Galaxies: Structure, Dynamics, and Evolution
Problem Set 1
Instructor: Dr. Bouwens

Here is problem set #1. The entire problem set will be due before class on
Monday, February 23 (email them to Wout and hand them before class).
Be sure to pay extra attention to problem 3, as your solution to that prob-
lem will be checked carefully and used in determining your homework grade.

1. Derive the potential from the density for a point-source mass M, uniform
density p sphere, and a singular isothermal sphere pg/r? (where pg is the
density at radius 1 and r is the radius) using the following equation presented
in class:

¢ = —4AnG qu /Or p(r)r2dr’ + /TOO p(r/)r/dr’} (1)

Show your work. As the potential for a singular isothermal sphere blows
up at radius 0, please derive an expression for the potential such that the
potential equals zero at rg.

®(r) = —4nG E /OT p(r! )’ dr’ + /TOO p(r)r’ dr’} .

Case 1. Point source of mass M
For a point mass,
p(r) = M&®) ().
For r > 0, the enclosed mass is
47T/ p(r ' dr' = M,
0

SO
M

/0 p(r ) dr’ = e

The second integral vanishes outside the point source. Therefore

1M GM
GM
a(r) = -+

Case 2. Uniform-density sphere

Let the sphere have radius r and constant density p for v’ < r, with p =0
for v/ > r. Its total mass is

4

M= —pr.
37"
The second integral is zero, so
108 GM
O(r) = —4nG-—— = —.
() T r 3 r

GM

o) = -




Case 3. Singular isothermal sphere

For a singular isothermal sphere,

Po
(r) = poR
Then
T T
/ () dr' = / podr’ = por.
Jo Jo

The first term becomes
1 )
7/ p(rr? dr' = po.
0

r

< < po
/ p(rr' dr' = / = dr’,
T T T

which diverges logarithmically. Therefore the absolute potential is not well-
defined if we set ®(c0) = 0. Instead, define the potential relative to some
reference radius 7o, with

The second term is

<I>(r0) =0.

Introduce a large cutoff radius Ryax. Then

Rmax !
®(r) = —4rGpo {1 +/ Cift] = —4nGpy {1 +1In (%)} .

Similarly,
D(rg) = —47Gpo {1 +1In (ﬁ)} .

7o

Subtracting,

00— ) =t [ () 1 ().

D(r) — ®(rg) = —4nGpp In (%O) =47Gpoln (%) .

Since ®(rg) =0,

Thus

®(r) = 4nGpoIn <L>
T

This potential diverges to —oo as r — 0, as expected for a singular
isothermal sphere.



2. The model given by p = 1/(1 4+ r2)?% is a Plummer model. Derive the
potential of this model. What is the total mass?

For the Plummer model,
p(r) = po (1+72) 2.

The enclosed mass is
.
M(r) = 471'/ p(s) % ds
0
S0
.
M(r) = 471'/)()/ (14 s%)752 ds.

0
Notice that

3
d [ s } = 362(1 + %) 7072,

ds | (1+ s2)3/2
hence
1 53
2 2\—5/2 7. _ *
/5(1+5) d5—3(1+82)3/2.
Therefore,
47 po 3

ME)y="2£0_ 1T
") =5 Gr
Taking r — oo,
. 47
Migy = lim M(r) = %

So the total mass is

4m
Mgy = = |

For a spherically symmetric system,

a® _ GM(r)
dr =~ r?
Substituting M (r),
A GMr

dr — (1+r2)3/%

Using the boundary condition

®(00) =0,
we integrate inward:
> G Mot s
O(r) = — —— = ds.
(r) /T (1+ s2)3/2 §

Since

d 1 s

the integral gives

G Mot
P(r) =— .
) V14712
Thus the Plummer potential is
G Moy
O(r) = — A
() =~

With a scale radius a, the standard form is

3M 2\
- 1 .
p(r) 4ma’ ( + (ﬁ) ’

and the corresponding potential is




M\ 8rG const 0 3/2
: . ~) ==r+ . o=y 2 oct,
3. Assume that the age of the universe is 13 Gyr and Q = 1 and ~100% of r 3 12 3
the mass-energy density of the universe is in the form of matter. 50
(a) Using the equation (a) Evolution of the scale factor [roc®?]
N 2 . . . . .
T 8 2 For a universe with = 1, the universe is spatially flat, so
— ) = -wGp+ const/r 2 ' ’ .
<'r> 3" / @) 51y (b) Hubble constant for a 13 Gyr universe
where 7 is the scale factor of the universe and p = po/ r3, show that r in- P = perit = o For a matter-dominated, flat universe,
creases with time as £2/3. What does const equal for a universe where Q = 17 and thus
(b) What is the Hubble constant Hy = (7/r)¢ that would yield a universe roc /3,
with an age of 13 Gyr? const = 0. Therefore
(c¢) Calculate the age of the universe at redshifts z of 1, 5, and 10. Note o )
that for redshifts z of 1, 5, and 10, the scale factor r for the universe was H="_ 3
(1 + 2) smaller than it is today (i.e., 7 = 79/(1 + z) where rg is the scale M\?  8rG po ro3t
-] =—=. At the present time,
factor today). 3 3
(d) How long has the light travelled which was emitted at z = 17 Therefore I 2
0= 5
3to
7 _ 81Gpo With
r2 3rs 7
S0 to = 13 Gyr,
2 STerol we get
3 7 9 9
Taking the square root, Hy = m =39 Gyr .
i <87T§p0>1/2 vy Thus
Theref Hy =0.0513 Gyr L.
erefore
Using
. 871G p, 12
r'/2dr = <TO> dt. 1 Gyr ' ~ 978 km s Mpc™!,
Integrating, we find
2 4, (87Gpo 1/2f Hy ~ 0.0513(978) ~ 50.1 km s~' Mpc™".
=T = e L.
3 Therefore
Thus

‘Hg ~ 50 km s~ Mpet|.




(c) Age of the universe at redshift z

Since

we have

At redshift z,

Therefore

Thus

With tg = 13 Gyr,

For z =1,
For z =5,
For z = 10,
Therefore

7‘0(162/37

t o 32,

1
t(5) = 657:/)'2 = 0.884 Gyr.

13

t(10) = 52 = 0.356 Gyr.

[t(z = 1) = 4.60 Gyr

|#(z = 5) = 0.884 Gyr|

|#(z = 10) = 0.356 Gyr|,

(d) Light travel time from z =1

The light travel time is the difference between the present age of the universe
and the age when the light was emitted:

teravel = to — t(z = 1)'
Thus

tiravel = 13 Gyr — 4.60 Gyr = 8.40 Gyr.

Therefore

trravel &2 8.4 GyI‘ -



4. (a) Consider that there was some overdense region in the universe which
had a density p which was 2p..;; (the critical density) which otherwise had

spherical symmetry. What was the density of that sphere relative to p.pi
when that sphere was 10 times smaller?

(b) Imagine that the universe as a whole had an average density p equal
to 2pcrit at the present time. How overdense was the universe when the
universe was 10 times smaller?

Solution

In class we derived the relation p = 1.053 perit |-
1 const The solution is the same both for an isolated region of the universe and for
Q- = 1+2 the universe as a whole:

‘We are told that at the present time, (a) p = 1.053 perit

(b) p = 1.053 perit
At the present epoch,

Therefore,

1
— — 1 = const.
o cons
Substituting Qg = 2,
1

t L 1
const = - —1=—-.
2 2

Thus the evolution equation becomes

111

Q=) 7 214z

When the universe (or spherical region) was 10 times smaller,

14z =10.
Therefore,
1 1 1
1=—-.110= ——
Q 2 0 20
So
1 1 119
Q 20 20
Hence
20
= — =1.052
9 0526

Therefore the density relative to the critical density was



5. In lecture, we examined an arbitrary dynamical system and determined
how that dynamical system can be scaled in position, mass, and velocity
and still maintain the same qualitative form.

(a) Show explicitly that the virial theorem produces the same result for the
scaling relations.

(b) Derive Kepler’s Third Law using the scaling relations found in class.
(c) Do the same sort of scaling relations exist for stars? Is it possible to
scale the position, velocity, and mass for particles in a star in the same way
— and have a system with the same qualitative form? Which equilibrium is
retained and which is lost?

(@)

. Gm' Gamm a
virial theorem: v = ; - (q)?=—""= - =" - ddi=a, Q)
X axXx Ay
(b)
. 2nx’ 2maxx a P
Period P' = = T op T =
v’ ayv axd;  ag
3 o alx®alP®>  apm P2 m
axd; =dm 3 p2 - 3pr
X p m x> P m
P> 1 s
— o« — —  Kepler’s third law 1)
3 m
(c)
Hydrostatic equilibrium:
apP Gmp amap ﬂ%,,
_— == 5 — ap=——-= —
dr r ar a,

Assume the star is an ideal gas cloud without radiation pressure:

3In

R am , a
P=—pT - ap=apar=—=a, =
u a; a

~

A star therefore retains hydrostatic equilibrium with the scaling relation ap = a2, / al. There may
be no scaling relation for hydrostatic equilibrium to hold if radiation pressure is taken into ac-
count.

Radiative transfer:

dT 3 xp F

‘dr ~ 4ac T3 4nr?

Thermal equilibrium:

dar _ 4mr?

dr pa

Both the opacity x and the energy release rate per unit mass g have complicated and only approx-
imate dependence on p and T. Therefore, we would not expect deriving exact identical scaling
relations from the above equations. 1)



6. Prove that M o T%/2/nl/2. Use the fact that 0? o< T' and n o< M/R.
Comment on the importance of this scaling relative to the T vs. n diagram
used to understand for which mass sources Tyo0r < Tigyr (i-e., where galaxy
formation is efficient).

7. If you assume that the rotational speed of the Milky Way is constant as
a function of radius and has a value of 220 km/sec, what is the epicyclic
frequency at the sun (distance from the center = 8 kpc) ? How does this
compare to the orbital frequency Q7

Virial Theorem: 2 K.E. = PE. — 0% x %
Given o2 Tandnox X4,
T M-(ﬁ)l/?’oc n1/3 M2/3 - M T3/2 n—1/2 1)

On the n-T diagram, this relation draws constant mass lines, which shows gas clouds with masses
more massive than 10'2~13 M, cannot be cooled efficiently, thus explaining the large quantities
of hot gas still seen today in galaxies and galaxy clusters. (1)

Constant rotational speed: v, = Q R

aQ? d (v2 202
K2=R—+4QZ=R—(&)+4QZ=&
dR dR | R2 R

220 km/sec
ik
va 8 kpc

K =v2Q

=1.2x10" 157!

1)

ey



Galaxies: Structure, Dynamics, and Evolution
Problem Set 2
Instructor: Dr. Bouwens

Here is Problem Set 2. The entire problem set will be due before class on
Monday, March 16 (email them to Wout). Be sure to pay extra attention
to problem 4, as your solution to that problem will be checked carefully and
used in determining your homework grade.

1. How does the epicyclic (radial) frequency x for both an isothermal po-
tential (v, = constant) and a potential with the form ¢(r) = r—3/* compare
with the azimuthal frequency 2?7 How many radial/epicyclic oscillations will
a star undergo for each orbit around a galaxy?

Isothermal:

dQ? d (v? 202
2 2 Cc 2 C
K°=R——+4Q0°=R— | = |+4Q° =

dR dR(RZ) R?

K =v2Q

(1) o< 1734
Fr)=-Vopo r~7* -  RQ?=constant x R~/

2

11

—

€Y)

Q2 = constant x R~11/4

dQ -
x?= Rﬁ +40% = R-constant - TR_15/4 +40% =1.250Q2

x = 1.12 Q, ~1.12 radial oscillations per orbit.

(€8]



Isothermal potential:

Same as question 3, x = v2Q.
2. Calculate the epicyclic frequency for both an isothermal potential (v, = a

constant) and a potential with the form ¢ = —1/(1+r2). Draw the behaviour x(R)
of @ — nk/m as in figure 6.11. Qp(R) = Q(R) — ——
e e | —(1-va™) Y

‘ ; g l - (1 \/im) R

units VGM/b®

N

£ o) = 13

L] _|d 2-1|_ _2R __np2 2__ 2

: |FR) =] g5 A+ R = o2 =RQ? — Q%=

5

do? 8
Figure 6.11 Behavior of K>=R—— +40%°= ———
Q — nx/m in: (top) the dR (1+R%)3
isoch ial (eq. 2.47
(bottom) Model I for our - _\/E — ﬁ—\/g
Galaxy, described in §2.7. P"14+R2 m (1+ R2)3/2
. — am=-12

— nm=0.2
— nm=1.2




3. In class, we calculated the relaxation time for a star in some dynamical
system (e.g., a galaxy) by considering the effect of its interactions with other
stars in a galaxy. In calculating the relaxation time, we only considered im-
pact parameters b from by, to the size of the galaxy R (where b, was
the minimum impact parameter where our simple formula for the velocity
kick was approximately valid). What about the effect of impact parameters
b =0 to byn? How does this impact the relaxation time?

(a) Calculate the probability that a star will pass by another star with im-
pact parameter b less than or equal to byn? (Ignore the curvature of the
orbit.) Adopt the standard variables N, v, m, and G used in the derivation
during lecture.

(b) If any star passes by another star with impact parameter b < byin,
its velocity will be so perturbed that it “will lose all memory of its initial or-
bit.” Let us say it relaxes with just one encounter. Calculate the relaxation
time assuming that b < by, encounters are the only meaningful relaxation
process. Calculate the relaxation time for the same choice of N, m, G, and v
considered in class for a galaxy (i.e., N = 100, v = 100 km s~!, » = 10 kpc,
teross = 108 yr). How does this compare with the relaxation time derived in
class considering only b > b, encounters?

(a) Rephrased question (not graded): Calculate the rate that a star will pass by another star
with impact parameter b less than or equal to b,,;, ? (Ignore the curvature of the orbit.) Adopt

the standard variables N, v, m, and G used in the derivation during lecture.

Rate = cylindrical volume (of trajectory) x number density / time of crossing the radius
2 N
”bminR X RT3
R/v
2
_ 3vb; . N

4R3

Convert R to v, m, and G using virial theorem: vZ=GM/R
Also, b,in = GM/v? (see source material 2).

2
meinN

Rate =
ate g

1

(b)  Plugin the provided values, t;e/qx = rate™ = 1 x 108 years

2)



4. To help yourself visualize the Inner and Outer Lindblad Resonances work,
as well as the corotational radius, I will ask you to sketch out a number of
snapshots of the movement of a spiral arm around a galaxy. Assume that a
galaxy has two spiral arms and that it is an isothermal sphere.

(a) Suppose that circular velocity of the galaxy is 200 km/s and that the
inner Lindblad resonance for a galaxy is at a radius of 2.5 kpc. What is the
pattern speed (or frequency) Q,?

(b) What is the period of epicyclic motion at the Inner Lindblad resonance?
(c) What is the corotation radius and radius of the Outer Lindblad reso-
nance for the pattern speed you computed in part (a)?

(d) In multiples of the epicyclic period of stars at the inner Lindblad reso-
nance (consider multiples out to 10), please sketch out the motion of stars in
a spiral galaxy (similar to what I do in lecture, but now moving indicative
stars at the Inner and Outer Lindblad resonances and corotation radius self
consistently). Please indicate the position of the spiral arms, a star at the
radius of the Inner Lindblad resonance, a star at the corotation radius, and a
star at the radius of the outer Lindblad resonance. Assume that the position
angle of the spiral arms and the stars at all three radii are all 0 at time t = 0.

The pattern speed of a spiral arm is given by Q, = Q + nkx/m. For a galaxy with two spiral
arms (m = 2), the inner Lindblad resonance condition (n = —1) simplifies the expression to
Q, = Q — k/2, where Q is the orbital frequency and & the epicyclic frequency. In problem
set 2, we showed that for a constant circular velocity v.(r) = constant, the orbital and
epicyclic frequencies are related by & = v/29. Thus, we have

0, (r) = Q(r) (1 - ‘@) _ 20 (2 - \/5) . (1)

2 2

For a constant circular velocity, we have Q(r) = v./r, and thus

0, (r) = ;’7 ( - ﬂ) . 2)

For the given value of the circular velocity, we may write

1k
Op(r) = 1.71 x 1071 (%) s

1k
=53.9 ( rpC) GyrL.

At 2.5 kpe, the pattern speed is thus 21.6 Gyr~.

As mentioned in part (a), the relation between the epicyclic and orbital frequencies for a
constant circular velocity is #(r) = v/2Q(r). We thus have

k(r) = V2(r) = @

S (1k
=825 x 1079 (%) s (4)

1k
= 260 ( pC) Gyr L.
T

The period is then

27 r r
Pepi = % (71 kpc) Gyr =24.2 (71 kpc) Myr (5)

At 2.5 kpc, the epicyclic period is about 60 Myr.



Bt A
The corotation condition (n = 0) means Q,(r) = Q(r) = v./r. Thus, '." “‘_ \
v s : :
Tcorot = Qii (6) '.‘ ':' :’
Using the pattern speed €, = 21.6 Gyr' as calculated in part (a), we have \‘\
Teorot = 8.54kpe. The condition for the outer Lindblad resonance is Q, = Q + x/2. Tkt gy

Following a similar procedure as in part (a), we get

-
Ve
0, =2 (2+Vv2). (7)
2r : : \
; : \
. . h ' H
Solving for the radius, : : :
Ve \ \ ;
roL = 7(2 + \/5) (8) \ \ .,
20,
For our numbers, we get ror, = 14.58 kpc. .. L
S R
Figure 1: Time-lapse of stars (red dots) orbiting at the inner Lindblad resonance (inner circle), corotation radius (middle circle),
and outer Lindblad resonance (outer circle). Each time step ¢, is the nth multiple of the epi c period of the inner Lindblad
resonance, Pu,i = 60 Myr. The spiral arms, which follow the same rotational speed as the star at the corotation radius, are
denoted by blue lines.
The angular distance ¢ traversed by a star in time steps t,, of the epicyclic period at the
inner Lindblad resonance Py is
P Ve TN .
Olta) = 360°n | 2 | = 360°n [ Payis < | 9
(tn) P(r) P omrl’ (©) S e
d " " . .
: ’ s “I : ,
. . . . . . . : - ;
where n is an integer and P(r) is the period of the star at orbital distance r. Figures 1 and I S AR S S S T
. . . . ‘~ . L]
2 trace the movements of three stars (red dots) at the inner Lindblad resonance (inner R O A
. . . . . . . . pJ 4 . .
circle), corotation radius (middle circle), and outer Lindblad resonance (outer circle) in N et SN
== .
steps of Pop;i = 60 Myr. At to = 0 Myr, the stars begin aligned. For reference, the orbital R .
periods for the inner Lindblad resonance, corotation radius, and outer Lindblad resonance IRRETTL IRREETTLiaS
are 85 Myr, 292 Myr, and 500 Myr, respectively. The blue lines denote the spiral arms, -
which move at the same rotational speed as the star at the corotation radius. . R
; .
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Figure 2: Same as Figure 1, but for additional time steps.



Figure 3 shows the first three time steps of Figure 1 in the rotating frame of the star at the
corotation radius. Obviously, the star at the corotation radius as well as the spiral arms
will appear motionless. Further, this frame clearly shows the star at the inner Lindblad
resonance hopping between the two spiral arms with each epicyclic period. The star at the
outer Lindblad resonance does not appear invariant. A similar situation would occur if the
chosen frame was that of the star at the inner Lindblad resonance. In this case, the inner
Lindblad resonance star would appear motionless, while the star at the corotation radius
would hop from one side of the galaxy to the other. The star at the outer Lindblad
resonance would still not appear invariant at all.
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Figure 3: First three time steps from Figure 1 in the rotating frame of the star at the corotation radius.



There are five integrals of motion associated with the given force law. As the corresponding
potential is time-independent—that is, static—the energy is conserved. Further, the
associated potential is spherically symmetric, and thus all three components of the angular
momentum are conserved. We have E, L,, L,, and L..

Moreover since the orbit is closed, its shape and orientation is conserved. The conserved quantity
here is called the Laplace-Runge-Lenz Vector.

In total we have 5 integrals of motion.

5. How many integrals of motion are there for a particle with the following
force law F(r) = —#/r% where r is the radius?



6. Show that the distribution function f(e, L)

| FS(L?) (e — €)% for e > €,
e L) = { 0 otherwise.

where F' and ¢ are constants and § is the familiar delta function. Show that
this distribution function self-consistently generates a model with density

(r) = Cr=2 for r <rg
PII=19 0 otherwise.

where C' is a constant and the relative potential at ry satisfies ¥(rg) = €q.
This is the only analytic stellar system known to us in which all stars are
on perfectly radial orbits.

We want to find the density for the distribution function:

| F(L*) (e —€0)V? if € > ¢
fle, L) = { 0 otherwise (1)

We therefore need to equate the integral:

o) = [ ey

We rewrite this integral so that we integrate over radial, tangential and angular velocity.
This is just like rewriting an integral over Cartesian coordinates to spherical coordinates:

/// fl@.y, z)dvdydz = /027T /O7r /OOO f(r,8, ¢)r? sin Odrdfde

First we give the integral over velocity in spherical coordinates:

/ng /Ow /Ooo £(v,0, ¢)v? sin 0dvdfde

We now want to rewrite this integral in terms of the radial velocity, tangential velocity and
the angle phi. The first two are given by v, = vcosf and v, = vsinf. The Jacobian of the

new integral is given by | 8‘?&?’3;"’;)\ = 1/v. The integral now becomes:

27 00 oo
/ / / f(vp, vt @)v sin Odv,dvde
0 —o0 J —0o




With the definition of v; this becomes:
This is a standard integral of the form fO"' ——L__dz = 7/2 and we find thus:

—z2+a?

27 LN LS
/ / / f(vravt7¢)vtdvrdvtd¢ ( ) 7T2F
0 —o0 J —00 r)= ——
P 2r2y/2

We just integrate over the angular velocity because both the energy and angular momentum We find thus the following density:

do not depend on this. This integration just gives a factor 2w. The angular momentum

depends on the tangential velocity (L = rv;) and the energy depends on both the radial and p(r) = { r% if r < 7o
tangential velocity (e = ¥ — v2/2 — v?/2). We now can write: 0 otherwise

p(r) =21 /j’c /70C f(E,L)Utd’UTde

Because we only have radial orbits we can split the integral, the energy is then only depended
on the radial velocity.

o) =2n [~ s, [~ (L

Now filling in the distribution function:

p(r) = 27rF/ (—v2/2+ U + 60)’1/2(1%/ S(L?)vdvy
0 —o0
The definition of angular momentum is L? = r?v2. We can write x = r2v? and da = 2r?v,du,
plugging this in we get:

plr) = QWF/ R 2 60)71/2‘1“/ da)dafr?
0 —00

oF Umaz

— (—02/2 + T + ¢)"Y2dv,
r

We Know v, is reached when the energy is the lowest thus € = ¢y from € = ¥ — v2/2 we

now Know vy, = /2(¥ — €9). We thus can write:

F /2 0e0)
p(r) = % (—07/2+ ¥ + eo)V2du,
0
TF (VA 1
= — v
r2v2 Jo —02 4+ 2(V + )
TF 2V —co) 1

= dv,
2
V2 Jo 02+ /20 + e)



Galaxies: Structure, Dynamics, and Evolution
Problem Set 3
Instructor: Dr. Bouwens

Here is Problem Set 3. The entire problem set will be due before class on
Monday, April 6 (email them to Wout and include GSD in the subject line).
Be sure to pay extra attention to problem 1, as your solution to that prob-
lem will be checked carefully and used in determining your homework grade.

1. Consider the case of the homogeneous ellipsoid potential discussed on
page 3 of this handout. For this potential, the motion of a star in the
xz, y, and z directions can be described as harmonic oscillators. Suppose
that we represent the motion of each particle as z = azcos(w,t + ¢z),
y = aycos(wyt + ¢y), z = aycos(w.t + ¢.) where w, does not equal wy
does not equal w, and w,/wy, wy/w,, and w;/w, are not rational numbers.
Particles in such a potential follow box orbits.

(a) Argue that a particle travels arbitrarily close to every spatial position in
the entire volume (—ay, az) X (—ay, ay) X (—az, a;). If you cannot prove
it explicitly, demonstrate the plausibility of this statement by showing 2-D
projections of the orbital tracks for two separate choices of (wy, wy, w;). Plot
out the orbital tracks for varying integration times (short time, intermediate
time, long time intervals).

(b) Write down a formula for the angular momentum of a particle in this
potential. Is the angular momentum conserved? Why or why not? What is
the average value of the angular momentum averaged over time?

(c) If a were equal to b (and hence w, were equal to wy), would the angular
momentum be conserved? Why or why not? Would particles still travel on
box orbits, or would the orbits be loop orbits?

a) Solution 1.
Consider first the problem in 2 dimensions. The motion of a particle is

now given by T = a, cos(wyt + @) 1)
y = aycos(wyt + ¢y)
We can define the quantities P, and P, as the periods of the harmonic oscil-
lators in the z— resp. y—direction. We write P, = 27 /w, and P, = 27 /w,,.
This 2D-orbit will be periodic with period P if we can find a least common
multiple (LCM) of these two periods. In other words, the orbit is periodic if
we can find two numbers A, B € N such that A x P, = B x P,. This implies
P, B w
RTA G @
y Wa
If wy/w, ¢ Q by definition no such integers A, B exist. Thus the orbit will
be aperiodic.

This immediately implies that the full square (—ay, a,), (—ay, a,) will be filled
given enough time. To see this, assume we have only an harmonic oscillator
in the z—direction. In one full period, it will obviously traverse all points
in (—ay,a;). When we add another independent harmonic oscillator in the
y—direction, still all values in the x—direction will be reached, although now
for different values on the y—axis. Of course, the harmonic oscillator in the
y—direction will also reach all points between —a, and a,. And, since the
system of oscillators is not periodic, it will never repeat itself, hence within a
finite time it will reach a point it has not reached before. Thus given infinite
time, every point in the (z,y)—plane will be traversed.

Adding a third dimension does not change what was outlined above. As
long as none of the ratios of angular frequencies is a rational number, the
orbit that is drawn out by the particle will have no period. Since the sys-
tem is a combination of independent harmonic oscillators, the full volume
(—as, az), (—ay, ay), (—as, a,) is traversed for t — oco.



a) Solution 2
We demonstrate the plausibility of the statement that a particle travels arbitrarily
close to every spatial position in the entire volume by showing 2-D projections of the 1o
orbital tracks for two separate choices of (wy,wy,w.). We also vary the integration
time. So, we get a plot for short, intermediate and long time intervals. We have chosen

Uy Oy, a; = 1.

We did the plotting as follows: we start the star at a given location and velocity which
is indicated in the plots. Then we calculate the new location and new velocity at the N
next time ¢+ dt by shifting the position with dt x v with velocity from the ’old’ position
and the velocity with dt x F' with the force at the ’old” position. The force for this
potential (® = z% + y® + 2?) is given by F, = —2z, F, = —2y and F, = —2z.

For the first three plots we choose: (w,,wy,w,) = (7,1,4/2). This gives irrational
numbers for w, /w, = 7/1, w,/w, = 1/v/2 and w, /w, = 7//2.

—— X0=1.0 y0=0 vx0=0 vy0=1

-1,

Figure 3: Orbital track plotted for long integration time

> 00
03 b The formula for angular momentum is given by L = m# x U, writing out gives:
=10 T U'E
L=m|ly]| x[v,
3 -10 -05 0.0 05 10 15 z v,
x
a, cos(wyt + ;) — Wy sin(wyt + ;)
=m [ aycos(wyt + 1) | x | —ayw,sin(wyt + 1)
a, cos(wt +1),) —a,w, sin(w,t + 1,)

From the plots we can see that the particle travels arbitrarily close to every spatial

position in the volume. —a.w, sin(w.t + 1) a, cos(wyt + 1y) + ayw, sin(wyt + 1y )a. cos(w.t + 1)

=m | a.,w,sin(w.t+1.)a, cos(w,t + V) — aw, sin(w,t + ¥,)a, cos(w,t + 1,)
—aywy sin(wyt 4 Uy )ag cos(wet + 1y) + azw, sin(wyt + ¥, )a, cos(wyt + 1)

Figure 1: Orbital track plotted for short integration time

For the second three plots we choose: (wg,wy,w.) = (V/8,v/33,/1.6). This gives
irrational numbers for w, /w, = ‘/g/ V33, wy/w. = V33/V1.6 and w, fw. = \/g/ V16. If angular momentum is conserved we need %, we write this down for the first element
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Figure 5: Orbital track plotted for intermediate integration time
(The other clements can be found similarly):

dL d . ) . ,

T m%(—azwz sin(w,t + ¥, )ay, cos(wyt + ¥y) + ayw, sin(w,t + ¥y )a, cos(w,t + ¥.))
= m(—a,w? cos(w,t + 1. )a, cos(wyt + 1, + a.w, sin(w.t + 1, )a,w, sin(w,t + 1)
+ ayw;‘; cos(wyt + 1y )a. cos(w:t + ¥.) — ayw, sin(wyl + 1y )azw, sin(w.t + 1.))
= —a,w? cos(w,t +1,)a, cos(wyt + 1) + a,ywﬁ cos(wyt + 1y )a cos(w.t + 1)

(—a.wla, + aywia.) cos(w,t + 1b,) cos(w.t +1.)

As w, and w, are not equal this can only be zero when cos(wyt + 1) cos(w,t + 1,) = 0
so when %fz = 0. The same will be found for the other two elements in the same
manner. We thus see from this that the angular momentum changes along the orbit
and is thus not conserved.

— X0=1.0 yO=0 vx0=0 vy0=5.74

c15 -1.0 -0.5 0.0 0.5 1.0 15

Figure 6: Orbital track plotted for long integration time

The average value of the angular momentum averaged over time will be zero. Every
position (x,y, z) in is covered in plus and min in this time (as we also saw from the
plots) and these will cancel each other as the total angular momentum is calculated.

If w, = wy then the angular momentum becomes:

—a,w, sin(w,t + ¥, )a, cos(wyt + V) + ayw, sin(w,t + ¥y)a, cos(w.t + 1.)
L=m| a,w,sin(w,t+ ¥.)a, cos(wit + 1) — azw, sin(wyt + ;) a, cos(w,t + ,)
—ywy SIN(wyt 4 Uy ) ay cos(wat + Uy) + apw, sin(wet + ;) ay cos(wyt + 1y)

For the last term we get:

m(_(lyOJz SiH(UJzt + wy)az COS(OJzt + 7/)70) t Az Sin(wzt + wz)ay COS(UJzt + wy))
= m(aywyay(— sin(wyt + ¥y) cos(wyt + 1y) + sin(wgt + ;) cos(wyt + 1y)))
(@, (—sin(iy, — 1))

= constant

L

We see that angular momentum is conserved in the z-direction. Also in this case there
will be a net angular momentum. Because of the constant angular momentum in
the z-direction, the star will not cover every position in the volume and the angular
momentum can therefore not cancel as it did in the previous exercise. Box orbits are
characterized by the fact that they go through the center and have no net angular
momentum. This orbit becomes thus a loop orbit.



2. Finding a solution to the collisionless Boltzmann equation using the Jeans
theorem.

(a) Derive p and ¥ for a spherically-symmetric system with some distri-
€32 ife>0
0, ife<0
e = —E+ &y and F is the energy of a particle orbitting around the system.
Adopt the standard definition that ¥ = € + (1/2)v%. Show that the total
mass of the model is (1/2)¥oG~3/2,/x/c; where ¢; is defined by equation
(4-107b) from BT. Hint this is problem 4-16 from Binney & Tremaine (BT)
and is discussed in some depth on BT 223-225.

bution function f of the form f(e) = . where n = 1,

The density follows from the distribution function as

p(r) = 4m I/O\Il f(e)\/mde — 4/or '/O‘I, V2T ~ede
— 4\/§7r [ﬁ\/ﬁ + W arctan (%)]:’ (22)
= 427V [arctan(oo) — arctan(0)] = 4v27¥ (% - 0)
=227 = AU.

As in Problem 3, we may write the Poisson equation in terms of ¥ and replace for p:

10 (,0¥ .
= <7 E) = —4nGp = —4rGAV. (23)

Defining ¢ = ¥/W, and s = /b where b = (4rGA)~/2, we may rewrite the Poisson
equation as

Wy 0 2200\
TW(I’W =y

24
10 (Lo0) o
52 0s ? ds ) v
which is the Lane-Emden equation for n = 1. We demonstrate that the solution is
P =sin(s)/s
10 (,0p\ 10 (4,0 [sin(s)]\ _ 10 ( ,[cos(s) sin(s)
205 \" 0s) " 2205\’ s s 25\’ s s2
. 1 .
=35 [scos(s) —sin(s)] = &l [cos (s) — ssin (s) — cos (s)] )
X (25)
__sin(s)
N s
10 (,00
205 ( a*) =¥
We can then write the relative potential
g Sin(s) b\ . or
V(r) = Vo = ¥ P Uy <,> sin (b)
= Yo 1 sin (\/ 471('Ar) (26)
VArGAT

= Llsin (\/ 8\/§7r3G7'>,

V/8V2m3G T

and the density

p(r) =AU = % %% sin (\/ 8\/571'307')‘ (27)



The total mass is then

1 [ ,00 1 Ov
M=—(r— = (V5" -
5 8r) 5 (7 bas)

2
b (a0v -
TG\ s —
where s.0ss = 7 refers to the value of s that corresponds to the first zero-crossing for .
Replacing for W,
b [ ,00 b (50 sin (s)
=g (*%) o ()
_ by &2 | cos (s) sin(s)
e S 52 s
U ] 29
= 7?017 [scos(s) —sin(s)],_, = f%b(fw —0) (29
_ Uymb  Uom 12 _ Yo 3\ —1/2
=5 = WGAT =2 (8v27%@G)

M = 277/471_71/26;473/2\1/0.

Equation (4.85b) in Binney & Tremaine for n = 1 gives
(27m)*2(n — 3)!

n!
= ¢ = (2n)*?2 <—§>! =232,

Cp =

Thus, the given expression for the mass becomes

1
M= w2 [T
2 Cq
_ Ly osn 1 (31)
— LwyE (23/47T>

M = 277/477_71/2(;173/2\]:/07

which matches our previous result.



(b) Derive p and ¥ for some spherically symmetric system with the distri-

bution function f with the form f(e) = €2, i e> 0 . where n = 5.
0, ife<0

This is the distribution function for a Plummer model. Find the expression

for p and ¥. Derive also the formula for the total mass of the system.

L) n=g
v =2 o
e
’}A = (5 3} : ’
}i{s@j_ fhas) ) =t o] 52 ) (a5 )
Y 665 S v f; 5852%“?%\ v;,,; 238 5%5} ‘ )
. R o 5\
= ’éi{ (‘53(;*57‘} % = <33Q(e+ss}% #53(§3)(_§)<2e5?}y5
&’5 B s . z /s!
&, S/,
= - (3 st - 3(%&"—5‘)} ((-}}t) z \r_‘
, > .
;3;{5 2 S? '{2 = 3 ?&5 s £§-§
4// % ©
‘ (ol
M= "i/fﬁ 'ﬁl‘fi’;iﬁ) L;\r!
& a5 oy l,\ﬂ
'\/’%
= -b¥%fcr iy 373 e
— ZE}{;%S?'E 4 nl WV
'c:{ 2 . &
= -k 5@ | ‘ 3
S o = "{;‘W 53%;; 3 . %}A\\@
G" i ‘3”32 A w0 & C;,%{‘f* &%\: 3
~ SE> ) - H
) e -
wslf “e e (& + ) i%%



3. Derive the third Jeans equation by subtracting the second Jeans equa-
tion from the first Jeans equation multiplied by ;. See the supplementary
reading posted on the course website for hints on how to do this.

We know the first Jeans equation:

o S 0
7f+;87xim}

and the second Jeans equation:

8yv Z — VU5 +y0—®
ox; 0x;

Now to get the third Jeans equation we have to multiply the first Jeans equation with v;

and subtract the second Jeans equation from this. We now can write:

v _ Ouvl 0P
L]at-&-ujzax i ZE‘) Vz'z'+ya7

We now use the definition of the velocity dispersion tensor (o3, = T;0; — 0;0;) to write:

> o, o, 0P
]075 Zax at *Zaxi”("“ )V

v B Buvl oD
Jaf“]’zar Za—uaz]-&-za v;0; -‘rz/a7

We now rewrite o; - vi; and 302 v1;0; as follows:

zldL lldL

’UJZB vv; Z’U UL+ZU Ul

Za—mwj ZVU ’,UJ Z’U’UJa V+Zl’“13

Plugging these in the previous equation:

U7 o +ZU]V ’Uf‘rZ’U Vi
Ouv Za—uau—&-ZuU, zU]-i-ZUU

_Ov Bl/v 0 0P
]Bt Za—ya”Jer ~Uj +z/a]

9

V—&-Zyvja U;

N 0P
P
Jz;



We know:

81/17,- ov 0,

R ot
61/1}1 ov 8 v

ot Yot Vo
We can now write by plugging this in:

3

8 0P
0— UJ Z 87UU” + th v] e o,

O o~ 0 o , 0%
_yﬁ - 2 VUZ(? ZU] ;:1 0.7V01]+V37

0 o~ D ‘Lo, 0®
”EJ’ZZ_ S ‘Zi: 0z,"% " Vo,

This is the third Jeans equation.



4. How many integrals of motion does a particle have in a Kepler potential? ]
What are they? 5 Integrals of Motion: Energy, Angular Momentum (Lx, Ly,

L), and the Laplace-Runge-Lenz vector

N!VJ
5. Dynamical Friction. Dynamical friction is an important mechanism which M';L @/Pm it
causes colliding galaxies to rapidly merge. How important would this mecha- —
nism be, if we consider the collision of a galaxy with an isolated star (wander- L3 ke melie  N= 307
ing alone through the universe)? Make use of the following Chandrasekhar V= 200 Ras™

dynamical friction formula presented in class:

Ji\i: i ZM(AA) C%Q(M+m)/amv’l B} /\;M
A

dvyy  ArIn(A)GA(M +m)pm : G (M)
dt - ’U2 - ‘ Brax f"ﬁ. 5
s stm i >

Assume that a galaxy is a 3 kpc x 3 kpc x 3 kpc cube with mass 3 x 10%0 M,
and is entirely composed of stars with 1 Mg. Assume that a star with one

dv=dv DE =~ GQ/M’”)LVJ Lv f\” L \/‘
T ( (_____——'— "7
solar mass M =1 M@ apptoaches the galaxy at Velocity UM = 200 kIIl/S

2Gm)] 3

and at an angle perpendicular to the surface of the cube. How much will A M= 1M, ‘ s i
dynamical friction change the velocity of the star if it falls in from infinity b= ~bn (66707 ) (2 @‘ﬁi 3 )) é‘ ( M )
and continues to infinity? Feel free to assume that the dynamical friction is V&7 )(2(: BRI )) :
constant throughout the entire passage of the star through the galaxy (i.e., x r0f ( {942 16°) /”7’,_,_ ‘
that the slowing velocity of the star has no effect on the amplitude of the 30 oo e S i

dynamical friction). How would the impact of dynamical friction change if
the star (unrealistically) had a mass of 107 My? We ignored the effect of
dynamical friction in calculating the relaxation time for a star in lecture 5.
Is this assumption justified?

-4, 38
= SUYB x0™ mg? ,
~ -1 b 57 (scow) -

p M= 07 ‘
br=Z55,00° ms ‘
~ Y [0F 4y 5T (W)

DV a |
'

it | i e gy

iy sy o | s s ol



Galaxies: Structure, Dynamics, and Evolution
Problem Set 4
Instructor: Dr. Bouwens

Here is Problem Set 4. The entire problem set will be due before class on
Monday, April 27 (email them to Wout and include GSD in the subject line).
Be sure to pay extra attention to problem 6, as your solution to that prob-
lem will be checked carefully and used in determining your homework grade.

1. Determine the impact of projection effects on the apparent isophotal
twist (for elliptical galaxies). Consider two ellipses with their major axis
oriented 45 degrees away from some line (that line would be horizontal on
the following diagram):

NSO

Suppose that the axial ratio is 1.15 for the one ellipse (similar to the leftmost
ellipse shown in the above figure) and 2.8 for the other ellipse (similar to the
center ellipse shown in the above figure). Suppose that we are viewing the
ellipses face on and then we rotate the ellipses by 60 degrees about an axis
(parallel to the aforementioned line) so that the ellipses are viewed almost
edge on. What ellipticity would we measure for each of our two ellipses?
What would be the apparent position angle of the major axis of each ellipse
relative to aforementioned line?

The x and y coordinates on an ellipse are given by:

T =acost
y = bsint

where a is the major axis and b the minor axis. We know want to describe this ellipse
rotated by 45 degrees and projected by 60 degrees. First the rotation can be described by
multiplying the rotation matrix with the position vector. We then get the following for the
z and y coordinates:

x =acostcosf — bsintsinf

y = acostsin® + bsintcosf

The projection can be done by multiplying the y coordinate with cosi. We now can write:
x =acostcosf — bsintsinfg

y = acostsinfcosi+ bsint cosf cosi

Now filling in the values for § = 7/4 and i = 7/3:

1 L1
r=acost— — bsint—

V2 V2
[ *aco<til+bsintil
Y= aeosting V22

The minor axis and major axis are given by the maximum and minimum of » which is given
dr?

Y R . dr? S to i
by r = /22 +y%. So we calculate “z- and equal this to zero to find where the maximum
and minimum value are:

1. 1 1 1 1
r = (iuz cos’t — abcostsint + EbQ sin?t) + (ga2 cos’t + Zab costsint + gbz sin® )

5 3 5
= (ga2 cos®t — Zab costsint + gbz sin®¢t)



dr? 5,
I

25‘t t+3b‘2t 31; 2t+b25't t
= —a~—smtcos —ab s’ — —ab cos’ — St cos
4 4 4 4

2, 3 ; 92 0
cos tfzabcostsmtJrgb sin® t)

Setting this equal to zero gives:
55 3 5 3 ; 55
0= 7(;21 sintcost + Za,b sin®t — Za,h cos®t 4 bzz sint cost

The axial ratio a/b is given for both ellipsis. For the first ellipse a/b = 1.15 we get two values
for ¢ which will give then the position of the minor and major axis:

0= —(1.15b)2§sintcost + 21,151)2 sin?t — %1.151)2 cos? t + bzzsintcost
25 . 3 Ly, 3 0, O
0= —(1.15)*~sintcost + —1.15sin°t — —1.15cos” t + — sint cost
4 4 4 4
%1,15cos2t = 7(1.15)22sintcost + gsintcost

t=-22
t=—0.67

Plugging ¢ in the definition of the position vector gives then the position of the major and
minor axis, the axis is given by r = /a2 + y?:

1 1
z=1.15cost— —sint—

V2 V2

1 . 1
y = 1.15cost—= +sint—

V8 V8

For the first ellipse we calculate b = 0.53 and a = 1.08. The axial ration is now calculated
to be a/b = 2.04 and the ellipticity is given by e = 1 — b/a = 0.51

Using the same strategy for the second ellipse with a/b = 2.8, we find t = —1.8 and
t=-0.23

1 1
T = 2.8cost—= —sint—

V2 V2

1 1
=2.8cost—= +sint—
Y VR

And we calculate a = 2.27, b = 0.62, a/b = 3.7, e = 1 — b/a = 0.73. The position angles
can be found by using arctan(y/xz) = 6 where y and x are the coordinates for the position
of the major axis. We find 6 = 5.3 degrees for the first ellipse and 6 = 22.92 degrees for the
second.



2. (a) Derive the enclosed mass M(< r) for the NFW profile p(r) =
ps/[(r/7s)(1 +7/75)?]. Use r/(l +r)2=1/(r+1)=1/(1+7)?
(b) Use this to show ps = pcr(z)m given our parameteriza-

tion p(r) = Gy
(c) Derive the circular velocity as a function of radius for an NFW profile.

a) We begin with the NFW-profile for the density distribution:

Ps
p(r)=—"3 (21)

E(+)
We calculate the mass enclosed within a radius r as M (r fo r)dV. Due

to spherical symmetry of the NFW-profile, we may erte dV = 47rr2dr. The
enclosed mass is thus:

" r2dr Torrgdr
Mepa(r) = 47T,05/ —— = 477/)8/ — (22)
0z (1+2) o (1+2)
We introduce the dimensionless integration variable z = r/rs, such that
dr = id ¢ The enclosed mass is now written as

2 SZdz 2
Mepa (1) = 47Tps/ E _47rps7"§’/
0

= dnprd { [log (1 + 2)] [

1+ 2

1+¢_

)
g _}

= 47rp5

1
= 4dmpsry {log 1+2+——1



b) We know that, for a collapsed halo, ppalo =~ 200pi. Thus the mass of a
halo, which we define to have a size of ryg is given by

4 E 8007 crit (2
]V[halo = ?phalorgoo = %()TS)OO' (24)

We now require that Mo = Mena(7200). From this follows that:

e g (14 720) 0} S0

T 1+ 7200/7s 3
200 7200 s 7200 T200/Ts o
= po(2) = 22 pe log (1 _ _To/Ts L
ps(2) = == parie(2) < - ) og {14+ T oo/
(25)

We define the concentration parameter to be ¢ = 199 /rs and obtain:

200 &

ps(2) = 7ﬂcrit(z)m-

c) The circular velocity can be found via v? = r4® = GM(r)/r. We imme-
c dr

diately obtain from equation 23:

log (1 + i) 1/rs

r T (27)

vf(r, 2) = 4nGp,(2)r?



3. Consider the collapse of a uniform cloud of stars initially at rest. Assume
the cloud has a total mass of 5 x 1010 M, is entirely composed of stars with
1 Mg, and has approximate dimensions of 2 kpc x 2 kpc x 2 kpc. Assume
that the collapse finishes in one free fall time, 1/1/Gp. What is the time
scale for violent relaxation? [Approximate order-of-magnitude estimates are
fine for this first step.] If the system were instead in equilibrium (i.e., not
undergoing collapse), what relaxation time scale would we estimate for stars
in this system using the equations we derived in Lecture #57 How do these
time scales compare?

We assume a uniform, cubical cloud, such that its density is given by p =
Meiona/L? with L = 2 kpe. The free-fall time, which was shown to be a good
approximation of the violent relaxation time by Lynden-Bell, is then given

by
4 ! L 6 x 105 t (3)
== T R Ty
W er GMaoua v

Thus we obtain a violent relaxation timescale of t,, ~ 6 x 10% yr. We can
compare this to the collisional relaxation timescale. We found in lecture 2
that this timescale is given by:

N L
Lrelax tc,rossm where feross = e (4)

Here N is the number of stars in the cloud, given by N = Mcjoua/M.. The
crossing time depends on the average velocity of particles in the cloud v,
which we find via the virial theorem. To good approximation we can write
v? = G Muoud/ L, where we are off by a factor of unity due to the potential
energy depending on the precise density distribution and shape of the cloud.
We now write the relaxation time as

. LN LN _, N (5)
- _ = . 5
relax \/@ 8log N GMejoua 8log N "8 log N
L

We obtain that .. ~ 1.5 x 10" yr. We see immediately that the two

timescales differ by more than 8 orders of magnitude.




The Sérsic profile, which describes the surface brightness of a galaxy, is given
by
4. Determine what the b, normalization factor in the Sersic law must be

such that the integral of the surface brightness profile 10[(/ ROV 1] gyer

all radii is equal to one. What is this normalization factor in the case n = 1

and n = 47 We can always write 10° = eV for y = xlog(10). Note that log denotes the
natural logarithm. We write 8, = —b,, log(10) such that the Sérsic profile is
rewritten to

L(R) =1, x 10" {(R%)‘/u] (6)

R 1/n

B | (2 1/717

I(R) = ILe (=] Lefne ()" (7)
We now require that the integral of this profile over all radii equals unity.
We write this as follows:

g ) 00 Jn
1=2r / I.(R)RdR = 27 1,¢" / Re (&) 4R, (8)
0

We now substitute z = 8, (R/R.)"" such that dz/dR = 8,/(nR.) (R/R.)"" .
This implies that

z\" nR, [ R\'©Y" nRe (2 \""
R—Re (E) s dR = /Bn <E) dr = ﬁn, <Fn> dx. (9)

‘We plug this into equation 8 to obtain:

1—27r1e’3"/e’”R ERNLAER R
S “\Bu) Bu \Ba /

5, nRE [
= 2rI.e™ Nt / e (10)
0

[.}Z(n* )

e’ (2n)

ﬁ?)("—l) ’

=2rl,nR?

The final expression determines the normalization of 3, and thus also that
of b,. Note that I'(2n) is the Gamma-function, which equals (2n — 1)! when
n is an integer (as is the case for us). We plug 3, = —b,1og(10) back into
this equation to obtain

e—bm log 10nF(2n)
(b, log 10)2"~Y

The minus sign in the denominator has disappeared because it is taken to
the 2(n — 1)™ power, which is always an even number for n an integer. We
cast the previous equation in a slightly nicer form:

1 =27L.R? (11)

_ 2mnT(2n) I, R?
1 bnp2(n—1) _ e e 12
0 bn (log 10)2(7:,—1) ( )



For n = 1 this becomes

10" =2rI,R2 = b =logy, (27L.R?). (13)
For n = 4 we need to solve the equation numerically:
8m x 7! x I,R?
(log 10)8

Actually, we can find another expression for b,, by making use of the fact
that, by definition, the following is true:

100405 = ~ 8501, R? (14)

Re
%: o / I(R)RAR (15)
0

The radius R, is namely defined to contain half of all the light (hence its
name being the half-light radius). We can use our results from the above to
find the following relation:
B Jo 2rl,(R)RAR B I'(2n)
[fonl,(R)RAR  T(2n) =T (2n,B,)’

Here I made use of the following integral definition of the incomplete Gamma-
function:

(16)

Bn
I'(2n) — T'(2n, B,) = / e r? L dx. (17)
Jo
This is the same integral as in equation 10, except with a different upper
limit 2(R.) = f,, where z is the same parameter as the one introduced via
substitution in equation 9. We rewrite equation 17 to

T'(2n, 3,) = %F(Qn). (18)

Now, our values for /3, are no longer dependent on R, and I, which they
were in equation 12. We solve the above equation numerically for n = 1 and
n=4.

1 1
[2,8)=T2) =5 =p/~168
2 2
2 (19)
I'(8,8s) = §F(8) =2520 = 4~ T7.67
By using our definition of 8, = —b,log10 we find that by = —0.73 and

by = —3.33.



5. Look at the angular correlation functions for luminous galaxies —22 <
Myy,ap < —21 and lower luminosity galaxies —19 < Myv,ap < —18 (shown
in the last lecture). What is the ratio of bias factors for these galaxies at a
scale of 1.5 h™! Mpc? [Make your best guess for the bias factors based on
the figure shown in lecture.]

6. Derive the Fundamental Plane that one would find if the mass-to-light ra-
tio is a function of mass only M/L = M°25 and more generally M/L = M.
(The Fundamental Plane is the relation of the form R, « o®u? where R, is
the half-light radius.) Assume that the galaxies are homologous, i.e., they
have similar density profiles, but scaled up or down with respect to each
other. Note that the assumption of homology results in the following rela-
tion: 0% oc M/R,.

For this we consult slides 75 and 76 of lecture 9, showing the projected
correlation function as function of distance, for different galaxy luminosities
and colours. At a projected separation of 1.5h~! Mpc we find for the galaxies
with absolute magnitude —22 < M < —21 that &(r) ~ 70h~! Mpc. For the
fainter galaxies (—19 < M < —18), we find instead £(r) ~ 30h~' Mpc.

We know that £(r)gataxies = b*(r)par, where b is the bias factor. We find that

E(r)bright _ (bbright>2 &(r)pm _ (bbright>2. 20)

g(r)faint bfa'mt g(T)DM bfaint

From the numbers we found above, we then see that bpight/brains =~ 1.5. We
apply the same to the red and blue galaxies. We find, again at a projected
distance of 1.5h~ Mpc, that £(r).eq =~ 80h~1 Mpc and £(r)pie =~ 30! Mpe.
We find that byeq/bpme >~ 1.6.

We assume that elliptical galaxies have a mass-to-light ratio that depends
only on their mass, i.e. M/L o< M" for some power-law index 7. We can
write the luminosity of an elliptical galaxy as L o RZpu., where p, is the
surface brightness profile.

We also assume the galaxies are virialized systems, which implies that the
virial theorem holds: 2K + U = 0, where K is the total kinetic energy per
unit mass, and U the potential energy, also per unit mass. In general, the
potential energy can be written as U = a% where « is a constant which
depends on the density profile. We assume elliptical galaxies are homologous,
thus this constant will be the same for galaxies of different masses and sizes.
In that case, it follows from the virial theorem that 0 oc M/R o< M/R.. The
generality of the second proportionality is also a consequence of homology.

We take this all together and write

M M _ e —1
TS ™ M" = M ocp'R? o (6°R)T . (1)
From the final proportionality we may write:
2(1—y) —-L
Ri%ﬂ o 02(1*7)u;1 = R.xo = pe 7 (2)

This is the fundamental plane relation in its general form. If we take v = 0.25

we find that R, oc o208, which is close to the relation that is observed

between these three parameters (in the lecture we saw R, o< ol4pu-09).



7. The number density of galaxies is about 0.01 2% Mpc~3. The correlation
length r¢ is 52! Mpe.

a) Why does the density and the correlation length depend on h (= Hp/
(100 km/s/Mpc))

b) The correlation function gives the relative excess of galaxies at a given
radius. Calculate the integrated correlation function, i.e., the excess from
within a radius smaller than 7.

¢) Now combine this with the average number density to estimate the radius
r within which each galaxy has on average 1 neighbor.

d) What would this radius be if the galaxies are not correlated?

(@) Distances can be converted from measured angles by assuming a set of cosmological pa-
rameters including the Hubble constant, Hy. The dependence of measured quantities on Hy, thus
h, can usually be factored out nicely. Singling out & from the measured value makes it easier for
users to substitute in the latest estimate of Hy. [€))]
See: https://arxiv.org/pdf/1308.4150.pdf

(b) Integrated correlation function:

r rryY 43y
4nf f(r')r’zdr’:4nf (—) r’zdr’:i_y (&)}

0 o \To B-1r,y
()  Number of neighbors within r = average number density x integrated 1+¢ (1), since ¢(r) only
gives the fractional excess. (0)]
Solve for r in: 2

; r -
0.0081° Mpc® x 47:[ a+ (;) )yr2dr' =1
o 5.2h 'Mpc
r=0.66h"'Mpc 6))
(d) No correlation means there is no excess at any radii, i.e. {(r) = 0. 1

Again, solve forr:

.
0.008R*Mpc® x 471[ r2dr' =1
0

r=3.1h"'"Mpc (€))]



Galaxies: Structure, Dynamics, and Evolution
Problem Set 5
Instructor: Dr. Bouwens

Here is Problem Set 5. The entire problem set will be due before class on
Monday, May 4 (email them to Wout and include GSD in the subject line).
Be sure to pay extra attention to problem 1, as your solution to that prob-
lem will be checked carefully and used in determining your homework grade.

1. We can see from the figure from Springel et al. that about 30-40% of the
mass of a halo is in subhalos. This appears quite different from the situation
in clusters, where the light is dominated by the ensemble of regular cluster
galaxies, and NOT by the brightest cluster galaxy. Can you think of an
explanation ?

We consult slide 20 of lecture 9, which zooms in on a DM halo containing a
main, central halo with numerous subhaloes. It is evident that the central
halo outshines all the subhaloes, even though the latter may contain 30-40%
of the mass of the total, encompassing halo. If we instead look at galaxy
clusters, there is also a large, bright galaxy in the centre. However, this
galaxy does not outshine the rest of the cluster in the way a central galaxy
like the Milky Way outshines all its satellites/dwarf galaxies.

A likely explanation for this is that subhaloes around a galaxy are ineffi-
cient regions of star formation, such that they do not emit much light. A
possible reason for this might be the result of the small binding energy such
subhaloes have, due to their low masses. Energetic events, such as super-
novae, are able to blow out much of the gas in small haloes, which impedes
their star formation. Furthermore, the central galaxy might also strip the
dwarf galaxies of baryons, further disabling their star formation. Individ-
ual galaxies in a galaxy cluster are more likely to keep their baryons due to
their higher mass, hence they will be able to form stars much more efficiently.

Furthermore, in a galaxy cluster, all large galaxies likely have sufficient bind-
ing energy to maintain a substantial part of their baryonic content, despite
feedback processes as supernovae and AGN feedback. They therefore remain
important sources of star formation, and will have a non-negligible impact
on the total cluster brightness.



2. One result which has been found in the astronomical literature (Adel-
berger 2005) is that the observed clustering of quasars does not depend on
the luminosity of the quasar. What does this suggest about the relationship
between the quasar luminosity and the mass of the underlying halo in which
it lives. Can you think of any physical reason why this might be the case?

As we have seen in the lecture, as well as in the previous exercise, more
luminous galaxies generally live in higher mass haloes. Because quasars do
not cluster depending on their luminosity, this implies that more luminous
quasars do not necessarily live in higher mass haloes / more luminous galax-
ies.

There does therefore not appear to be a quasar-luminosity vs. halo-mass
relation, i.e. the luminosity of a quasar does not depend on the mass of the
underlying halo. This would imply that quasars can have a broad range of
luminosities for a narrow range of masses for the underlying halo.

A possible physical reason for this is energy input into the galaxy by the
central quasar: luminous quasars accrete a lot of baryonic material, causing
emission of hard radiation and possible outflows. These mechanisms will im-
pede accretion, and baryons will be blown away from the central quasar. In
turn, it will therefore become less active due to the lack of fuel.

There might thus be an equilibrium situation in the amount of material a
quasar accretes, which dictates its luminosity. The total luminosity of a
quasar might therefore not be dependent on the underlying halo mass, as
even though more massive haloes contain more baryons and thus more po-
tential fuel as well as a deeper gravitational potential well, the quasar will
‘regulate’ its luminosity via feedback processes.

Another possibility is that quasars simply only exist in a very small range of
underlying halo masses. In this case there would be no observed clustering,
as these haloes all cluster in the same way, even though quasar luminosities
might differ a lot from halo to halo.



3. Approximate the rotation curve of UGC 4325 by a straight line, through
(0 arcsec, 0 km/s) and (60 arcsec, 110 km/s). What is the best fitting NFW
model ? This would be the model for which x? = [(Vops — Vinoder)2dr is
minimized.

4. Images of the bulge show that it has a very regular appearance. However,
we have seen that the halo is quite irregular, with stellar streams, etc. Why
might the bulge be so regular, whereas the halo is irregular? Be quantitative.

TBD

There are many different factors which contribute to making the struc-
ture in the bulge much smoother than in the halo.

Violent Relaxation: As the bulge is the end destination for baryons merg-
ing into a galaxy, stars in the bulge will experience a rapidly changing poten-
tial which would tend to thermalize the velocity profile (maximum entropy).

Dynamical friction: The density of stars in the bulge is much, much
higher than in the outer parts of the galaxy. As a result, any spatially sig-
nificant substructure (with velocity and spatial coherence) would sink to the
center of the bulge, where it would meet other equally dense or significant
substructure.



5. Assume that red galaxies form in random bursts from ¢ = 0.4 Gyr to Problem Set 5 Question 5

t = Ty where T, is 1 Gyr and 8 Gyr and t is the time after the Big Bang. 0.4 Gyr Time of Quenching
Calculate the scatter in the color U —V magnitude that one would derive for i 1Gyr . |
a population of such galaxies, assuming U — V' = 0.65log, time + b where !_|'""'“""“"“"““““““'““““"“;‘G‘r‘ “““ E
b is some constant. The current age of the universe is 13.7 Gyr. i_ ﬁl__z_’_ ---L
! b M
tl ;3.7 Gyr

We are looking at two cases for the quenching times of red galaxies. For T_b = 1: galaxies formed early and were
quenched over a short period of time (0.4-1Gyr). For T_b = 8: galaxies formed early and were quenched over a longer
period of time (0.4-8Gyr). The quenching times are related to the spread in colors. Therefore, we want to look at the
scatter in the color. We would expect a smaller scatter for 0.4-1Gyr, as most of the galaxies are red. We would expect a
larger scatter for 0.4-8Gyr as there would be some galaxies that would be slightly bluer.

Since we can think of time here as stellar age and the universe is 13.7 Gyr old, we can say time is t;4, = 13.7 — t. So the
intervals in which the stars form and quench are t, 4, = [12.7,13.3] for T, = 1 and t44, = [5.7,13.3] for T, = 8. The

1 scatter is the standard deviation, which we can get by finding the variance a2 = < f2> — < f >? and taking the square
. - 1 .
root. We are given that f = 0.6510g; tqg. + b. We can rewrite log, o t4e as %O;L)and then drop the constant b (it

, . . In(tage), _ , 0.65
doesn’t affect the variance). We can rewrite Var(0.65 Tn(10) ) = (ln(lo)

) i ) . b
uniform distribution over the interval we can take the expectation values as the average. So< f > = ﬁfa In(tgge)dt.

)ZVar(ln(tage)). Since we are looking at a random

Use integration by parts to solve this withu = ln(tage), du = %dt,v =t,anddv =dt.
age

b b 1
<f>= ﬁfa ln(tGQE)dt = ﬁ [tageln(tage)m - fa tageXT:e dt] = E[tﬂyem(tuge) - taye]lg

21n(tqge)dt

We canalso find < f2 > through integration by parts, with u = ln(tage)2 ,du = ,v =t,and dv = dt:

tage
b 2 b
<f2> =7 [V In(tage)?dt = 7= [tageln(tage) 15 — 2 [; In(tage)dt|

We have already solved f: In(t,4.)dt previously, so plugging itin gives:

1 b 1 2
< fz >= Efa ln(tuye)zdt = E[tageln(tage) - Ztageln(tage) + Ztuge]m

Forcase T, = 1: a=12.7 and b=13.3

< f >~ 25648605, < f >2~ 6.5785098,< f? >~ 6.578687,|0% ~ 0.00001412 and ¢ ~ 0.0038

For case T, = 8: a=5.7 and b=13.3

<f>=2223,< f >?~ 49427 and < f? > ~ 5.0005,|6% ~ 0.0456 and o ~ 0.068

So, just like we expected, galaxies that were quenched over a longer time indeed show a larger scatter than galaxies that were
quenched over a shorter time.



Galaxies: Structure, Dynamics, and Evolution
Problem Set 6
Instructor: Dr. Bouwens

Here is Problem Set 6. The entire problem set will be due before class on
Monday, May 11 (email them to Wout and include GSD in the subject line).
Be sure to pay extra attention to problem 1, as your solution to that problem
will be checked carefully and used in determining your homework grade.

1. Evolution of the mass-to-light ratio. (a) The mass-to-light ratio is roughly
a power-law with time. Measure by hand the coefficient « for the mass-to-
light ratio M/L = t* for the V band from the following figure shown in
lecture (choose the middle line):

L L L L

V-K

T

log (M/Ly)
o
e

T

v b b ey

7 8 9 10
log (age/yr)

(b) The B —V and V — K color of a SSP (simple stellar population) de-
pend more or less linearly on log ¢ for ages about 10% years. Determine this
dependence from the figure shown above (take the middle line again). Use
the result to derive the coefficient a for the mass-to-light ratio dependence
on time for the B band and the K band.

(c) Use the following figure (also shown in lecture) to derive « for the U-
band (the U band curve is the steepest one):

(a)
Alog(M/L) 04-(-1.6
slope =ay = 08( ) ~ ¢ ) =0.67 1)
Alog(t) 10-7
(b)
AB-V 0.5-0.1 AV-K 24-16
——~——=04 and —~——=0.38 (1
Alog(t) 9-8 Alog(t) 9-8
B-V =04log,yt+constant and V—K=0.8log;,?+constant
Fg MI/Ly MI/Lg
-2.5 10g10F—V =-25 lOglOWLB x 0.4 logmt and -2.5 IOglom x 0.8 10g10t
M M M
—x —— o "8 and  — x 9% )
LB LV[ 0.16 LK
(0
-1.1-(-2.7)
ay~——— =1.60 (1)

9-8



2. (a) Assume that the time dependence of the mass-to-light ratio derived
in problem #1 for all ¢ below 10'° years. The equations above were derived
for single burst stellar populations. Now assume a population with constant
star formation. Calculate the evolution of the M/L ratio with time 7" for
the U, B, V and K band. Do this by calculating the light from a popula-
tions formed at a time interval ¢, t 4+ dt, and then integrating from ¢ = 0 to
t =T, where T varies from 1 to 10 Gyr. The only thing we care about is
the dependence of the M/L ratio with time, not the absolute value of the
M/L ratio.

(b) Use the results obtained in (a) to derive the dependence of the U — B,
B -V, and V — K colors with time. Compare these numbers to the time
dependence of the same colors for an SSP.

(a)  Apopulation of constant star formation is equivalent to an infinite number of single bursts
over infinitesimal time intervals. 1

M ™M T
ForUband,—(T):f —mdz:f t190dr o 7260
Ly b Ly 0

M M M
Similarly, — (T) &< T"®, —(T) « T"%, and —(T) « T'° 6))
LB LV LK
(b)
Fy M/Lg 1.83
(U-B)(T)=-25 long—B =-25 logmm =-2.5log), 726 = 1.91og,, T

1.67

B Fp MI/Ly _ T8
(B=V)(T)=-2.5 loglOF—v =-2.5log;, Mils -2.5 10310W =0.4log,, T

_ Fy _ MLk _ T35
(V-K)(T)=-25 log]OF—K =-25 lOg]OM/LV =-25 logmm =0.8log; T 1)

The time dependence of colors of a population with constant star formation is the same as that
of a simple stellar population.



3. An important assumption in the analysis of unresolved stellar population
is that of a universal initial mass function. What would be the impact if this
assumption were not true? Consider two cases: the first being a Salpeter
IMF with cut-offs at 0.1 Mg and 100 M and the second being a Salpeter
IMF with cut-offs at 0.1 Mg and 1 M.

(a) Assume that a galaxy formed stars acording to the two IMFs described.
Very qualitatively, what would the SEDs of galaxies look like like 10 Myr
later and 11 Gyr later? How similar are the SEDs of galaxies in the two
cases at the later time?

(b) How do the SEDs of galaxies evolve in the case of the first IMF vs. the
second IMF? How accurately could one determine the time since the instan-
taneous burst of star formation in the two cases?

(c) Let’s suppose that the true IMF of a galaxy corresponded to the sec-
ond case, but let’s suppose one assumed it was the first case. How might
it impact one’s estimates of the total mass locked up in stars based on
the observed SED? How might it impact one’s estimates on the total met-
als ejected as a result of supernovae in the formed stars? Describe each case.

(@) Stellar lifetime 7 varies like A—L’I (amount of fuel divided by energy output rate). Given the
mass-luminosity relation of L oc M3®°, 7 o« M~25. The Sun’s lifetime is ~10° years.

At 10 Myr, stars that are more massive than ~10 My have evolved off the main sequence. Still,
there are more massive stars in case 1 than in case 2, since the case 2 IMF has an upper cut-off of
1 Mo. As aresult, the case 1 SED will be significantly bluer than that of case 2. 1)

At 11 Gyr, stars that are more massive than ~1 Mg have evolved off the main sequence. The most
massive stars in the two cases then have the same mass. As a result, their SEDs look similar. (1)

(b)  The case 1 SED will evolve quickly during the 11 Gyr as the IMF extends to 100 M, and that
massive stars evolve more quickly than low-mass stars. It will also have more spectral features that
can be used in breaking the age-metallicity degeneracy. Thus the case 1 age can be determined
accurately. (1)

The case 2 SED will not change much during the 11 Gyr as the most massive stars are only 1 Mg,
which have only just started to evolve off the main sequence. Therefore the case 2 age cannot be
determined accurately. 1)

(©) If case 2 is the underlying IMF but case 1 is assumed instead, and that the true age is
less than 11 Gyr, the age will be (over-)estimated to be 11 Gyr based on the color, which can be
explained by stars that are more massive than 1 M have evolved off the main sequence. However,
the mass still locked up in main sequence stars will be quite accurate if one assumes evolved stars
have mostly returned their mass to the ISM. (1)

The efficiency of metals ejected by massive stars will be over-estimated because there were never
that many massive stars in the case 2 IME €))]



4. Use a modern stellar population synthesis code to predict galaxy spectra.
In this problem you will use the Flexible Stellar Population Synthesis (FSPS)
code through its Python interface (python-fsps). Start early, as installation
and setup may take some time.

(a) Consider a simple stellar population (SSP), in which all stars form in-

stantaneously at ¢ = 0. Using FSPS, generate spectra for a population
with the following parameters:

e Star formation history: instantaneous burst (SSP)

o Metallicity: Z a 0.004 (subsolar)

e Initial mass function: Salpeter

e No dust attenuation and no nebular emission
Compute spectra over a range of ages from 105 to 10'° years, using log-
arithmically spaced time steps (e.g., ~ 100 steps). Plot the spectrum

at approximately 107, 108, 109, and 10'° years on the same wavelength
range.

Briefly describe how the spectral shape evolves with time.

Using the same model, compute the absolute magnitudes in the V' and
I bands as a function of time over the range 10° to 10'° years.

From these results, determine the absolute magnitude in the I band,
M7, either directly or using

My =My — (V- 1).

Plot My as a function of logyy(t/yr).

Using the stellar mass of the population and the I-band luminosity,
determine how the mass-to-light ratio evolves with time. Assume a
power-law form

M

o t%.
Ly

Estimate the value of a over the range where a power-law provides a
reasonable approximation.

How does your result compare with the analytic scaling derived in class
under the assumption that the light is dominated by red giant stars
and the initial mass function is Salpeter?

TBD



