
Relevant Material for Lecture 5

“Galaxies: Structure, Dynamics, and Evolution”
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Galactic Dynamics - Continued

3.6 Time scales (BT 4 to start 4.1)

dynamical timescale, particle interaction timescale

Is gravitational force dominated by short or long range
encounters? (N.B. in a gas, only short range forces are
relevant).

In a galaxy, the situation is different.
Consider force with which stars in cone attract star in
apex of cone.

Force ∼ 1/r2, with r the distance from apex. If ρ is
almost constant, then the mass in a shell with width dr
increases as r2dr.

Hence differential force is constant at each r, and we
have to integrate all the way out to obtain the total
force.
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Realistic densities decrease after some radius, so that
the force will be determined by the density distribu-
tion on a galactic scale (characterized by the half mass
radius).

3.7 Relaxation time

Short range encounters do not dominate →
Approximate force field with a smooth density ρ(x)
instead of point masses.

• Contrary of situation in gas: only consider long
range encounters (long range ∼ scale of the galaxy)

Assume all stars have mass m. Analyze perturbations
due to the fact that density is not smooth, but consists
of individual stars. Simplify, and look first at single
star-star encounter.

What is effect of a single encounter with point mass on
motion of star?
• Exact: BT §7.1: hyperbolic Keplerian encounter
• Estimate: straight line trajectory past stationary

perturber
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The perpendicular force F⃗⊥ gives perturbation δv⃗⊥:

F⃗⊥=
Gm2cos θ

r2
=

Gm2cos θ

(b2+x2)
=

Gm2b

(b2+x2)3/2

∼
Gm2

b2[1+(vt/b)2]3/2

Newton:
d

dt
δv⃗⊥ =

F⃗⊥

m
⇒

δv⃗⊥=

∫

dt
F⃗⊥

m
=

∫

Gm

b2[1 + (vt/b)2]3/2
dt

=
Gm

bv

∞
∫

−∞

ds

(1 + s2)3/2
=

Gm

bv

s√
1 + s2

∣

∣

∣

∣

∞

−∞

=
2Gm

bv

Note: approximation fails when

δv⃗⊥ > v ⇒ b < Gm/v2 = bmin

Galaxy has characteristic radius R.
Define crossing time tc as the time it takes a star to

move through the galaxy tc = R/v
Calculate number of perturbing encounters per crossing

time tc
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In a crossing time, the star has 1 “encounter” with
each other star in the galaxy

The impact parameter of each encounter can be de-
rived by projecting each star onto a plane perpendic-
ular to the unperturbed motion of the star

Hence “flatten” the galaxy in the plane perpendicular
to the motion of the star, and assume that the stars
are homogeneously distributed in that plane, out to
a radius R, and no stars outside R. This is obviously
a simplifying assumption, but it is reasonably accu-
rate.

This can be used to derive the distribution of impact
parameters:

N stars in total in Galaxy, distributed over total surface
πR2

# per unit area:
N

πR2

In a crossing time, the star has δn encounters with
impact parameter between b and b + db. δn is given
by the area of the annulus 2πbdb times the density of
stars on the surface, which is N/(πR2):

δn = N
πR2 2πbdb = 2N

R2 b db

Result: ⟨δv⃗⊥⟩ ≡ 0
as the perturbations are randomly distributed, and will
not change the average velocity
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⟨δv2
⊥⟩ =

(2Gm

bv

)2 2Nb

R2
db = 8N

(Gm

Rv

)2 db

b
as each perturbation adds to ⟨δv2

⊥
⟩ by an equal amount

(2Gm/bv)2.
The encounters do not produce an average perpendic-
ular velocity, but they do produce an average (perpen-
dicular velocity)2. Hence, on average, the stars still
follow their average path, but they tend to “diffuse”
around it.

The total increase in rms perpendicular velocity can be
calculated by integrating over all impact parameters
from bmin to infinity:
Total rms increase:

⟨∆v2
⊥⟩=

R
∫

bmin

⟨δv2
⊥⟩ db =

R
∫

bmin

8N

(

Gm

Rv

)2

db/b =

=8N
(Gm

Rv

)2

lnΛ

with lnΛ = Coulomb logarithm = ln
R

bmin

We can rewrite this equation. Use
bmin = Gm/v2

From virial theorem
v2 = GM/R = GNm/R

Hence bmin = Gm/(GNm/R) = R/N

ln Λ = lnR/bmin = ln
R

R/N
= lnN
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Furthermore from virial theorem:

GM2

R
= Mv2 →

GM

R
= v2 →

GNm

R
= v2 → N =

v2R

Gm

so that:
⟨∆v2

⊥
⟩

v2
=

8 lnN

N

This last number is the fractional change in energy per
crossing time. Hence we need the inverse number of
crossings N/(8 lnN) to get ⟨∆v2

⊥
⟩ ∼ v2

The timescale trelax is defined as the time it takes to
deflect each star significantly by two body encounters,
and it is therefore equal to

trelax =
N

8 lnN
tc

Conclusions

• effect of point mass perturbations decreases as N
increases

• even for low N=50, ⟨∆v2
⊥
⟩/v2 = 0.6, hence deflec-

tions play a moderate role.

• for larger systems the effect of encounters become
even less important
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Notice: one derives the same equation when the exact
formulas for the encounters are used. Put in another
way, the encounters with b < bmin do not dominate.

3.8 Relaxation time for large systems

trelax =
0.1N

lnN
tc

System N tc (yr) trelax (yr)

globular cluster 105 105 2 × 108

galaxy 1011 108 1017

galaxy cluster 103 109 3 × 1010

Age of Universe ∼ Hubble time ∼ 1.5 × 1010 yr

⇒ Galaxies are collisionless systems

• motion of a star accurately described by single
particle orbit in smooth gravitational field of galaxy
• no need to solve N -body problem with N = 1011

(!)
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Homework Assignment:

1) What is the relaxation time for our solar system ac-
cording to the formula above. Why is this calculation
incorrect ?

2) Take typical sizes, velocities, number of particles for
globular clusters, galaxies, and galaxy clusters. Calcu-
late the crossing times and relaxation times.

Some more typical questions that can be asked at
exam: (not homework assignments)

What is the virial theorem ?
How can we use it to scale galaxies ?
Do galaxies have a main sequence like stars ?
How is relaxation time defined ? What is the approx-

imate expression ? What is the typical relaxation
time for a galaxy ? How does the long relaxation
time make it easier to produce models for galaxies ?
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Collisionless Boltzmann Equation

BT 4.1 p. 190-193

Consider a system with a large nunber of stars
At any t define the distribution function f(x⃗, v⃗, t)dx⃗dv⃗
= # of stars in volume dx⃗ with velocities in range dv⃗
(centered on x⃗, v⃗).

f(x⃗, v⃗, t) is called the distribution function or the phase
space density

at all x⃗, v⃗: f ≥ 0

We now have reduced 6N functions x⃗i, v⃗i into one 7-
DIMENSIONAL FUNCTION.

If we derive the time evolution of f , we can completely
ignore individual particles !

(Notice that we can always rewrite f(x⃗, v⃗, t) as a sum-
mation of δ functions. We would then get back our
“original” particles. It shows that in some sense, one
7-dimentional function is “more complex” than 6N 1-
dimensional functions. But if we take smooth distri-
bution functions, they are much simpler than the 6N
1-dimensional functions.)

In order to derive the time evolution, first define a new
coordinate w⃗:

w⃗ = (x⃗, v⃗) = (w1, w2, ...w6)

where w1 = x1, w2 = x2, ... w4 = v1, etc. Hence the
star has coordinate w⃗ in phase-space. The flow of the
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star is given by

˙⃗w = ( ˙⃗x, ˙⃗v) = (v⃗,−∇⃗Φ)

The flow ˙⃗w conserves stars.

Hence we have the continuity equation:

∂f

∂t
+

6
∑

α=1

∂(fẇα)

∂wα
= 0

Why is this ? Integrate over any volume. The first
term gives the increase in number of stars in the vol-
ume. The second term is equal to:

∫

V
∇⃗ · (f ˙⃗w) =

∫

S
(f ˙⃗w) · d2S

This is the surface integral over the flow out of the
volume. Hence the equation guarantees that stars are
conserved (the density can only increase if stars move
into the volume).

A special property of ˙⃗w is

6
∑

α=1

∂ẇα
∂wα

=
3

∑

α=1

(

∂vi

∂xi
+
∂v̇i

∂vi

)

Notice that by definition ∂vi/∂xi = 0 because xi and
vi are independent coordinates. The second term is
equal to

3
∑

α=1

−
∂

∂vi

(

∂Φ

∂xi

)
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This is also equal to zero because the potential does
not depend on vi.

Hence we can now write

∂f

∂t
+

6
∑

α=1

∂fẇα
wα

= 0

or
∂f

∂t
+

6
∑

α=1

[

∂f

∂wα
.ẇα + f

∂ẇα
∂wα

]

= 0

The last term on the right is zero, as we have seen
above. Hence

∂f

∂t
+

6
∑

α=1

ẇα
∂f

∂wα
= 0

Or we write this as

∂f

∂t
+

3
∑

i=1

vi
∂f

∂xi
−
∂Φ

∂xi

∂f

∂vi
= 0

or
∂f

∂t
+ v⃗.∇⃗f − ∇⃗Φ.

∂f

∂v⃗
= 0

These equations are the Collisionless Boltzmann Equa-
tion (CBE).
The CBE is sufficient to calculate the evolution of any
f with time.
A different description of the same equation: consider
the evolution of f if one moves along with a particle
(this is the Lagrangian derivative):
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df

dt
=
∂f

∂t
+

6
∑

α=1

dwα
dt

∂f

∂wα
=
∂f

∂t
+

6
∑

α=1

ẇα
∂f

∂wα
= 0

Hence the CBE can be written as

df

dt
= 0

If you move along with the particles, their mass is con-
served. If you move along with the particles, the den-
sity is conserved. Hence the flow in phase-space is in-
compressible (the density remains conserved along a
flow-line).
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4.2 Constants and Integrals of motion
(BT 3.1 p 110-113)

First, we define the 6 dimensional “phase space” coor-
dinates (x⃗, v⃗). They are conveniently used to describe
the motions of stars. Now we introduce:

• Constant of motion: a function C(x⃗, v⃗, t) which is
constant along any orbit:

C(x⃗(t1), v⃗(t1), t1) = C(x⃗(t2), v⃗(t2), t2)

C is a function of x⃗, v⃗, and time t.

• Integral of motion: a function I(x, v) which is
constant along any orbit:

I[x⃗(t1), v⃗(t1)] = I[x⃗(t2), v⃗(t2)]

I is not a function of time ! Thus: integrals of motion
are constants of motion,
but constants of motion are not always integrals of
motion!
E.g.: for a circular orbit ψ = Ω t + ψo, so that C =
t − ψ/Ω.
C is constant of motion, but not an integral as it de-
pends on t.

Constants of motion
6 for any arbitrary orbit:

Initial position (x⃗0, v⃗0) at time t = t0. Can always
be calculated back from x⃗, v⃗, t.

12-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c4-6

Integrals
Much harder to define. E.g.:

Energy (all static potentials): E(x⃗, v⃗) = 1

2
v2 + Φ

Lz (axisymmetric potentials)

L⃗ (spherical potentials)

• Integrals constrain geometry of orbits.
examples:

• 1. Spherical potentials:
E, Lx, Ly, Lz are integrals of motion, but also E, |L|

and the direction of L⃗ (given by the unit vector n⃗,
which is defined by two independent numbers). n⃗ de-
fines the plane in which x⃗ and v⃗ must lie. Define coor-
dinate system with z axis along n⃗

x⃗ = (x1, x2, 0)

v⃗ = (v1, v2, 0)

→ x⃗ and v⃗ constrained to 4D region of the 6D phase
space. In this 4 dimensional space, |L| and E are con-
served. This constrains the orbit to a 2 dimensional
space. Hence the velocity is uniquely defined for a
given x⃗

vr = ±
√

2(E − Φ) − L2/r2

vψ = ±L/r
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• 2. Integrals in 2 dimensional flattened potentials

Examples:

Circular potential V (x, y) = V (r⃗)
Two integrals: E, Lz.

Flattened potential V (x, y) = ln(x2 + y2

a
+ 1)

Only “classic” integral of motion: E

Figures on the next page show the orbits that one gets
by integrating the equations of motion.

Clearly the orbits are regular and do not fill equipoten-
tial surface

Furthermore, they do not traverse each point in a ran-
dom direction, but generally only in 2 directions

Conclusion: the orbits do not occupy a 3 dimensional
space in the 4-dimensional phase-space, but they
occopy only a 2-dimensional space !

This indicates that there is an additional integral of
motion: ’a non-classical integral’

The non-classical integral, plus the regular ’Energy’,
constrain the orbit to lie on a 2 dimensional surface
in the 4 dimensional phase-space.
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A homogeneous ellipsoid

The homogeneous ellipsoid helps us to understand how
additional integrals of motions, and box orbits, exist.
Consider a density distribution:

ρ = ρ0H(1 − m2), with

m2 = x2

a2 + y2

b2
+ z2

c2

H(x) = 1 for x ≥ 0, H(x) = 0 for x < 0

Potential inside the ellipsoid:

V = Axx2 + Ayy2 + Azz
2 + C0

Forces are of the form Fi = −Aixi, i.e. 3 inde-
pendent harmonic oscillators:

xi = ai cos(ωit + ψ0,i)

3 integrals of motion, Ei

Hence the orbits are as shown on the next page
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Orbits for general homogeneous ellipsoid
All orbits are box orbits
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Special case: a=b
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all orbits are loop orbits
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• 3. Axisymmetric potentials (BT 3.2)

Φ = Φ(R, |z|), with R2 = x2 + y2.

For z=0: orbits as if potential were circular
For (R,z): 3D orbit can be described as 2D orbit in

meridional plane:

d2r⃗

dt2
= −∇Φ(R, z)

with e⃗r, e⃗ψ, e⃗z unit vectors in r, ψ and z direction:

r⃗ = R e⃗r + z e⃗z

∇Φ =
δΦ

δR
e⃗r +

δΦ

δz
e⃗z

The equations of motion reduce to

d2R

dt2
− Rψ̇2 =

−δΦ

δR

d

dt
R2ψ̇ = −

δΦ

δψ
= 0

d2z

dt2
= −

δΦ

δz

From the second equation we see that Lz is constant.
Hence ψ̇ = L2

z/R2. If we use this in the upper equa-
tion we obtain for the motion in two dimensions R, z:
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d2R

dt2
= −

δΦeff

δR

d2z

dt2
= −

δΦeff

δz

with Φeff = Φ(R, z) + L2
z

2R2 . Hence 3D motion can be
reduced to motion in (R,z) plane or meridional plane,
under influence of the effective potential Φeff . Total
energy:

E = Φeff + 1/2Ṙ2 + 1/2ż2

.
Allowed region in meridional plane
For energy E motion only allowed in area where
Φeff < E. E.g.

If Φ = 1

2
v2
0 ln(R2 + z2

q2 ), then

Φeff =
1

2
v2
0 ln(R2 +

z2

q2
) +

L2
z

2R2

, i.e. only motion if E > Φeff .
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Lines of constant Φeff are shown in Figure 3.2. Stars
with energy E have zero velocity at curves of Φeff =
E.

Again: not all orbits fill the space Φeff < E fully!

Two integrals (E, Lz) reduce the dimensionality of the
orbit from 6 to 4 (e.g. R, z, ψ, vz). Therefore another
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integral of motion must play a role → dimensionality
reduced to 3 (e.g. R, z,ψ).
This integral is a non-classical integral of motion

Homework Assignments:
1) Box orbits are characterized by the fact they they go
through the center, and have no net angular momen-
tum. Explain how it comes that they don’t have net
angular momentum, even though a star in a box orbit
has a non-zero angular momentum at most times.
2) How is it possible that the box orbit touches the
equipotential surface given by Energy = Φ?
3) Why does a loop orbit not touch that surface ?
4) Why are there no loop orbits in a homogeneous el-
lipsoid ?
5) Calculate at least 3 orbits in the 2-dimentional po-
tential Φ = ln(1+x2 + y2/2). Do this as follows: Start
the star at a given location (x0, 0) with velocity (0, v0).
Calculate the shift in position at time dt by dt*v⃗. Cal-
culate the shift in velocity at time dt by dt*F⃗ . And
keep integrating !
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A general 3-dimensional potential

Stäckel potential( ρ = 1/(1 + m2)2)
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A Simple recipe to build galaxies
Schwarzschild’s method:

• Define density ρ
• Calculate potential, forces
• Integrate orbits, find orbital densities ρi

• Calculate weights wi > 0 such that

ρ =
∑

ρiwi

Examples: build a 2D galaxy in a logarithmic potential
Φ = ln(1 + x2 + y2/a).

• As we saw, box orbits void the outer x-axis
• As we saw, loop orbits void the inner x-axis

→ both box and loop orbits are needed.

Suppose we have constructed a model.
• What kind of rotation can we expect ?

box orbits: no net rotation
loop orbits: can rotate either way: positive, nega-
tive, or “neutral”.

Hence: a maximum rotation is defined if all loop
orbits rotate the same way. The rotation can vary
between zero, and this maximum rotation
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4 Orbits in stationary Potentials (BT 3 to
page 107)

Now we have seen how to calculate forces and po-
tentials from the smoothed density ρ. We can now
analyse how stars move in this potential. Because two
body interactions can be ignored, we can analyse each
star by itself. We therefore speak of “orbits”

4.1 Orbits in spherical potentials

Potential function of r = |r⃗|: Φ = Φ(r)
equation of motion for star with unit mass

d2r⃗

dt2
= F (r)e⃗r

recall that r⃗ × r⃗ = 0 for any r⃗

d

dt

(

r ×
dr⃗

dt

)

=
dr⃗

dt
×

dr⃗

dt
+ r⃗ ×

d2r⃗

dt2
= F (r)r⃗ × e⃗r = 0

Hence L⃗ = r⃗ × ˙⃗r is constant with time. L⃗ = angu-
lar momentum/unit mass . L⃗ is always perpendicular
to the plane in which r⃗ and v⃗ lie. Since it is constant
with time, these vectors always lie in the same plane.
Hence the orbit is constrained to this plane.

Use polar coordinates (r,ψ) in orbital plane:
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rewrite equations of motion in polar coordinates
r̈ − rψ̇2 = F (r)
2ṙψ̇ + rψ̈ = Fψ

Because of the circular symmetry, we have Fψ = 0.
Hence:

2ṙψ̇ + rψ̈ =
1

r

dr2ψ̇

dt
= 0 ⇒ r2ψ̇ = rv⊥ = L = cst

r̈ − rψ̇2 = r̈ −
L2

r3
= −

dΦ

dr

where Φ is the potential.

Multiply the last equation by ṙ, and integrate w.r.t. t:

1

2
ṙ2 = E − Φ −

L2

2r2
= E − Φeff(r)

with E the energy.
This
equation governs
radial motion
in effective poten-
tial Φeff(r)

Motion possible
only when ṙ2 ≥ 0

rmin ≤ r ≤ rmax

pericenter apocenter
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Typical orbit in a spherical potential is a planar rosette

Angle ∆ψ between successive apocenter passages de-
pends on mass distribution:

π < ∆ψ < 2π

homogeneous sphere point mass

Special cases

rmin = rmax circular orbit
v2
⊥

r
=

dΦ

dr
=

GM(r)

r2

L = 0 ⇒ radial orbit 1

2
ṙ2 = E − Φ(R)

Homogeneous sphere

Φ(r) = 1

2
Ω2r2 + Constant

In radial coordinates
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¨⃗r = −Ω2r⃗

or in cartesian coordinates x, y

ẍ = −Ω2x ÿ = −Ω2y

Hence solutions are

x = X cos(Ωt + cx) y = Y cos(Ωt + cy)

where X, Y, cx and cy are arbitracy constants. Hence,
even though energy and angular momentum restrict
orbit to a “rosetta”, these orbits are even more special:
they do not fill the area between the minimum and
maximum radius, but are always closed !
The same holds for Kepler potential. But beware, for
the homogeneous sphere the particle does two radial
excursions per cycle around the center, for the Kepler
potential, it does one radial excursion per angular cy-
cle.
We now wish to “classify” orbits and their density dis-
tribution in a systematic way. For that we use Integrals
of motion.
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A general 3-dimensional potential

Stäckel potential( ρ = 1/(1 + m2)2)
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A Simple recipe to build galaxies
Schwarzschild’s method:

• Define density ρ
• Calculate potential, forces
• Integrate orbits, find orbital densities ρi

• Calculate weights wi > 0 such that

ρ =
∑

ρiwi

Examples: build a 2D galaxy in a logarithmic potential
Φ = ln(1 + x2 + y2/a).

• As we saw, box orbits void the outer x-axis
• As we saw, loop orbits void the inner x-axis

→ both box and loop orbits are needed.

Suppose we have constructed a model.
• What kind of rotation can we expect ?

box orbits: no net rotation
loop orbits: can rotate either way: positive, nega-
tive, or “neutral”.

Hence: a maximum rotation is defined if all loop
orbits rotate the same way. The rotation can vary
between zero, and this maximum rotation
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• Is the solution unique ?
the density is two-dimensional function
box orbits are defined by 2 integrals of motion, say
the coordinates of the corner
loop orbits have two integrals of motion

Hence, we have two construct a 2 dimensional
function from the superposition of two 2-2dimentional
functions

ρ(x⃗, y⃗) = wbox(I1, I2)ρbox(I1, I2)+

wloop(I1, I2)ρloop(I1, I2)

The unknown functions are wbox(I1, I2) and wloop(I1, I2).
The system is underdetermined. Hence, many solutions
are possible.

Homework Assignment:
6) It is easy to think of two integrals of motion for a
box orbit: the x,y coordinates of the “corner” of the
box. Can you define two integrals of motion for the
loop orbits in a similar way ?


