Relevant Material for Lecture 3

“Galaxies: Structure, Dynamics, and Evolution”




3. Structure of disc galaxies

This is the typical image of a spiral
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3.1 How to get spiral arms ?
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“_/ Figure 6.4 Leading and trai)-
. ing arms.
The strength of the spiral structure can be parametrized by the ampli-
tude of its Fourier components, defined by expressing the surface brightness
as a Fourier series (eq. B.66),

I(R.¢)

o T 1 mi; Auw(R) cosm[p - ¢m(R)] (Am(R) > 0). (6.1)

Here I(R) = (27)7! 021= dé I(R, @) is the azimuthally averaged surface bright-
ness at radius R, and A,, and ¢, are the amplitude and phase of the mth
Fourier component.

If a single Fourier component m dominates the spiral structure, the
strength can also be parametrized by the arm-interarm surface-brightness
ratio K, which is related to 4,, by

14+ A,

K= T

(6.2)
Most grand-design spiral galaxies have two arms and approximate two-
fold rotational symmetry. In near-infrarved light, which traces the surface
density, the amplitude of the arms lies in the range 0.15 £ Az < 0.6 (Rix
& Zaritsky 1995), corresponding to arm-interarm ratios of 1.4 £ K £ 4.
Grand-design spirals with m 3 2 are rare, although a significant fraction
of disk galaxies exhibit lopsided distortions (4; 2 0.2) in their outer parts,
and careful Fourier decomposition occasionally reveals three-armed spiral
patterns (Rix & Zaritsky 1995). The dominance of two-armed patterns in
grand-design spirals is a striking observational fact that demands explanation
in a successful theory of spiral structure. ;
(b) Leading and trailing arms Spiral arms can be classiﬁec! by their
orientation relative to the divection of rotation of the galaxy. A trguling arm
is one whose outer tip points in the direction vpposite to galactic rotation,
while the outer tip of a leading arm points in the direction of rotation (see
igure 6.4). ;
Flgu?t-g n)ot easy to determine observationally whether Lhﬁ_m ofa g“':ﬁg
gelaxy are leading or trailing, In face-on galaxies we cannct determine

fig]ure 6.6 Distinguishing near and far sides of a disk galaxy., The dots represent ohjects
sue dfm novae or globular clustjers: There is an obscuring dust layer in the central plane of
the disk which is shown as a line in the side view at left. In the observer’s view, at. right,

objects behind the dust layer (open circles) are fainter and hence fewer

wc are present in
flux-limited survey. arep b

leading arms (Pasha 1985; Buta, Byrd, & Freeman 2003

armed leading spirals can be produced by plausible

example encounters with companion galaxies on retrograde orbits. Never-

theless, in the vast majority of cases spiral arms are trailing.

(c) The pitch angle and the winding problem The pitch angle o

~ at any radius R is the angle between the tangent to the arm and the circle
R = constant (see Figure 6.8); by definition 0 < o < 90°.

s It is useful to think of the center of each arm as a mathematical curve
in the plane of the galaxy, which we write in the form ¢+ g(R,t) = constant

~ where ¢ is the time. Suppose that the galaxy has m-fold rotational symmetry,
that is, the arm pattern is unchanged if we rotate the galaxy by 27 /m radians

(m > 0). Then a more convenient expression, which defines the locations of
- all m arms, is

), and transitory one-
dynamical processes, for

me + f(R,t) = constant (mod 2), (6.3)

where f(R,t) = mg(R,t) is the shape function. It is also useful to intro-
duce the radial wavenumber

If(R,t)
k(R,t) = ———=. 6.4
(Rt = 202 (64)
The sign of k determines whether the arms are leading or trailing. If, as
we shall always assume, m > 0 and the galaxy rotates in the direction of
increasing ¢, then

leading arms & k <0 ; trailing arms &k > 0. (6.5)
The pitch angle is given by

22

3B’ (6.6)

cota = ‘




We now conduct a simple thought experiment. At some initial time
t = 0 we paint a narrow stripe or arm radially outward across the disk of a
galaxy. The initial equation of the stripe is ¢ = ¢y, where ¢ is the azimuthal
angle (Figure 6.8). The disk rotates with an angular speed Q(R), where R is
the distance from the center of the disk. The disk is said to be in diﬁ'erentia‘l
rotation if Q(R) is not independent of R. When the disk is in differential
rotation the arm does not remain radial as the disk rotates. The 10('&(1;)11 of
the arm ¢(R, t) is described by the equation ‘

d(R,t) = ¢ + Q(R)t. (6.8)
The pitch angle is given by equation (6.6),
dQ2
cota = Rt )
« :lli”' (6.9)
For a galaxy with a flat circular-speed curve, RQ(R) = v, = 200kms™!,

K S e M 2
R = 5kpe, and ¢t = 10 Gyr, the pitch angle would now be o« = 0.14°, far

Figure 6.8 How a material arm winds up in
& differentially rotating disk. The rotation law
is (R) x R™L.

smaller than observed pitch angles. This discrepancy is called the 'wir‘xding
problem: if the material originally making up a spiral arm remains in the
arm, the differential rotation of the galaxy winds up the arm in a time short

compared wi f the galaxy. A remarkably clear statement of the
gl . by Wilczynski (1896).

niur;
winding problem was given over a century 860 BY 70 50 B o

3.2.3 Nearly circular orbits: epicycles and the velocity ellipsoid
In disk galaxies many stars are on nearly circular orbits, so it is useful to
derive approximate solutions to equations (3.68a) that are valid for such
orbits. We define

z=R- Ry, (3.75)
where Rg(L.) is the guiding-center radius for an orbit of angular momentum
L, (eq. 3.72). Thus (z, z) = (0,0) are the coordinates in the meridional plane
of the minimum in ®.r. When we expand ®.p in a Taylor series about this
point, we obtain

¢ 0. p 02D o ) .
Do = Pesr(Ry,0)+3 (#) ?+3 ((W”> 224+0(x2?%). (3.76)
(Ry,0) ~ (R,.,0)

Note that the term that is proportional to 2z vanishes because oy is assumed
to be symmetric about z = 0. The equations of motion (3.68a) become very
simple in the epicycle approximation in which we neglect all terms in ®q
of order zz2 or higher powers of z and z. We define two new quantities by
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‘then equations (3.68a) become

& = i, (3.78a)

E=phy

k& these equations, ¢ and z evol
oscillators, with frequencies £ and v, respectively. The two frequen-

and v are called the epicycle or radial frequency and the vertical
cy. If we substitute from equation (3.68b) for ®.q we obtain?

(3.78b)
ve like the displacements of two

Ve

a%) 3L2 (aﬂq)) 3 (84?)
s Hine el A Ll C i i § (3.793)
O ey TR \PR ) " R \BR (£5,0)

. ,;'a%) '
R0y (3.79b)

i its i i =0 - nr/m.
Figure 6.10 The appearance of elliptical orbits in a frame rotatmg{_at ﬂp' o
mﬁ: (n,m) = (0, 1), solid line; (1,2), dotted line; (1,~2), dashed line. Right: (n,m) =
{2,3).

6.2 Wave mechanics of differentially rotating disks
6.2.1 Preliminaries

(a) Kinematic density waves The galactocentric am:e _‘of a particle
that orbits in the equatorial plane of an axisymmetric galaxy is a pe;ﬂf;i
function of time with period 7. (see eq. 3.17). During the interval s e
azimuthal angle increases by an A (efp 18b). These quantities

elat he radial and azim )c\? illation fr ;
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Figure 6.11 Behavior of
Q — nk/m in: (top) the
Pl B IR 1 isochrone potential (eq. 2.47);
0...;.‘ 4“.é.ué.- 110 (bottom) Model I for our
it Galaxy, described in §2.7.

plotted for two representative galactic circular-speed curves, the isochrone
potential (eq. 2.47) and Model I for our Galaxy, as described in Table 2.3,
This diagram exhibits an intriguing fact noticed by Lindblad many
decades ago: while most of the Q — nk/m curves vary rapidly with radius,
the curve for n = 1,m = 2 (or n = 2,m = 4, ete.) is relatively constant
across much of the galaxy.® To understand the significance of Lindblad’s re-

3 This result is related to the shape of galaxy circular-speed curves in their inner parts.
In most galaxies the circular speed rises linearly from the center with & steep slope. Thus,
both 2 and k are large at small radii, so for most values of m and n, ]ﬂ — nxfm| is
much larger near the center than at large radii. However, in the central region where the
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mark, let us suppose for the moment that 2 i’,/{ were eractly constant,
and equal to some number £, Then inoa frame l't‘)hlting ab {1, the orbits of
the type shown as o dotted line in the left panel of Figure 6,108 would be
exactly closed at every radins, Hence we could set up a neste, aligned set
of these orbits covering a range of radii, as shown in Figure 6,12a. 1f we fill
up these orbits with stars we ereate a bar-like pattern, which is stationary
in the rotating frame and appears as a density wave rotating at the pm‘t(-l'.n
speed 2, in the inertial frame. By rotating the axes of the ellipses we can
create leading or trailing spiral density waves as in Figure 6.12b and c.

In a real galaxy § - zh is not exactly constant. Hence, no matter
what the value of €2, most orbits are not exactly closed. The orientations
of different orbits drift at slightly different speeds, so the pattern tends to
twist or wind up. This is a modified version of the winding problem which
we have already discussed —but now applied to density waves rather than
material arms--and the rate of winding can be caleulated in a similar way.
Let ¢ (R t) be the angle of the major axis of the pattern, as viewed in the
frame rotating at the pattern speed. Let us suppose that the major axes
are aligned ot time ¢ = 0; thus ¢,(R,0) = ¢o. The drift rate is do, /0t =
Q- %h’ — {Up; thus

(R, t) = ¢y + [QR) = %K(R) - ]t (6.25)
(ef. eq. 6.8). Equation (6.6) now gives the pitch angle as

d(Q ~ r)

cota = Rt -‘-——-‘a—j?—"'—"' c (bzﬁ)

In Model I for the Galactic potential of §2.7, the average of | Rd(2 ~ }x)/dR)|
is about 7kms ' kpe™! between 5 and 10 kpe, and after ¢ = 10 Gyr the piteh
angle in this region is about ¢ = 0.8°. For comparison we computed after
equation (6.9) that a material arm would have o < 0.2° in a galaxy with a
similar circular-speed curve. Thus, the wave pattern winds up more slowly
thau the material arm by a factor of five or so. Although the pitch angle is
still too small by a factor 10-20, we have come some way towards resolving
the winding problem. We conclude that in galaxies with eircular-speed curves
similar 1o our own, n = 1,m = 2 density waves can resist the winding process
much betler than material arms. This result suggests a natural explanation
for the prevalence of two-armed spirals, providing we can find a way to adjust
the slow drift yates of all the orbits to a common standard.
Density waves of the type described above are called kinematic damitﬂy
because they involve only the kinematics of orbits in an axisymmetric

ik L1 Tar o enbanes tha avhite will deviate from the paths we have assumed
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Figure 6.12 Arrangement of closed orbits in a galaxy with §2 §

k& independent of racins

to create bars and spiral patterns (after Kalnajs 1973D)

because the spiral pattern itsell produces a non-axisyinmetric component of
the gravitational ficld. A major goal of spiral-structure theory is to determine
whether the non-axisymmetrie gravitational field due to the spiral itself can
coordinate the drift rates of the orbits in such a way as to produce long-lived
spiral patterns.

(b} Resonances  Orbits, like springs and drums, have natural resonant
frequencies. If the gravitational field generated by spiral structure perturhs
an orbit near one of its resonant frequencies, then the response of the orbit is
strong, even when the perturbing field is weak. To investigate the response
of a stellar disk to non-axisymmetric forces, an essential first step is to locate
the resonant orbits.

A gravitational potential that is stationary in a rotating frame can be
written in the form (R, o,t) = (R, ¢ — Qpt), where , is the pattern
speed of the potential. Examples of systems that generate potentials of this
form include the rotating bars seen at the centers of many disk galaxies, a
satellite galaxy on a circular orbit in the disk plane, and any stationary spi-
ral strueture pattern (ie., any structure with a well-defined pattern speed).
More camplicated potentials can be regarded as superpositions of potentials
with different pattern speeds.

We now examine the effect of a weak potential of this form on a disk
composed of stars on circular or near-cirenlar orbits. Since the potential is
pf*rim!ir in ¢ ~ ¢, it can be decomposed into a series of terms proportional
to cos{m(e ~ (1) + f,,(R)], where m > 0 is an integer. We studied orbits in
potentials of this form in §3.3.3, and found that resonances occurred when
the cireular frequency Q and the epicycle frequency & in the unperturbed
axisymmetric potential satisfied one of three conditions: () = {2 (corotation
resonance ), m(§ — €1y = & (inner Lindblad resonance), or m(§2 -~ Q) = ~x
(outer Lindblad resonance). These resonances oceur at specific radii in a
differentially rotating disk. The location and even the existence of these
radii, called the corotation and Lindblad radij, depend on the cirenlar-speed
curve and the pattern speed. For example, inspection of Figure 6,11 show
that the isochrone potential has zero or two inner Lindblad radii with m =

In reality, the orbits will not be exactly closed in the

corotating frame. . . N
Gravity can help: can drive an instability

The simplest type of instability is the Jeans instability
for a spherical distribution. Jeans found that systems
with a mass larger than the Jeans mass are unstable




