is focused on the slit.  The 
diverging beam then reaches a collimator (either a lens 
or a mirror – not shown -). This produces parallel light 
which is then dispersed by a diffraction grating.!

credit: Porciano



How do we obtain redshifts for large 
numbers of sources?

Slit spectroscopy!

•! Why using a slit? To keep out as much as 
background light as possible !

•! How does the output look like? 2D spectrum !

C. Porciani! Observational Cosmology! III-11!

wavelength!

position!position!

(using a slit)

credit: Porciano



C. Porciani! Observational Cosmology! III-12 !

A raw galaxy spectrum !

•! This is the typical output of a spectrograph mounted on a 
telescope. !

•! Can you identify the origin of the different features?!

position!

wavelength!

emission lines from 
rotating source

sky lines: emission lines 
in earth’s atmosphere

continuum line from source

cosmic rays

continuum 
from nearby 

source

credit: Porciano



Typically these two-dimensional spectra are 
converted into one-dimensional spectra 

C. Porciani! Observational Cosmology! III-15!

Spectrum of a galaxy with a faint 
continuum!

1D spectrum                          2D spectrum!

wavelength!

credit: Porciano



C. Porciani! Observational Cosmology! III-14 !

Measuring 
galaxy 

redshifts!

Template spectrum at z=0!

Measure redshifts by comparing with unredshifted 
template spectrum credit: Porciano



C. Porciani! Observational Cosmology! III-24!

Massive redshift surveys 

!! Multifibre technology, digitalization 

and multiobject spectrographs now 

allow us to measure redshift of 

millions of galaxies on a time scale 

of a few years. 

!! Recently completed or ongoing 

surveys: (local) 2dF, SDSS, 6dF   

(high-z) VVDS, DEEP2, zCOSMOS 

credit: Porciano



The Sloan Digital Sky Survey!

•! Over eight years of operation (SDSS I, 2000-2005; SDSS II, 
2005-2008; SDSS III, 2008-2014)!

•! It used a dedicated 2.5m telescope at Apache Point 
Observatory (New Mexico) equipped with 2 special purpose 
instruments: a 120 Mpixel camera imaging 1.5 sq. deg. of the 
sky at a time (8 times the area of the full moon); a pair of 
spectrographs fed by optical fibers (640 objects per pointing)!

•! It obtained deep multi-color images (u,g,r,i,z) covering more 
than a quarter of the sky (8,400 square degrees)!

•! Created 3D maps containing more than 930,000 galaxies and 
more than 120,000 quasars (in 5,700 square degrees)!

C. Porciani! Observational Cosmology! III-25!
credit: Porciano



What science do astronomers do with 
these big surveys?

What can you measure?!

•! Luminosity function and number densities !
•! Group and cluster catalogs (FoF, Voronoi, BCG) !

•! The density field!
•! Reconstruct the linear density field (time machine)!

•! Counts in cells!
•! Measure 2-point, 3-point correlation function !

•! Measure power spectrum, bispectrum !
•! Topological invariants: Minkowski functionals (mean 

genus, void probability function) !

C. Porciani! Observational Cosmology! III-38 !

measure many, many things...

credit: Porciano



However there are a number of important 
complications...



Complication #1: Redshift Distortions



Redshift Space Distortions

Redshift-space distortions!

C. Porciani! Observational Cosmology! III-57!

zcos!

vpec!

zobs !

! 

1+ z
obs

= (1+ z
cos
)(1+

v
r

c
)

vr!

When mapping the three-dimensional 
spatial distribution of galaxies, we 
must cope with the effect peculiar 
velocities have on their apparent 

position:

Peculiar velocity causes galaxies to 
seem to be in different places that 

they really arecredit: Porciano



APPEARANCE

Redshift-space distortions!

C. Porciani!

Observational Cosmology!

III-57!

z
cos ! v

pec !

z
obs !

! 

1+
z
obs = (1+

z
cos )(1+ v

r

c )

v
r !

REALITY

Redshift Space Distortions

For example, let’s say we’re looking at two galaxies which are the same distance 
from us, but one is moving towards us and the other is moving away

Redshift-space distortions!

C. Porciani!

Observational Cosmology!

III-57!

z
cos ! v

pec !

z
obs !

! 

1+
z
obs = (1+

z
cos )(1+ v

r

c )

v
r !

doppler shift changes the apparent position 
of galaxies along line of sight

==> cannot infer exact distribution of galaxies in real space 
(peculiar velocity and distance along line of sight degenerate)



C. Porciani! Observational Cosmology! III-60!

A closer look!

Illustration of Redshift Space Distortions

Real Space Redshift Space

credit: Porciano



Redshift Space Distortions

C. Porciani! Observational Cosmology! III-59!

Redshift distortions!

•! Fingers of God: Radial 
stretching pointing towards 
the observer. They come 
about because of random 
velocities in clusters of 
galaxies!

•! Large overdensities lead to 
a coherent infall motion: 
walls appear denser and 
thicker, voids bigger and 
emptier!

So what sort of effects would 
we expect the peculiar 

velocities of galaxies to have on 
the spatial positioning of 

galaxies?

C. Porciani! Observational Cosmology! III-59!

Redshift distortions!

•! Fingers of God: Radial 
stretching pointing towards 
the observer. They come 
about because of random 
velocities in clusters of 
galaxies!

•! Large overdensities lead to 
a coherent infall motion: 
walls appear denser and 
thicker, voids bigger and 
emptier!

Let’s say we have a group of 
galaxies which are still 

expanding with the Hubble 
flow...   and have not quite 
started to turn around... 

credit: Porciano



Redshift Space Distortions

C. Porciani! Observational Cosmology! III-59!

Redshift distortions!

•! Fingers of God: Radial 
stretching pointing towards 
the observer. They come 
about because of random 
velocities in clusters of 
galaxies!

•! Large overdensities lead to 
a coherent infall motion: 
walls appear denser and 
thicker, voids bigger and 
emptier!

C. Porciani! Observational Cosmology! III-59!

Redshift distortions!

•! Fingers of God: Radial 
stretching pointing towards 
the observer. They come 
about because of random 
velocities in clusters of 
galaxies!

•! Large overdensities lead to 
a coherent infall motion: 
walls appear denser and 
thicker, voids bigger and 
emptier!

What would the appearance of 
this structure appear to be in 

redshift and angular space?   It is 
shown to the right.

Gravity has slowed Hubble flow 
slightly....  This is why compressed in 

redshift space...

credit: Porciano



Redshift Space Distortions

What about a little later on in 
the evolution of a structure 

when it starts to turn around 
(from gravity)?

C. Porciani! Observational Cosmology! III-59!

Redshift distortions!

•! Fingers of God: Radial 
stretching pointing towards 
the observer. They come 
about because of random 
velocities in clusters of 
galaxies!

•! Large overdensities lead to 
a coherent infall motion: 
walls appear denser and 
thicker, voids bigger and 
emptier!

C. Porciani! Observational Cosmology! III-59!

Redshift distortions!

•! Fingers of God: Radial 
stretching pointing towards 
the observer. They come 
about because of random 
velocities in clusters of 
galaxies!

•! Large overdensities lead to 
a coherent infall motion: 
walls appear denser and 
thicker, voids bigger and 
emptier!

Doppler shift cancels cosmological 
redshift

credit: Porciano



Redshift Space Distortions

And a little later on in the 
evolution when the structure 

has collapsed?

C. Porciani! Observational Cosmology! III-59!

Redshift distortions!

•! Fingers of God: Radial 
stretching pointing towards 
the observer. They come 
about because of random 
velocities in clusters of 
galaxies!

•! Large overdensities lead to 
a coherent infall motion: 
walls appear denser and 
thicker, voids bigger and 
emptier!

C. Porciani! Observational Cosmology! III-59!

Redshift distortions!

•! Fingers of God: Radial 
stretching pointing towards 
the observer. They come 
about because of random 
velocities in clusters of 
galaxies!

•! Large overdensities lead to 
a coherent infall motion: 
walls appear denser and 
thicker, voids bigger and 
emptier!

This apparent structure is called 
a finger of God...   and is evident 

whenever one has a galaxy 
cluster

This finger of God is due to the 
substantial speeds with galaxies 

within clusters move around
(often ~700-1000 km/s)

credit: Porciano



Redshift Space Distortions

C. Porciani! Observational Cosmology! III-59 !

Redshift distortions!

•! Fingers of God: Radial 
stretching pointing towards 
the observer. They come 
about because of random 
velocities in clusters of 
galaxies!

•! Large overdensities lead to 
a coherent infall motion: 
walls appear denser and 
thicker, voids bigger and 
emptier! credit: Porciano



Redshift Space Distortions
Typically, one looks at the 

spatial positioning of galaxies 
in this angle - redshift space as 

shown to the right:

σ is the apparent position of 
the galaxy in physical space 

based on the observed angle  

π is the apparent position of 
the galaxy in physical space 

based on the observed redshift 
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AS 4022  Cosmology

Redshift Distortions
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Redshift Space Distortions
Why is this distribution not 

circularly symmetric?

The flattening along the π 
(redshift) direction is due to 
galaxies on the near and far 

sides of an overdensity falling 
back towards that overdensity

Infall velocity squashes π
“Kaiser effect”
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Redshift Space Distortions
Why is this distribution not 

circularly symmetric?

Fingers of God results from 
the high internal motions 

within massive cluster type 
regions of universe

V ~ (GM/r)1/2

AS 4022  Cosmology

Redshift Distortions
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Redshift Space Distortions
From the Kaiser effect, it is 
actually possible to learn 
about the total amount of 
dark matter in universe

AS 4022  Cosmology

Kaiser Effect

! 

" #
$

M

0.6

b
= 0.43± 0.07

b  =  bias parameter  > 1

&p = dispersion of

galaxy peculiar

velocities.

Flattening vs size of  & ' "  contours

Basically this is because a 
higher dark matter mass 

density means that galaxies 
will be falling faster towards 

each other

The predicted two point 
correlation function -- shown 
in the previous plots -- can be 
shown to be dependent on a 

parameter known as β

(equivalent to ΩM = 0.24±0.07)



In a previous lecture, I discussed deriving this based on
a velocity flow model of local universe

Looking at Kaiser effect is just another way of getting at 
the dark matter content of universe

There, the dark matter content was inferred by looking at 
the overall convergence in the velocity flow (i.e., the 

strength of the “attractors” in flow provide measure of 
the total mass density in universe)



Inferences for the dark matter 
content from velocity flows

One can also use the peculiar velocities 
(bulk flows) of galaxies in the nearby 

universe to estimate the amount of dark 
matter in the universe

This is because the peculiar velocities are 
set by the matter within the universe -- 

which causes galaxies to fall towards each 
other.

∇⋄v = −ΩM0.6 δM

An approximate equation to describe this 
is the following:

gravitational massconvergence points 
for fluid flow

Velocity flow model in the nearby 
universe

lecture on dark matter



Galaxy Bias 
(how well do galaxies trace the underlying perturbations 

in the matter?)

Complication #2



Galaxy Bias

-- The galaxies we observe do not perfectly trace the 
underlying mass distribution in the universe (i.e., light does not 

trace mass)

-- Expect galaxies to be found preferentially in the most 
prominent high-mass peaks

The Power Spectrum

Determination of the Power Spectrum

The bias is statistical in nature.  In a Volume V we will measure N = n V 
galaxies whereas the expectation value is N = n V, therefore:

where "V is the density contrast of matter averaged over V.

Galaxies for 
above this line

Fluctuations in 
DM

Friday, April 23, 2010

mass/density 
threshold

spatial positoncredit: Papovich



Galaxy Bias
-- Express fluctuations in the number of observed galaxies in 

terms of fluctuations in the mass density times biasing 
factor:

The Power Spectrum

Determination of the Power Spectrum

The bias is statistical in nature.  In a Volume V we will measure N = n V 
galaxies whereas the expectation value is N = n V, therefore:

where "V is the density contrast of matter averaged over V.

Galaxies for 
above this line

Fluctuations in 
DM

Friday, April 23, 2010

The Power Spectrum

Determination of the Power Spectrum

How well does the distribution of galaxies trace the distribution of dark 
matter ? (They are not the same thing.)  

If galaxies trace dark matter fairly, then no problem.  

However, details of galaxy formation are sufficiently unknown that we can 
not answer this question a priori (e.g., is there some threshold in the local 
dark-matter density below which formation of “stars” in galaxies does not 

occur or is strongly suppressed ?).

We connect dark matter to galaxies by the linear bias factor, b.

where (n = n - n is the deviation of the local number density of galaxies 
from their average density.

The bias factor is the ratio of the relative overdensities in galaxies to the 
overdensities of dark matter.  (It’s linear because of the ansatz that "g=b").

Friday, April 23, 2010

(linear bias, in general, 
more complicated)

In general, bias b >= 1

credit: Papovich



We’re discussed how to measure 
the matter power spectrum from 

the correlation function

After coping with the above effects, we can 
measure the matter power spectrum

We’re also discussed two complications 
in recovering the matter power 

spectrum from the correlation function

1.  Redshift Space Distortions
2.  Galaxy Biasing



What does an extracted power 
spectrum look like?

The Power Spectrum

Measurements of (2 = k3 P(k) (( is 
dimensionless).

Models of (2 = k3 P(k) for a 
range of & = 'm h = 0.5 to 0.2 

(top to bottom).

Peacock & Dodds (1994, MNRAS, 267, 1020)

Friday, April 23, 2010

Measurements of Δ2 
= k3 P(k)

Correlation Function and Power Spectrum

• Given the overdensity field

• Its Fourier transform is

• Its inverse transform is

    where            is the wave number

• The power spectrum is

• Then

Correlation function and power spectrum are a Fourier pair
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An Example from Las Campanas Redshift Survey

Correlation function is easier to evaluate, but power spectrum is what

we need to compare with the theory.  Typically normalized by using

the r.m.s. of density fluc’s in spheres of 8 Mpc radius, *8

The

Observed

Power

Spectrum

(Tegmark et al.)

Are the Baryonic Oscillations Seen in the CMBR

Detected in the Very Large Scale Structure?

Probably …

2dF (Percival et al.) SDSS (Eisenstein et al.)

Is the Power Spectrum

Enough? These two images have

identical power spectra

(by construction)

The power spectrum alone does not

capture the phase information: the

coherence of cosmic structures

(voids, walls, filaments …)

Cluster-Cluster Clustering

Richness

(from N. Bahcall)

Clusters are clustered

more strongly than

individual galaxies,

and rich ones more

than the poor ones

Field galaxies "

Differs from the matter 
power spectrum shown 
earlier due to k3 term 



What does the power spectrum teach us about the 
cosmological parameters? 

The Power Spectrum

Measurements of (2 = k3 P(k) from 2dFGRS 
and models.  Gave &~0.2.

Confidence regions in 'mh-'b/'m 
plane.  It is bimodal, but the upper 
region is incompatible with other 

cosmological measurements.

Peacock 2003, astro-ph/0309240 and Peacock 2001, astro-ph/0105450.

Friday, April 23, 2010

Compare observed power spectrum with that found in simulations

1 Mpc

The Power Spectrum

Measurements of (2 = k3 P(k) from 2dFGRS 
and models.  Gave &~0.2.

Confidence regions in 'mh-'b/'m 
plane.  It is bimodal, but the upper 
region is incompatible with other 

cosmological measurements.

Peacock 2003, astro-ph/0309240 and Peacock 2001, astro-ph/0105450.

Friday, April 23, 2010

Biggest constraint 
is on Ωm h

due to its role in 
determining time 

of matter-
radiation equality

also can constrain 
Ωb



Implications for Cosmological Parameters

Can use comparison to constrain cosmological parameters!
The Power Spectrum

Measurements of (2 = k3 P(k) from 2dFGRS 
and models.  Gave &~0.2.

Confidence regions in 'mh-'b/'m 
plane.  It is bimodal, but the upper 
region is incompatible with other 

cosmological measurements.

Peacock 2003, astro-ph/0309240 and Peacock 2001, astro-ph/0105450.

Friday, April 23, 2010

Allowed solutions 
are bimodal, but we 
can eliminate one of 
solutions using other 

constraints

Ωmh = 0.2 
⇒ Ωm = 0.3

Ωb = 0.04

Yet another constraint 
on the baryonic density 

of universe!

The Power Spectrum

Measurements of (2 = k3 P(k) from 2dFGRS 
and models.  Gave &~0.2.

Confidence regions in 'mh-'b/'m 
plane.  It is bimodal, but the upper 
region is incompatible with other 

cosmological measurements.

Peacock 2003, astro-ph/0309240 and Peacock 2001, astro-ph/0105450.

Friday, April 23, 2010



How do we normalize the power 
spectrum?

We parameterize this using the σ8 parameter



While deriving correlation function and Power 
spectrum from galaxy survey, one thing we are 

particularly interested in is the normalization of the 
power spectrum

The Power Spectrum

We therefore have an equation for the evolution of the Power Spectrum:

The Initial Power Spectrum

where the constant A is the overall normalization -- it can *not* be determined 
from theory but must be fixed by measurements of the power spectrum.  

The initial power spectrum is:

Friday, April 23, 2010

(related to the A parameter here)

Size of density fluctuations in a volume really 
defines the amplitude of power spectrum

This is defined using this parameter σ8 (intended 
to represent the root-mean-squared fluctuations 

in a 8 h-1Mpc volume):

The Power Spectrum

Normalizing the Power Spectrum

Recall that must derive the normalization of the power spectrum empirically.

A convenient way to parameterize the normalization is quantifying the variance 
of fluctuation amplitudes in spheres of R = 8h-1 Mpc radii.  In the nearby 

Universe, this has been measured from galaxies to be:

Accordingly this is the dispersion of the dark matter density contrast averaged over 
spheres of radius R=8 h-1 Mpc, 

these are related by the bias factor using our previous relations

Friday, April 23, 2010

(8 h-1 Mpc was chosen 
because appeared close to 1)

(ns = 1)



What effect do baryons have 
on the matter power 

spectrum?



Just like in the CMB, baryons 
impart acoustic oscillations
on matter power spectrum 

Observational Cosmology Lecture 3 (K. Basu):  CMB spectrum and anisotropies

Power spectrum

32

Acoustic
peaks

Damping
tail

Sachs-Wolfe
plateau

The Power Spectrum

The Transfer Function. 

Friday, April 23, 2010

Has small acoustic 
oscillations in the 

matter power spectrum

Matter Power SpectrumCMB Power Spectrum



Figure 10: Acoustic oscillations in the radiation-baryon fluid imprint a pattern of har-
monics in the Fourier spectrum of both CMB and density fluctuations (e.g. Meiksin,
White & Peacock 1999). In the latter case for which the ratio of the power spectrum to
that of a model with zero baryon content is plotted in the lower panel, the effect is much
smaller, because the dominant dark matter has no intrinsic oscillations. Nevertheless,
features corresponding to the same physical effect can be picked out at low and high
redshift, opening the way to a relatively clean geometrical tool in cosmology.

41

Here are the CMB and matter power spectrum overlaid 
one over top of the other

after dividing out overall shape

matter power spectrum

This makes the acoustic peaks more obvious

CMB and LSS peaks 
are out of phase

Acoustic peaks in 
CMB are much more 

prominent

note k = 2π/length (a wavenumber)

Meiksin et al. 1999



But where do these acoustic 
peaks come from?

Between z = 3500 (when universe became matter dominated) and 
z = 1080 (photons and baryons decoupled):

Perturbations in baryonic material cannot grow (being coupled 
to radiation) and will just oscillate

baryonic material ⇒ no growth

Perturbations in dark material can grow (not being coupled to 
the radiation)

dark matter ⇒ growth

As a result, perturbations in dark matter get a head start



But where do these acoustic 
peaks come from?

04.2.26 Chris Pearson :   Observational Cosmology 3: Structure Formation - ISAS -2004

15

STRUCTURE FORMATION

3.3: Structure Formation in a Dark Matter Universe3.3: Structure Formation in a Dark Matter Universe
Growth of Perturbations in an expanding universe

! 

" # A t
2 / 3
#R(t)#

1

(1+ z)
, " <<1Density fluctuations in a flat, matter dominated Universe grow as

• !<<1  # linear regime

• !~1  # non-linear regime # Require N-body simulations

• Baryonic Matter fluctuations can only have grown by a factor (1+zdec) ~ 1000 by today
•  for !~1 today require !~0.001 at recombination

• !~0.001 # !+/+ ~0.001 at recombination
• But CMB # !+/+ ,10$5 !!!

DARK

MATTER

DARK

MATTER

Dark Matter Condenses at earlier time

 Matter then falls into DM gravitational wells

• MATTER PERTURBATIONS DON’T HAVE TIME TO GROW IN A BARYON DOMINATED UNIVERSE

matter-radiation 
equality

decoupling

here’s an illustration (notice difference between dark matter and baryonic matter)

credit: Pearson



But where do these acoustic 
peaks come from?

04.2.26 Chris Pearson :   Observational Cosmology 3: Structure Formation - ISAS -2004

15

STRUCTURE FORMATION

3.3: Structure Formation in a Dark Matter Universe3.3: Structure Formation in a Dark Matter Universe
Growth of Perturbations in an expanding universe

! 

" # A t
2 / 3
#R(t)#

1

(1+ z)
, " <<1Density fluctuations in a flat, matter dominated Universe grow as

• !<<1  # linear regime

• !~1  # non-linear regime # Require N-body simulations

• Baryonic Matter fluctuations can only have grown by a factor (1+zdec) ~ 1000 by today
•  for !~1 today require !~0.001 at recombination

• !~0.001 # !+/+ ~0.001 at recombination
• But CMB # !+/+ ,10$5 !!!

DARK

MATTER

DARK

MATTER

Dark Matter Condenses at earlier time

 Matter then falls into DM gravitational wells

• MATTER PERTURBATIONS DON’T HAVE TIME TO GROW IN A BARYON DOMINATED UNIVERSE

matter-radiation 
equality decoupling

here’s an illustration (notice difference between dark matter and baryonic matter)

Before decoupling, 
perturbations in dark matter are 
able to grow, but perturbations 

in baryons are not.

After decoupling, baryons 
fall into overdensities from 

dark matter.

But, in doing so, they affect the 
dark matter; they add the 

oscillatory ringing structure to 
larger perturbations defined by 

dark matter 



Why do we care about these 
small oscillations in matter 
power spectrum caused by 

baryons?



These oscillations cause there to be 
preferential structure at a certain 

comoving physical scale!

It provides us with a standard rod again 
that we can use to learn about the 

universe!

C. Porciani! Observational Cosmology! III-108!

 The ideal standard ruler!

•! We need to be able to measure the 
ruler over much of the volume of the 
universe!

•! We need to be able to make ultra-
precise measurements of the ruler (1% 
accuracy to get 5% accuracy in the 
equation of state for dark energy)!

•! Answer: baryonic acoustic oscillations !

L 

d 

&'



We can therefore do a galaxy survey at 
any epoch or redshift, measure the power 
spectrum, and look for the acoustic peak 

from baryons! 

It will define same comoving 
scale at all epochs! 



C. Porciani! Observational Cosmology! III-111 !

BAOs: a Green function approach!

imagine we have a 
overdensity here at 

time t = 0
dark matter will 
fall towards it

but baryons and 
radiation will 

bounce



C. Porciani! Observational Cosmology! III-112 !

BAOs: a Green function approach!



C. Porciani! Observational Cosmology! III-113!

BAOs: a Green function approach!



C. Porciani! Observational Cosmology! III-114!

BAOs: a Green function approach!



C. Porciani! Observational Cosmology! III-115!

BAOs: a Green function approach!

Sound horizon 

at matter-

radiation 

decoupling 

this bump is at 
150 Mpc!

C. Porciani! Observational Cosmology! III-119!

Baryonic oscillations!



By measuring the correlation function for 
a galaxy survey we can look for this bump 

(from baryon acoustic oscillations)

C. Porciani! Observational Cosmology! III-120 !

Measuring BAO from LSS!
THE BAO IN THE GALAXY DISTRIBUTION AT Z~0 WERE FIRST DETECTED 
IN THE 2DFGRS AND SDSS GALAXY REDSHIFT SURVEYS...!

SDSS!

GALAXY!
CORRELATION !

FUNCTION!

2DFGRS!

GALAXY!
POWER !

SPECTRUM!

2DFGRS: COLE ET AL. (2005)!SDSS: EISENSTEIN ET AL. (2005)!

First Measurements



More recent State-of-the-art measurements 
of the baryonic acoustic oscillations

C. Porciani! Observational Cosmology! III-122!

Current state 
of the art !

" ! BAO detected 
with 99.74% 
confidence in 
combined sample 
using all of 2dfgrs 
+ sdss Main + 
SDSS LRGs!

" ! Combined with 
WMAP this gives 
)m= 0.256 ± 0.027 
(68% CL) !

PERCIVAL ET AL. (2007)!

Detected at 
99.74% 

confidence!

Ωm = 0.256 ± 0.027

Allows us to examine same 
basic standard rod at both z 
= 0.35 and z = 1100 (CMB)



Now the BAO technique has been used out 
to z>~0.6...

Results of BOSS survey at z~0.55

Anderson+2013



The Baryon Acoustic Oscillation Method can be used to look for 
structure in the plane of the sky, but also along the line of sight

Observables of interest for constraining the 
cosmology: DA(z), H(z)

θ DA(z)

c(Δz)/H(z)

telescope

Distances along 
line of sight 

constrain H(z)

Distances in 
plane of the sky 
constrain DA(z)

Alcock-Paczynski 
constraints

both length scales 
must be the same



BAO have also been used to constrain H(z)...
amazing out to z~2.3...

Power spectrum measured for absorption lines 
from gas at z~2.3 in z~2.5 quasars

Busca+2013

N.G. Busca et al.: BAO in the Lyα forest of BOSS quasars
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Fig. 21. Measurements ofH(z)/(1+z) vs z demonstrating the ac-
celeration of the expansion for z < 0.8 and deceleration for z >
0.8. The BAO-based measurements are the filled circles: [this
work: red], [Xu et al. (2012): black] [Chuang & Wang (2012):
blue], [Reid et al. (2012), cyan], and [Blake et al. (2012): green].
The open green circles are from WiggleZ (Blake et al., 2011b)
Alcock-Paczynski data combined with supernova data yielding
H(z)/H0 (without the flatness assumption) plotted here assuming
H0 = 70km s−1Mpc−1. The open blue circle is the H0 measure-
ment of Riess et al. (2011). The open black squares with dashed
error bars show the results of Riess et al. (2007) which were de-
rived by differentiating the SNIa Hubble diagram and assuming
spatial flatness. (For visual clarity, the Riess et al. (2007) point
at z = 0.43 has been shifted to z = 0.48.) The line is the ΛCDM
prediction for (h,ΩM,ΩΛ) = (0.7, 0.27, 0, 73).

BOSS continues to acquire data and will eventually produce
a quasar sample three times larger than DR9. We can thus ex-
pect improved precision in our measurements of distances and
expansion rates, leading to improved constraints on cosmologi-
cal parameters. The Lyα forest may well be the most practical
method for obtaining precise DA(z) and H(z) measurements at
z > 2, thanks to the large number of independent density mea-
surements per quasar. It is reassuring that the first sample large
enough to yield a detection of BAO produces a signal in good
agreement with expectations. In the context of BAO dark energy
constraints, high redshift measurements are especially valuable
for breaking the degeneracy between curvature and the equation
of state history More generally, however, by probing an epoch
largely inaccessible to other methods, BAO in the Lyα forest
have the potential to reveal surprises, which could provide criti-
cal insights into the origin of cosmic acceleration.
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Appendix A: Mock quasar spectra
We have produced mock spectra in order to tune the analysis
procedure and to study statistical uncertainties and systematic
effects in the measured correlation function.

In some galaxy clustering studies (e.g. Anderson et al.
(2012)) the covariance matrix of the measured correlation func-
tion is obtained from mock data sets. In this case, it is crucial to
have very realistic mocks with the right statistics.

In order to do so, we would need to generate several realiza-
tions of hydrodynamical simulations, with a large enough box
to cover the whole survey (several Gpc3) and at the same time
have a good enough resolution to resolve the Jeans mass of the
gas (tenths of kpc). This type of simulations are not possible to
generate with current technology, but luckily in this study the
covariance matrix is obtained from the data itself, and the mock
data sets are only used to test our analysis and to study possible
systematic effects.

In the last few years there have been several methods pro-
posed to generate simplified mock Lyman-α surveys by com-
bining Gaussian fields and nonlinear transformations of the
field (Le Goff et al., 2011; Greig et al., 2011; Font-Ribera et al.,
2012a). In this study we used a set of mocks generated using
the process described in Font-Ribera et al. (2012a), the same
method used in the first publication of the Lyman-α correlation
function from BOSS (Slosar et al., 2011).

The mock quasars were generated at the angular positions
and redshifts of the BOSS quasars. The unabsorbed spectra
(continua) of the quasars were generated using the Principal
Component Analysis (PCA) eigenspectra of Suzuki et al.
(2005), with amplitudes for each eigenspectrum randomly drawn
from Gaussian distributions with sigma equal to the correspond-
ing eigenvalues as published in Suzuki (2006) table 1. A detailed
description will be provided by Bailey et al. (in preparation), ac-
companying a public release of the mock catalogs.

We generated the field of transmitted flux fraction, F, that
have a ΛCDM power spectrum with the fiducial parameters

(ΩM,ΩΛ,Ωbh2, h,σ8, ns)fid

= (0.27, 0.73, 0.0227, 0.7, 0.8, 0.97) (A.1)

where h = H0/100 km s−1Mpc−1. These values produce a fidu-
cial sound horizon of

rs, f id = 152.76 Mpc . (A.2)

Here, we use the parametrized fitting formula introduced by
McDonald (2003) to fit the results of the power spectrum from
several numerical simulations,

PF(k, µk) = b2
δ(1 + βµ

2
k)

2PL(k)DF(k, µk) , (A.3)

where µk = k‖/k is the cosine of the angle between k and the
line of sight, bδ is the density bias parameter, β is the redshift
distortion parameter, PL(k) is the linear matter power spectrum,
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Fig. 9. Monopole (upper panel) and quadrupole (middle panel)
correlation functions found by method 1 (red) and method 2
(black). The bottom panel shows the combination ξ0 + 0.1ξ2
found by method 1 (red) and method 2 (black).

The average denoted by 〈 〉 is the simple average over sec-
tors, while ξ#(r) denotes the correlation function measured for
the whole BOSS sample. The Ws(r) are the summed pixel-pair
weights for the radial bin r for the sector s andW(r) is the same
sum for the whole BOSS sample.

The most important terms in the covariance matrix are the
r = r′ terms, i.e. the monopole and quadrupole variances. They
are shown in figure 10 as a function of r. In the figure, they are
multiplied by the number N of pixel pairs in the r-bin. The prod-
uct is nearly independent of r, as expected for a variance nearly
equal to the pixel variance divided by N. For the monopole, the

variances are only about 30% higher than what one would cal-
culate naively assuming uncorrelated pixels and equation (12).
Figure 10 also displays the monopole-quadrupole covariance
times number of pairs, which also is nearly independent of r.

Figure 11 displays the monopole-monopole and quadrupole-
quadrupole covariances. Nearest-neighbor covariances are of or-
der 20%. Figure 11 also shows monopole-quadrupole covari-
ance.

We used the 15 sets of mock spectra to test our method for
calculating the covariance matrix. From the 15 measurements
of ξ#(r) one can calculate the average values of ξ#(r)ξ#′ (r′) and
compare them with those expected from the covariance ma-
trix. Figures 12 shows this comparison for the monopole and
quadrupole variance, the monopole and quadrupole covariances
between neighboring r-bins and the monopole-quadrupole co-
variance. The agreement is satisfactory.

4.2. Detection significance of the BAO peak

In this section, we estimate the significance of our detection of a
BAO peak at 105 h−1Mpc. At the statistical power of the present
data, it is clear that the peak significance will depend to some
extent on how we treat the so-called “broadband” correlation
function on which the peak is superimposed. In particular, the
significance will depend strongly on the r-range over which the
correlation functions are fitted. To the extent that the BAO peak
is known to be present in the matter correlation function and that
the Lyα absorption is known to trace matter, the actual signif-
icance is of limited interest for cosmology. Of greater interest
is the uncertainty in the derived cosmological parameter con-
straints (section 5) which will be non-linear reflections of the
peak significance derived here.

A detection of the BAO peak requires comparing the quality
of a fit with no peak (the null hypothesis) to that of a fit with a
peak. Typically, this exercise would be performed by choosing
a test statistic, such as the χ2, computing the distribution of this
quality indicator from a large number of peak-less simulations
and looking at the consistency of the data with this distribution.
Since our mock data sets are quite computationally expensive
and only a handful are available, we chose a different approach.

Our detection approach uses the following expression to fit
the observed monopole and quadrupole.

ξ#(r) = B#ξBB# (r) +C#ξ
peak
#
(r) + A#ξdist# (r) (19)

where ξBB# is a broadband term to describe the LSS correlation
function in the absence of a peak, ξpeak

#
is a peak term, and ξdist

#
is

a “distortion” term used to model the effects of continuum sub-
traction. The broadband term is derived from the fiducialΛCDM
cosmology defined by the parameters in equation (A.1). It is ob-
tained by fitting the shape of the fiducial correlation function
with an 8-node spline function masking the region of the peak
(80 h−1Mpc < r < 120 h−1Mpc). The peak term is the difference
between the theoretical correlation function and the broadband
term. Finally, the distortion term is calculated from simulations,
as the difference in the monopole or quadrupole measured using
the true continuum and that measured from fitting the continuum
as described in appendix A. The three components are shown in
figure 13.

Expression (19) contains three parameters each for the
monopole and quadrupole (so six in total). We have performed
fits leaving all six parameters free and fits where we fix the ra-
tio C2/C0 to be equal to its nominal value used to generate our
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Constraints on the evolution of the 
Hubble parameter to z~2.3



Baryonic Acoustic Oscillations are one of 
the four main techniques being used for 

dark energy experiments at present.

The other three are the following:

1.  Galaxy Clusters
2.   Cosmic Shear

3.  Supernovae Ia Search Experiments



Enigma of Dark Energy

Already up to this point in the course, you have already 
seen many different pieces of evidence for some form of 

dark energy, which we have expressed as ΩΛ > 0

There is an overwhelming amount of evidence for its 
existence

→ SNe Search Experiments
Observed SNe in distant galaxies are observed to be fainter than they would 

otherwise be without dark energy

→ Late Integrated Sachs-Wolfe Effect
Dark Energy Affects the Differential Redshifting of CMB photons as they move in 

and out of gravitational potential.   By cross correlating known galaxy clusters with 
CMB, we can observe this effect.

→ First Acoustic Peak of CMB Implies Universe is Flat, while 
other evidence indicates ΩM ~ 0.3 (Large Scale Flows, Kaiser 
Effect, Ratio of Baryons and Total Matter in Galaxy Clusters, 

Large Scale Structure, Baryon Acoustic Oscillations) 



Enigma of Dark Energy

As you all know, a key component of universe is dark 
energy.   Very roughly, it exerts a repulsive force on the 

space fabric -- increasing its acceleration.

There is an overwhelming amount of evidence for its 
existence

However, its nature remains an enigma



Enigma of Dark Energy

Einstein's Cosmological Constant
•! Simplest but perhaps most troubling explanation:
! Einstein blundered into fundamental property of universe
•! Constant energy density, hence increasing net energy as
! universe expands consistent with data
•! Quantum mechanics allows/predicts such phenomena 
! in the form vacuum energy: empty space is alive
! with virtual particles 

•! Naive prediction is 10120 times too big and more sophisticated
! models still 1060 off

→ Possibly more natural to explain dark energy as a scalar field that 
evolves with cosmic time...

Credit Hu



Enigma of Dark Energy

As a result of there is a lot of interest in exploring forms of dark 
energy that are not constant, but evolve with cosmic time 
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VI. A Dark Energy Primer 

 
 
In General Relativity (GR), the growth of the Universe is described by a scale factor a(t), 
defined so that at the present time t0, a(t0) = 1.  The time evolution of the expansion in 
GR obeys 
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where P and 
 are the mean pressure and density of the contents of the Universe, and � is 
the cosmological constant proposed and then discarded by Einstein.  Remarkably, several 
lines of evidence (described below) confirm that at the present time, 0a 
�� . This 
acceleration immediately implies that either 

1. The Universe is dominated by some particle or field (dark energy) that has 
negative pressure, in particular 1/ 3;w P 
	 � � or 

2. There is in fact a non-zero cosmological constant; or 
3. The theoretical basis for this equation, GR or the standard cosmological model, is 

incorrect. 
Any of these three explanations would require fundamental revision to the underpinning 
theories of physics.  It is of great interest to determine which of these three explanations 
is correct. 
 
The Observable Consequences of Dark Energy 
 
Within the context of GR, a convenient expression of the equation for the expansion is 
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where k is the curvature.  The value of H today, H�, is the Hubble constant, 72�8 km s-1 
Mpc-1.  From these two equations it follows that 
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which holds separately for each contributor to the energy density.  For non-relativistic 
matter, P/
  is of order (v/c)2, and can be ignored, and the equation becomes 
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m /a) and 
m 	�
m0 /a3, where 
m0 is the density of non-relativistic matter 
today.  More generally, if w 	�P/
 is constant, then   
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This implies that

> 0

Quote from Dark Energy Task Force



Enigma of Dark Energy

In order to ascertain the form of dark energy, we parameterize 
its effects in terms as the w parameter:

P = wρc2

Typically take c = 1

There are a few important cases:

R. Fassbender: Introduction to Observational Cosmology I – WS09/10 11

Generalized Dark Energy ModelsGeneralized Dark Energy Models

the current z=0 energy density is given by: 

the phenomenological nature of Dark Energy is classified by the
equation-of-state parameter w (L8): 

with redshift scaling (1+z)3(1+w)

(1+z)-1 for w=-4/3

(1+z)+1 for w=-2/3

Constant

redshift scaling     
of DE density

later

earlier

z<1

dynamical 
significance

w<-1Phantom Energy

1-<w<-1/3Quintessence

-1Cosmological Constant !

wType
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The Dark Energy Parameter Plane The Dark Energy Parameter Plane 
for flat geometriesfor flat geometries

Source: Schuecker et al. 2003
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Enigma of Dark Energy

In the case of quintessence or phantom energy (w < -1 or w > 
-1), the dark energy density evolves with cosmic time.
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Evolution of the Density of Dark Energy 

For  w = -1  the density is constant."

multiply by da/dt
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Evolution of the Density of Dark Energy 

For  w = -1  the density is constant."

How does it evolve?
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Evolution of the Density of Dark Energy 

For  w = -1  the density is constant."

w = P/ρFriedmann’s equations:
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Evolution of the Density of Dark Energy 

For  w = -1  the density is constant."

differentiate 
with respect 

to time



Enigma of Dark Energy

Given this evolution in the energy density of dark energy, the 
second Friedmann equation can be rewritten as follows:
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The term 
X represents the cosmological constant if w 	���.  Otherwise, it represents 
dark energy with constant w.  This generalizes easily for non-constant w with the 
replacement 
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The quantity 
k describes the current curvature of the universe.  For 
k < 0, the Universe 
is closed and finite; for 
k > 0 the Universe is open and potentially infinite; while for 
k 
= 0 the geometry of the Universe is Euclidean (flat).   
 
The cosmic microwave background radiation (CMB) gives very good constraints on the 
matter and radiation densities 
mH0

2 and 
rH0
2, so it appears one could determine the 

time history of the dark-energy density, modulo some uncertainty due to curvature,  if 
one could accurately measure the expansion history H(a).  When a distant astronomical 
source is observed, it is straightforward to determine the scale factor a at the time of 
emission of the light, since all photon wavelengths stretch during the expansion; this is 
quantified by the redshift z, with (1+z) = a��.  The derivative a�  is more difficult, 
however, since time is not directly observable.  Most cosmological observations instead 
quantify the distance to a given source at redshift z, which is closely related to the 
expansion history since a photon on a radial path must satisfy 
 

2
2 2 2

2
0.

1

drds dt a
kr

	 � 	
�

 

 
This implies that the distance to a source at redshift z, defined as D(z), is given by 

 

Based on the above equation, we can derive all the standard 
formulas for the distances, evolution of the Hubble constant, 

growth factors, etc., but let us before doing this, let us consider 
another case first.



Time Varying Dark Energy

the most generic model for Dark Energy allows for a time variation in the 
equation of state parameter: w = w(z)

           common parameterizations: w(z) = w0 + w1 z                      
                                                    w(z) = w0 + wa(1-a) = w0 + wa z/(1+z)
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This implies that the distance to a source at redshift z, defined as D(z), is given by 

 

For this parameterization, we can rewrite the a-3(1+w) factor in the 
second term of the Friedmann equation in the following manner:
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for a time-independent w(a), 
this just reduces to a-3(1+w)
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FIGURE 1. Left panel (a): Evolution of the scale factor vs. time for four cosmological models: three
matter-dominated models with Ω0 = Ωm = 0,1,5, and one with ΩΛ = 0.75,Ωm = 0.25. Right panel (b):
Evolution of radiation, matter, and dark energy densities with redshift. For dark energy, the band represents
w= −1±0.2. From Frieman et al. [13].

of the vacuum can be read off from the stress-tensor as pvac =−ρvac =Λ/8πG, so it acts
as a fluid with equation of state parameter w= −1, as needed to explain acceleration. In
aΛ-dominated model, the expansion is asymptotically exponential, a(t)∼ exp(

√

Λ/3t).
The one fly in the ointment is that the required energy density for cosmic acceleration is
of order ρvac # (0.003 eV)4, while estimates of the vacuum energy density of quantum
fields are at least 60 to 120 orders of magnitude larger. This embarrassing discrepancy,
which predates and is logically separate from but is brought into focus by cosmic
acceleration, is known as the cosmological constant problem.

While the discovery of cosmic acceleration is often portrayed as a surprise, in fact
it fit neatly into a pre-existing theoretical and observational framework that had been
solidifying throughout the 1990’s. There were several elements of this framework:
(1) the theory of primordial inflation [20] predicted a flat Universe, Ω0 = 1, while
observations of dark matter were pointing with increasing accuracy to Ωm # 0.25, so
a component of “missing energy” with ΩME # 0.75 was needed to reconcile the two;
(2) such a missing energy component must be smoothly distributed and would therefore
inhibit the growth of large-scale structure—it must therefore have come to dominate over
non-relativistic matter at recent cosmic epochs, which means it must have a sufficiently
negative equation of state parameter,w≤−0.5; (3) the model of structure formation with
cold dark matter and a cosmological constant, ΛCDM, in combination with primordial
perturbations from inflation, had been found to be in good agreement with observations
of the large-scale clustering of galaxies, e.g., as observed in the APM survey [21]; (4)
estimates of globular cluster ages, in combination with Hubble parameter measurements,
indicated that H0t0 = (H0/70 km/s/Mpc)(t0/14 Gyr) # 1 or larger, which requires
an epoch during which a(t) grows as fast or faster than t, i.e., accelerated expansion
(see Fig. 1a). As a result of this combination of factors, by the mid-1990’s, a model

How does the energy density in dark energy 
evolve relative to other components of 

universe for these more generic models?



R. Fassbender: Introduction to Observational Cosmology I – WS09/10 13

Time Varying Dark EnergyTime Varying Dark Energy

the most general model for Dark Energy also allows a time variation of the
equation-of-state paramter: w=w(z) 

common parameterizations: w(z)=w0+w1!z
w(z)= w0+ wa(1-a) = w0+wa!z/(1+z)

the generalized redshift scaling factor is then given by:

this expression is now valid for all types of (exotic) Dark Energy models
for any form of w(z) 
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The Evolution Function The Evolution Function E(zE(z))
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for flat and open geometries, E(z) is a monotonic function of z 

How does this change the behavior of quantities we calculated 
before?

Evolution Function E(z)
H(z) = H0 E(z)

Credit: Fassbender 
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Cosmic Distance Measurements (L6)Cosmic Distance Measurements (L6)

Comoving Distance : 

flat geometry
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• cosmic distances are proportional to the integral  over 1/E(z), i.e. the area under this
function out to redshift z

• higher expansion rates in the past, i.e. larger values for the evolution function E(z), 
translate into shorter cosmic distances D(z) [for flat geometries]

• the larger the influence of Dark Energy, the larger the cosmic distances

EdS
[1.0,0,0]

OCDM
[0.3,0,0]

QUINT
[0.3,0.7,-0.5]

HIGH
[0.4,0.6,-1]

CCM
[0.3,0.7,-1]

PHANTOM
[0.3,0.7,-1.3]

LOW
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[!!!!m,!!!!DE,w]

We can also apply this modified E(z) factor to our 
calculation of distances.....
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• cosmic distances are proportional to the integral  over 1/E(z), i.e. the area under this
function out to redshift z

• higher expansion rates in the past, i.e. larger values for the evolution function E(z), 
translate into shorter cosmic distances D(z) [for flat geometries]

• the larger the influence of Dark Energy, the larger the cosmic distances
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What is the effect on the Luminosity Distance DL?

Credit: Fassbender 
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ComovingComoving VolumesVolumes

Vcom(<z): total enclosed 
volume within redshift z 
per deg2

dV/dz: volume per redshift 
shell dz=0.1 per deg2
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• for measuring the evolution of the number density of an object class, 
the comoving volume element dVcom is needed

• the larger the distance, the larger the comoving volume element per redshift slice  

spherical surface area x thickness

comoving volumes
for CCM model
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Linear Structure Growth FunctionLinear Structure Growth Function

• flat cosmologies with a dark energy component exhibit structure growth in between 
the Einstein-de Sitter (EdS) case of D+=(1+z)-1 and the slow structure growth of a 
low density open Universe (OCDM)
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[!!!!m,!!!!DE,w]

• the linear structure growth function D+(z) is a solution to the density perturbation 
growth equation for the linear regime (L3)
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What is the effect on the Growth Factor?

Credit: Fassbender 



How can we constrain the w parameter?

Generally, we constrain the w parameter in 
the same way we constrain many other 

cosmological parameters.

We constrain it by looking at the following quantities 
versus redshift (cosmic time, see earlier lecture):

Growth Factor (Rate at which structures in Universe Grow)

Volume Element
Distances

E(z) 

Geometrical 
Tests

Useful in computing distances 
along the line of sight

H(z) = H0 E(z)



How can we probe this?

Luminosity Distance
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Comoving Distance : 

flat geometry
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closed Universe
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Mpc4280&1:mit

)(
sinh

)(

)(
sin

)(

1
70

0

0

0

0

−
Λ =Ω−Ω−≡Ω

























Ω

Ω









Ω

Ω

=⋅=







hd

zE

dzd

zE

dz
d

zE

dzd

rRzD

Hmk

z

k

k

H

z

H

z

k

k

H

z

zD
zzDA

+
==

1

)(
)()( ξ

)()1()( zDzzDL ⋅+=Luminosity Distance : 

Angular Diameter Distance : 

R. Fassbender: Introduction to Observational Cosmology I – WS09/10 18

0

2000

4000

6000

8000

10000

12000

14000

16000

0.0 0.5 1.0 1.5 2.0

z

D
_

lu
m

 [
M

p
c

]

CCM LOW HIGH QUINT PHANTOM OCDM EdS

Luminosity Distance DLuminosity Distance DLL

• cosmic distances are proportional to the integral  over 1/E(z), i.e. the area under this
function out to redshift z

• higher expansion rates in the past, i.e. larger values for the evolution function E(z), 
translate into shorter cosmic distances D(z) [for flat geometries]

• the larger the influence of Dark Energy, the larger the cosmic distances
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[!!!!m,!!!!DE,w]

Credit: Fassbender 



How can we probe this?

E(z)
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Time Varying Dark EnergyTime Varying Dark Energy

the most general model for Dark Energy also allows a time variation of the
equation-of-state paramter: w=w(z) 

common parameterizations: w(z)=w0+w1!z
w(z)= w0+ wa(1-a) = w0+wa!z/(1+z)

the generalized redshift scaling factor is then given by:

this expression is now valid for all types of (exotic) Dark Energy models
for any form of w(z) 
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The Evolution Function The Evolution Function E(zE(z))
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for flat and open geometries, E(z) is a monotonic function of z 

Credit: Fassbender 
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• for measuring the evolution of the number density of an object class, 
the comoving volume element dVcom is needed

• the larger the distance, the larger the comoving volume element per redshift slice  

spherical surface area x thickness

comoving volumes
for CCM model
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Linear Structure Growth FunctionLinear Structure Growth Function

• flat cosmologies with a dark energy component exhibit structure growth in between 
the Einstein-de Sitter (EdS) case of D+=(1+z)-1 and the slow structure growth of a 
low density open Universe (OCDM)
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• the linear structure growth function D+(z) is a solution to the density perturbation 
growth equation for the linear regime (L3)
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How can we probe this?

Growth Factor

structure grow efficiently when Ω = 1 (since density is closer to 1 
where slight overdensities cause collapse) Credit: Fassbender 



Here’s an alternate set of plots:
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FIGURE 2. Left: Distance vs. redshift in a flat Universe with different values of the cosmological
parameters Ωm and w. Right: volume element vs. redshift for same models. From Frieman et al. [13].

where Ωk = 1−Ω0 = 1−Ωm−ΩDE . For a general dark energy model with equation of
state parameter w(z), the Hubble expansion rate can be written as

H2(z)
H2

0
=Ωm(1+ z)3 +ΩDE exp

[

3
∫

(1+w(z))d ln(1+ z)
]

+Ωk(1+ z)2 . (15)

For the case of the cosmological constant, w= −1, this can be rewritten as

H2(a)
H2

0
=Ωma−3 +ΩΛ+Ωka−2 , (16)

and the luminosity distance becomes

dL(z;Ωm,ΩΛ) =
c(1+ z)
H0

|Ωk|
−1/2Sk

(

∫ 1

1/(1+z)
|Ωk|

1/2 da
a2[Ωma−3 +ΩΛ+Ωka−2]1/2

)

.

(17)
Another important special case is a flat Universe (Ωk = k= 0) and dark energy with w=
constant, independent of redshift. In this case,

H2(z)
H2

0
= (1−ΩDE)(1+ z)3 +ΩDE(1+ z)3(1+w) , (18)

and the luminosity distance is given by

dL(z;ΩDE ,w) = χ(1+ z) =
1+ z
H0

∫ 1+ΩDE [(1+ z)3w−1]−1/2

(1+ z)3/2 dz . (19)

Note that the product H0dL is independent of the Hubble parameter H0.



Where do they provide the strongest 
constraints?

CHAPTER 8. INFLATION AND DARK ENERGY 88

• Let us therefore assume that the dark energy is a suitably self-
interacting, homogeneous scalar field. Then, its pressure can be
described by

p = w(a)�c2 , (8.27)

where the equation-of-state parameter w is some function of a.
According to (8.15), accelerated expansion needs w < �1/3, and
the cosmological constant corresponds to w = �1. Since all cos-
mological measurements to date are in agreement with the as-
sumption of a cosmological constant, we need to arrange things
such that w⌅ �1 today.

• Suppose we have some function w(a), which could either be ob-
tained from a phenomenological choice, a model for the self-
interaction potential V(⇥) through (8.21) or from a simple ad-hoc
parameterisation. Then, (8.18) implies

�̇

�
= �3(1 + w)

ȧ
a
, (8.28)

or

�(a) = �0 exp
�
�3
⇤ a

1
[1 + w(a⌃)]

da⌃

a⌃

⇥
⇤ �0 f (a) . (8.29)

• If w = const., this simplifies to

�(a) = �0 exp [�3(1 + w) ln a] = �0a�3(1+w) . (8.30)

If w = �1, we recover the cosmological-constant case � = �0 =

const., for pressure-less material, w = 0 and � ⇧ a�3, and for
radiation, w = 1/3 and � ⇧ a�4.

• Therefore, we can take account of the dynamical dark energy
by replacing the term ⇥�0 in the Friedmann equation (2.7) by
⇥DE0 f (a), and the expansion function E(a) turns into

E(a) =
⌅
⇥r0a�4 +⇥m0a�3 +⇥DE0 f (a) +⇥K0a�2

⇧1/2
, (8.31)

where ⇥K0 = 1 � ⇥r0 � ⇥m0 � ⇥DE0 is the curvature density pa-
rameter.

• We thus see that the equation-of-state parameter enters the ex-
pansion function in integrated form. Since all cosmological ob-
servables are integrals over the expansion function, including the
growth factor D+(a) satisfying (2.19), this implies that cosmolog-
ical observables measure integrals over the integrated equation-
of-state function w(a). Needless to say, the dependence of cosmo-
logical measurements on the exact form of w(a) will be extremely
weak, which in turn implies that extremely accurate measure-
ments will be necessary for constraining the nature of the dark
energy.

Logarithmic derivatives of the
angular-diameter distance and the
growth factor with respect to the
equation-of-state parameter.

distance measures most useful 
in examining w at high redshifts

growth factor most useful in 
examining w at low redshifts

Credit: Bartelmann



So the game is to determine 
the w parameter and how it depends on redshift

There are four standard methods:

1.  Supernovae Ia
-- use of standard candles to establish distance-redshift relation

-- first established existence of dark energy >20 years ago

(lecture 4)

2.  Baryonic Acoustic Oscillations
-- gives us a standard rod to establish distance-redshift relation 

with low systematics

(this lecture)

3.  Galaxy Clusters
-- provide us with sensitive probe of growth of structure
-- early evidence for low Ωm

(next lecture)

4.  Weak Gravitational Lensing
-- provide us with sensitive probe of growth of structure
-- powerful technique still in process of realizing full potential

(next lecture)


