Relevant Material for Lecture 6

“Galaxies: Structure, Dynamics, and Evolution”
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This process is called phase-mixing. It is relevant in
non-equilibrium situations.

Equilibrium models BT 441

of _
In equilibrium models, we have by definition Z; = 0.

Furthermore, we have seen from the CBE df /dt = 0

compare to integrals of motion I[Z(t), ¥(t)]

SI[E(0), 7(1)] = 0

hence integrals of motion satisfy CBE !
the distribution function for an equilibrium model is an
integral of motion !

as a consequence: Jeans theorem
e Any steady state solution of CBE depends on w
only through integrals of motion, and any function
of integrals yields steady state solution of CBE

first part obvious: f itself is an integral of motion
second part also obvious: since dI/dt = 0, we have
df(I)/dt = 0.

A consequence of Jeans theorem:

e A galaxy can be constructed by adding up orbits.
Along each orbit, the DF is constant.

this is another justification of Schwarzschild’'s method.
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Spherical systems BT 4.4 2 (p 221+)

e use classical integrals of motion
classical integrals are Energy (E) and angular momen-
tum L

for exact spherical symmetry, DF can only depend on
L? noton L

implication: not individual orbits are used to build
models, but sets of orbits !

Isotropic models

distribution function f(FE)
Define
v =—0+ P
e=—-E+® =19 —1v°
choose ®( such that

f>0fore>0
f=0fore <0




The density is integral of distribution function over all
velocities:

) = [ Fledo

= / f(e)dmvidv
0

substitute ¢ = ¢ — %vQ, de = —wvdv. Since £ will run
from 0 (for v = vpyqz) to ¥ (for v = 0):

P
p(r) = dr / F(e) /200 —2) de
0

We can make models by specifying f(g). We find a
relation of the form p(r) = F(1)). We then have to
find solutions of this equation, which also satisfy the
Poisson equation:

ArGp(Z) = V?®(Z)

Solutions can be constructed. For example, assume
f(e) = €Y. These give densities of the form p =

enst x 15 These models are analogous to gas
polytropes.

What is “basic set of building blocks” for models of
type f(e) ?

o fill in delta function f(e) = d(e — €p)

p=4V2m\/1 — &g

maximum in the center, decreasing outwards, to zero

at ¥ (r) = eo.
These are NOT individual orbits, but combinations of
orbits.




Distribution function f(¢) from density BT p
236-237

As we saw on the previous pages, we can calculate the
density of a model from the distribution by the integral
equation:

¥

p(r) = 47r/f (e)\/2(1) — ) de

0

We now show how to derive f from p. Write p as
p(1). This is always possible when we know p. Then:

[

This is of Abel form, with solution (Eddington):

@Iu

27r\/_

d[dp dib
fe) = 27r21\/§£{0/ﬁ\/m}

Thus, f() > 0if and only if {...} increases mono-
tonically with €. This is true for models that are more

centrally concentrated than p(r) = v1 — 12

Intermezzo: Abel integral equation

Let
Tog(t)dt
10|
then
1ld (" f(x)dz
9(t) = }E/O (i — )2
Proof:

substitute the first equation into the right hand side of
the second:

1
:ﬂdt/ / a:—sl/2 )1/2dsdac

interchange order of integration

1
:Wdt/ / x—51/2 t—:ﬂ)l/dedS

Use
t 1 d B
T
Hence
1d [t
Fit) = —— d
) =_—— 09(8)??8

It is easy to see that this results into F'(t) = g(t)




Velocity moments

define velocity dispersions v?2, vj, Crs

— 1
v,? = —/f(z_)’)vizdﬁ
P

If f = f(e), fis isotropic: at a given location Z, the
distribution in velocities is the same in all directions:

f=1E)=f@(r) - 3v%)

02 — 2 — 2 = 42
Hence vy = vy = vy =0

We can write for such systems

Isotropic models: Examples: Plummer model
BT p 223-225

Potential: —GM
ial: ¢ =
V12 +a?
M3
Mass: M(T) = m
3Ma?

Density:  p(r) = m

Plummer model 2 polytrope with index n = 5:

—Cy®  with O = 3a°
P= " 4rG5 M4
Eddington formula:
64C
fle) = —==€"*>0
v/ 272
GM
velocity dispersion: 122 =i = ——
Y aep " 5 612 + a?
. . 2 GM(T) GMT2
circular velocity: vE = =
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Velocity Moments and the Jeans equations
BT 4.2 p 195-198

We usually don’t observe the motions of individual
stars, but we can observe the average motions, and
the spread in velocities (the velocity dispersion). Here
we derive equations for the densities, average velocities,
and dispersions.

We can derive these WITHOUT taking into account
the full distribution function. Assume a population of
objects with density v and distribution function f in a
potential ®. Notice that v is not necessarily the same
as p, which is the total matter density. Integrate distri-
bution function f(Z, ¥') over velocities. This gives the

velocity moments:

where 7; is the mean velocity, etc.

Define the velocity dispersions O' - by:

o, = UiUj — U; U;
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Integrate CBE over velocities. This results in:

3 8f

d +Z/vl 8331 81:1 81;1 =0

The last term is zero by straight integration over dv;

The second term can be simplified by moving the deriva-

tive outside the integral:

ov LI
_t"‘;a—miyvl =

This is a continuity equation for the mean streaming

motion ¥ of the stars in configuration space

Integrate CBE times v; over velocities

0P
g /fvjdv—l—Z/v@vj oz, ——dv— Z szdv =0

The last term can be simplified. Do the partial integra-
tion over dv; and use the fact that f vanishes for large

V!

) v
/Uja—idw = [v; f] —/ avZdei :O_/(Sijfdvi’




where ;5 =1 for ¢ = j and 0 for ¢ # j. Hence

Ujg,l{; ﬁ_/_éijqu_)’: _5ijV

Hence we obtain

°L 90
at/fvjd +Z/U{U;a £ 8_1‘@5”1/:0

or

(v ;)
ot

3
0 oo
+Za_(yvivj)+l/_:0 (j:17273)

T ox
i=1 ’ J

(BT eq 4-24a)
Multiply continuity equation by 75, and subtract from

the last equation:

V@ﬂ_i ovv; Zauvlvj :_ya_CI’

ot P Ui o, ox; o0x; Oz,
This can be rewritten as
97 5 o7 0P <~ 0
J j
—I—Zuvz ‘ ——1/%—28%1/0”

(BT eq 4-27)

These are the Jeans equations.

e Almost the same as Euler equations for fluid, but
instead of Op/0x; we have the summation over
the stress tensor Gyafjﬁmi. For a stationary model
the left terms disappear completely, and the veloc-
ity dispersion tensor counter-acts gravity, just like
for a star made of gas. Note that the pressure in a
galaxy is anisotropic ! But notice: no equation of

state for our “gas” in a galaxy, in contrast to stars
!

e Generally 3 equations for 6 unknowns: many solu-

tions!

e Caveat: solutions are not guaranteed to be physi-
cal, since no check that f >0




Velocity ellipsoid

The tensor az-zj is symmetric = it is diagonal in locally

orthogonal coordinates (%1, %2, Z3):

oin O 0
0 o022 O
0 0 o033

The ellipsoid with semi-axes 711, 022, and G33, ori-
ented along the local axes Z1, T2, and Z3, is called the
velocity ellipsoid. It is sometimes used to describe the

local velocity distribution

Jeans equations for spherical models
BT 4.2 d) page 203-209

Assume a coordinate system (r, 6, ¢). We assume the
system is invariant under rotations about the center.

Hence we have

vr:%:%:o

Vg = U0y = UgUg =0

2 —
vg =

<N

so that velocity ellipsoid is everywhere aligned with
(r,0,¢) coordinates.

Now the Jeans equations reduce to

tion




Given ((r), v2 and v(r) we can derive the potential
and mass distribution. Full knowledge of the full distri-
bution function is not necessary to interpret observable

parameters such as the velocity dispersion.

Total enclosed mass and rotation curve

For a circular orbit with velocity v.(r) we have:

d®  GM(<r)

dr r2

v
r
So the Jeans equation can be written as

o = GM(<r) _ dlny+dlnv$ 123
dlnr

T dlnr

Measure: v(r), v2 and § =  determine enclosed

mass




11. Velocity Moments and the Jeans
equations BT 4.2 p 195-198

We usually don’t observe the motions of
individual stars, but we can observe the
average motions, and the spread in
velocities (the velocity dispersion). Here we
derive equations for the densities, average
velocities, and dispersions.

We can derive these without taking into
account the full distribution function.

Assume a population of objects with density
v and distribution function f in a potential
.

Notice that v is not necessarily the same as
p, which is the total matter density.

Integrate distribution function f(Z,v) over

velocities. This gives three velocity

moments:

0. Spatial density of stars / Oth moment:
v(@) = [ 1(3,5) &7

1. Mean stellar velocity / first moment:

1
7 (%) = ;/vif(:f, Hd37, i=1,2,3

2. Second moments:

1 oy
o707 (2) = ;/ v f(7,7)d35, j=1,2,3

Plus:

Velocity dispersion tensor:

2 _ — — ___ _
Uij = (Uz'— Ui)(vj_ ’U]) == vivj — Uy Uj



Much like fluid dynamics, the three
moments and the velocity dispersion tensor
are constrained by 3 equations: the Jeans
equations. These three equations are:

Jeans equation 1 (the Continuity equation):

Jv 3 0, — _
W""Zz’:laixiyv% =0

Jeans equation 2 (the Force equation):

o(vu; v] )

+Y (V”1”3)+V =0

Jeans equation 3 (a common rewrite of
Jeans-2):

ov; ov; ob
J ovj _ 3 a 2
vt T v g = Ve, T Li=105,V7%;

Jeans equation 1
(the Continuity equation)

This equation is obtained by taking the Oth
moment of the Collisionless Boltzmann
Equation (CBE) in v.

Recall the CBE:

9P of

+ 2_:1 8331 Ox; Ov;

=0 (CBE).

The Oth moment in v of the CBE:
/ CBE d7
or:
3. 9 Of 4o

d T Z /vz—d_' Z 7 O, 81), =0

Using the divergence theorem, we can
rewrite the last term as a surface integrale:

3
8f _‘+Z /vz—dv 8(1)

Since f(:?:, 17) = 0 for “mflnlte” veIOC|t|es,
the last term is zero.




The second term can be simplified by
moving the derivative outside the integral:

Jeans -1

+ZZ_1 Vi = 0

or:

ZI;-I—V'(Z/’U):O

This is a continuity equation for the mean

streaming motion ¥ of the stars in
configuration space

Note the similarity with the the continuity
equations for fluid mechanics:

Jeans equation 2 4+ 3
(the Force equation)

The first moment in v of the CBE:

/ CBE vdi

or:

) 3 of
9 i / . »
ot / Tvj v—l—i;( vlv]@xi

3
odb
/v]—d'u =0

The last term can be simplified. Do the
partial integration over dv; and use the fact
that f vanishes for large v:

o a5 =
T v,

v

//Uj(f(vi = oo)—f(v; = —oo))dzv#i—/ o fdv =

0~ [ 8iyfdi = iy

where §;; =1 for « = 5 and 0O for ¢ # j.



Hence:

) 3 of
- A / =LA
at/fvj v—l—i;1 vzvjaxi v+

or

i=19%i

3
od

o(vu; 'u]

+Z?—1 z; (VUZU])+V8¢ =0

(Jeans — 2)

Multiply continuity equation (Jeans-1) by

vj, and subtract from the last equation

(Jeans-2):
975 i ayvz n i vuy 0%
— ] 1%
ot i=1 6 i=1 837@ (9.7?]
Using
Ovo2 o
8%?] = 8—%1/(% — v U) =
ovo;)  oww) O
T LT
ox; T B ' Oz

=0

We obtain the more frequently used variant
of Jeans-2, Jeans equations 3:

] ovj _ _ 9d 3 9,2
i+ X VUi = “Vom; ~ Li=1 05,V
(Jeans — 3)

Hence we obtain the analogue of the Euler
equation:

o7 . .
p ”+ p(T- V)T = —pVd —Vp=0

e Almost the same as Euler equations for
fluid, but instead of Vp we have the
summation over the stress tensor 81/0 axl
For a stationary model the left terms
disappear completely, and the velocity
dispersion tensor counter-acts gravity, just
like for a star made of gas. Note that the
pressure in a galaxy is anisotropic ! But
notice: no equation of state for our ‘“gas”
in a galaxy, in contrast to stars !

e Generally 3 equations for 6 unknowns:
many solutions!



e Caveat: solutions are not guaranteed to
be physical, since no check that f >0

Velocity ellipsoid

The tensor o—% is symmetric = it is diagonal

in locally orthogonal coordinates (%1, Zo, Z3):

011 0 0

0 0922 0

0 0O o33
The ellipsoid with semi-axes 511, 022, and
033, oriented along the local axes z1, o,
and zs3, is called the velocity ellipsoid. It is
sometimes used to describe the local
velocity distribution

Jeans equations for spherical models

BT 4.2d, page 203-209

Assume a coordinate system (r,0,¢). We

assume the system is invariant under

rotations about the center. Hence we have

Urvg = UrUg = Vgt = 0
73 =2

so that velocity ellipsoid is everywhere
aligned with (r,0,¢) coordinates.

Now the Jeans equation(-2/3) in the
stationary case reduces to:
d(l/?) vi. o 2} dd
Sl D202 =2 = %
dr + T [ Yr Yo Y dr

Define the anisotropy function:

B(r)=1— 13 /0v2.

10



Clearly g < 1. We obtain one non-trivial
Jeans equation:

1d —
—— vg—l-Q

vdr r dr

—  do
P2 =_9%

Given 8(r), ? and v(r) we can derive the
potential and mass distribution. Full
knowledge of the full distribution function is
not necessary to interpret observable
parameters such as the velocity dispersion.

11

Total enclosed mass and rotation curve

For a circular orbit with velocity v.(r) we
have:

dd _ GM(<r) _ v
dr r2 oy

So the Jeans equation can be written as

¢ T dinr dinr

_ =
2 _GM(<r) _ (dlnu+dln V3 +25)

Measure: v(r), E and 5 =  determine

enclosed mass
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