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Layout of the Course

Feb 2:  Course Introduction, Overview, and Galaxy Formation Basics
Feb 9:  Disk Galaxies (I)
Feb 12:  Disk Galaxies (II)
Feb 16:  Disk Galaxies (III) / Collisionless Stellar Dynamics
Feb 23:  Collisionless Stellar Dynamics + Vlasov/Jeans Equations
Feb 26:  Vlasov/Jeans Equations / Elliptical Galaxies (I)
Mar 9:  Elliptical Galaxies (II)
Mar 23:  Dark Matter Halos
Mar 30:  Connecting Galaxies to Dark Matter Halos
Apr 13:  Galaxy Stellar Populations 
Apr 20:  Lessons from Large Galaxy Samples at z<0.2
Apr 23:  Evolution of Galaxies with Redshift
May 4: Galaxy Evolution at z>1.5 + Gas Flows
May 11: Galaxy Evolution at z>6. / Review for Final Exam

Lectures 



Problem Set 3 - Due on April 6

Galaxies: Structure, Dynamics, and Evolution

Problem Set 3

Instructor: Dr. Bouwens

Here is Problem Set 3. The entire problem set will be due before class on

Monday, April 6 (email them to Wout and include GSD in the subject line).

Be sure to pay extra attention to problem 1, as your solution to that prob-

lem will be checked carefully and used in determining your homework grade.

1. Consider the case of the homogeneous ellipsoid potential discussed on

page 3 of this handout. For this potential, the motion of a star in the

x, y, and z directions can be described as harmonic oscillators. Suppose

that we represent the motion of each particle as x = axcos(!xt + �x),

y = aycos(!yt + �y), z = aycos(!zt + �z) where !x does not equal !y

does not equal !z and !x/!y, !y/!z, and !x/!z are not rational numbers.

Particles in such a potential follow box orbits.

(a) Argue that a particle travels arbitrarily close to every spatial position in

the entire volume (�ax, ax) ⇥ (�ay, ay) ⇥ (�az, az). If you cannot prove

it explicitly, demonstrate the plausibility of this statement by showing 2-D

projections of the orbital tracks for two separate choices of (!x, !y, !z). Plot

out the orbital tracks for varying integration times (short time, intermediate

time, long time intervals).

(b) Write down a formula for the angular momentum of a particle in this

potential. Is the angular momentum conserved? Why or why not? What is

the average value of the angular momentum averaged over time?

(c) If a were equal to b (and hence !x were equal to !y), would the angular

momentum be conserved? Why or why not? Would particles still travel on

box orbits, or would the orbits be loop orbits?

2. Finding a solution to the collisionless Boltzmann equation using the Jeans

theorem.

(a) Derive ⇢ and  for a spherically-symmetric system with some distri-

bution function f of the form f(✏) =

(
✏n�3/2, if ✏ > 0

0, if ✏ < 0
. where n = 1,

✏ = �E +�0 and E is the energy of a particle orbitting around the system.

Adopt the standard definition that  = ✏ + (1/2)v2. Show that the total

mass of the model is (1/2) 0G�3/2
p
⇡/c1 where c1 is defined by equation

(4-107b) from BT. Hint this is problem 4-16 from Binney & Tremaine (BT)

and is discussed in some depth on BT 223-225.
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(b) Derive ⇢ and  for some spherically symmetric system with the distri-

bution function f with the form f(✏) =

(
✏n�3/2, if ✏ > 0

0, if ✏ < 0
. where n = 5.

This is the distribution function for a Plummer model. Find the expression

for ⇢ and  . Derive also the formula for the total mass of the system.

3. Derive the third Jeans equation by subtracting the second Jeans equa-

tion from the first Jeans equation multiplied by v̄j . See the supplementary

reading posted on the course website for hints on how to do this.

4. How many integrals of motion does a particle have in a Kepler potential?

What are they?

5. Dynamical Friction. Dynamical friction is an important mechanism which

causes colliding galaxies to rapidly merge. How important would this mecha-

nism be, if we consider the collision of a galaxy with an isolated star (wander-

ing alone through the universe)? Make use of the following Chandrasekhar

dynamical friction formula presented in class:

dvM
dt

= �4⇡ ln(⇤)G2
(M +m)⇢m
v2M

Assume that a galaxy is a 3 kpc x 3 kpc x 3 kpc cube with mass 3⇥10
10 M�

and is entirely composed of stars with 1 M�. Assume that a star with one

solar mass M = 1 M� approaches the galaxy at velocity vM = 200 km/s

and at an angle perpendicular to the surface of the cube. How much will

dynamical friction change the velocity of the star if it falls in from infinity

and continues to infinity? Feel free to assume that the dynamical friction is

constant throughout the entire passage of the star through the galaxy (i.e.,

that the slowing velocity of the star has no e↵ect on the amplitude of the

dynamical friction). How would the impact of dynamical friction change if

the star (unrealistically) had a mass of 10
9 M�? We ignored the e↵ect of

dynamical friction in calculating the relaxation time for a star in lecture 5.

Is this assumption justified?
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Include “GSD” in subject line in message to Wout



Feb 19:  Board Work + Problem Set 1
Mar 12:  Board Work + Problem Set 2
Mar 26: Problem Set 3 / Paper Presentations (4 slots)
Apr 2: Problem Set 3 (cont’d) / Paper Presentations (6 slots)
Apr 16: Problem Set 4 / Paper Presentations (4 slots)
Apr 30: Problem Set 5 / Paper Presentations (4 slots)
May 7: Problem Set 6 / Paper Presentations (4 slots) 

Practical Sessions



April 2 Practical Session
(In 3 days)

Paper Presentations (12 + 3 minutes)

Lindblad Resonances, Spiral Density Waves: Dobbs & Baba 2014; Sellwood 2011
Yara Beelhuizen & Myrdhin van der Zwet

Elliptical Galaxy Scaling Relations:  Emsellem+2007, Emsellem+2011
Ids Nieuwstraten & Philip Stoot

Gas, Dust in Spiral Galaxies: PHANGS ALMA+JWST
Ines Heitor & Margarida Fonseca

Disk Galaxy Scaling Relations: Fall & Romanowsky 2013, 2018

Garrett Coey & Nikolaos Ladopoulus

Jeans Equations & Milky Way: Loebman+2014, Bird+2022

Lotte Langerak & Leonor Ferro

Elliptical Galaxy Scaling Relations: Cappellari+2011, 2013

Dylan Gavron & Jacqueline Beran



Problem Set 3 - Problems 5 (to be discussed)

April 2 Practical Session
(Today or In 3 days)

Andreea Suta
Naomi Schutte

Galaxies: Structure, Dynamics, and Evolution

Problem Set 3

Instructor: Dr. Bouwens

Here is Problem Set 3. The entire problem set will be due before class on

Monday, April 6 (email them to Wout and include GSD in the subject line).

Be sure to pay extra attention to problem 1, as your solution to that prob-

lem will be checked carefully and used in determining your homework grade.

1. Consider the case of the homogeneous ellipsoid potential discussed on

page 3 of this handout. For this potential, the motion of a star in the

x, y, and z directions can be described as harmonic oscillators. Suppose

that we represent the motion of each particle as x = axcos(!xt + �x),

y = aycos(!yt + �y), z = aycos(!zt + �z) where !x does not equal !y

does not equal !z and !x/!y, !y/!z, and !x/!z are not rational numbers.

Particles in such a potential follow box orbits.

(a) Argue that a particle travels arbitrarily close to every spatial position in

the entire volume (�ax, ax) ⇥ (�ay, ay) ⇥ (�az, az). If you cannot prove

it explicitly, demonstrate the plausibility of this statement by showing 2-D

projections of the orbital tracks for two separate choices of (!x, !y, !z). Plot

out the orbital tracks for varying integration times (short time, intermediate

time, long time intervals).

(b) Write down a formula for the angular momentum of a particle in this

potential. Is the angular momentum conserved? Why or why not? What is

the average value of the angular momentum averaged over time?

(c) If a were equal to b (and hence !x were equal to !y), would the angular

momentum be conserved? Why or why not? Would particles still travel on

box orbits, or would the orbits be loop orbits?

2. Finding a solution to the collisionless Boltzmann equation using the Jeans

theorem.

(a) Derive ⇢ and  for a spherically-symmetric system with some distri-

bution function f of the form f(✏) =

(
✏n�3/2, if ✏ > 0

0, if ✏ < 0
. where n = 1,

✏ = �E +�0 and E is the energy of a particle orbitting around the system.

Adopt the standard definition that  = ✏ + (1/2)v2. Show that the total

mass of the model is (1/2) 0G�3/2
p
⇡/c1 where c1 is defined by equation

(4-107b) from BT. Hint this is problem 4-16 from Binney & Tremaine (BT)

and is discussed in some depth on BT 223-225.
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(b) Derive ⇢ and  for some spherically symmetric system with the distri-

bution function f with the form f(✏) =

(
✏n�3/2, if ✏ > 0

0, if ✏ < 0
. where n = 5.

This is the distribution function for a Plummer model. Find the expression

for ⇢ and  . Derive also the formula for the total mass of the system.

3. Derive the third Jeans equation by subtracting the second Jeans equa-

tion from the first Jeans equation multiplied by v̄j . See the supplementary

reading posted on the course website for hints on how to do this.

4. How many integrals of motion does a particle have in a Kepler potential?

What are they?

5. Dynamical Friction. Dynamical friction is an important mechanism which

causes colliding galaxies to rapidly merge. How important would this mecha-

nism be, if we consider the collision of a galaxy with an isolated star (wander-

ing alone through the universe)? Make use of the following Chandrasekhar

dynamical friction formula presented in class:

dvM
dt

= �4⇡ ln(⇤)G2
(M +m)⇢m
v2M

Assume that a galaxy is a 3 kpc x 3 kpc x 3 kpc cube with mass 3⇥10
10 M�

and is entirely composed of stars with 1 M�. Assume that a star with one

solar mass M = 1 M� approaches the galaxy at velocity vM = 200 km/s

and at an angle perpendicular to the surface of the cube. How much will

dynamical friction change the velocity of the star if it falls in from infinity

and continues to infinity? Feel free to assume that the dynamical friction is

constant throughout the entire passage of the star through the galaxy (i.e.,

that the slowing velocity of the star has no e↵ect on the amplitude of the

dynamical friction). How would the impact of dynamical friction change if

the star (unrealistically) had a mass of 10
9 M�? We ignored the e↵ect of

dynamical friction in calculating the relaxation time for a star in lecture 5.

Is this assumption justified?
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Note also that I’ve begun 
adding some of your grades to 

bright space

First 2 Problem Sets + Solution 
Presentations + Attendance

Still need to grade the paper 
presentations!



First, let’s review the important 
material from last week



Fundamental Plane for Elliptical Galaxies

Strong correlations are observed between the masses, sizes, and velocity 
dispersions of elliptical galaxies.  

velocity dispersion

20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-7

reality, they span a relatively narrow range in proper-
ties. The figure below shows the distribution.

The figure on the top right shows the relation between
absolute magnitude and velocity dispersion. This is
the Faber Jackson relation, the equivalent of the Tully-
Fisher relation for spirals.

20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-8

The other figures show the additional relations between
size (Re), surface brightness (< µe >), and velocity
dispersion (σ). If we combine these 3 properties op-
timally, we find a very tight relation (at the bottom
right).

R ∝ σ1.4µ−0.9
e

This relation is called the Fundamental Plane (there
is not too much fundamental about it). It is much
tighter than the Faber Jackson relation. What causes
such a relation ?

Origin of the Fundamental Plane

The fundamental plane can best be understood as a
relation between the mass-to-light ratio and the mass
of the galaxy. Use the fundamental plane to remove
the “light” term in the mass-to-light ratio:

M

L
∝

M

R2
eµe

∝

M

R−1.1
e σ1.5R2

e

∝

M

M0.75R0.15
e

∝

∝ M0.25R−0.15
e

Here we used M ∝ Reσ2 . We see that the mass-
to-light ratio is a function of mass (and a tiny bit of
effective radius). This is probably due to the stellar
populations in early-type galaxies: the metallicity, and
possibly the age of the galaxies are a function of its
mass. If so, one would automatically expect that the
mass-to-light ratio is a function of the mass.

Some people also think that more aspects play a role
than just the stellar populations. It could be, for ex-
ample, that the profiles of the galaxies vary systemat-
ically with mass - so that the simple equations which
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reality, they span a relatively narrow range in proper-
ties. The figure below shows the distribution.

The figure on the top right shows the relation between
absolute magnitude and velocity dispersion. This is
the Faber Jackson relation, the equivalent of the Tully-
Fisher relation for spirals.
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The other figures show the additional relations between
size (Re), surface brightness (< µe >), and velocity
dispersion (σ). If we combine these 3 properties op-
timally, we find a very tight relation (at the bottom
right).

R ∝ σ1.4µ−0.9
e

This relation is called the Fundamental Plane (there
is not too much fundamental about it). It is much
tighter than the Faber Jackson relation. What causes
such a relation ?

Origin of the Fundamental Plane

The fundamental plane can best be understood as a
relation between the mass-to-light ratio and the mass
of the galaxy. Use the fundamental plane to remove
the “light” term in the mass-to-light ratio:

M

L
∝

M

R2
eµe

∝

M

R−1.1
e σ1.5R2

e

∝

M

M0.75R0.15
e

∝

∝ M0.25R−0.15
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Here we used M ∝ Reσ2 . We see that the mass-
to-light ratio is a function of mass (and a tiny bit of
effective radius). This is probably due to the stellar
populations in early-type galaxies: the metallicity, and
possibly the age of the galaxies are a function of its
mass. If so, one would automatically expect that the
mass-to-light ratio is a function of the mass.

Some people also think that more aspects play a role
than just the stellar populations. It could be, for ex-
ample, that the profiles of the galaxies vary systemat-
ically with mass - so that the simple equations which

half-light 
radius

velocity dispersion

where R is the size (radius), σ is the velocity dispersion, and μ is the 
galaxy surface brightness.

These correlations are such that galaxies populate a fundamental plane in these 
parameters, so that if you know two of the following three variables for a galaxy, 

you can determine the third.



Note similarities between the Faber-Jackson 
relation (also used as a distance indicator);

Intrinsic Correlations between Galaxy Properties

L ∝ σ4
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reality, they span a relatively narrow range in proper-
ties. The figure below shows the distribution.

The figure on the top right shows the relation between
absolute magnitude and velocity dispersion. This is
the Faber Jackson relation, the equivalent of the Tully-
Fisher relation for spirals.
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The other figures show the additional relations between
size (Re), surface brightness (< µe >), and velocity
dispersion (σ). If we combine these 3 properties op-
timally, we find a very tight relation (at the bottom
right).

R ∝ σ1.4µ−0.9
e

This relation is called the Fundamental Plane (there
is not too much fundamental about it). It is much
tighter than the Faber Jackson relation. What causes
such a relation ?

Origin of the Fundamental Plane

The fundamental plane can best be understood as a
relation between the mass-to-light ratio and the mass
of the galaxy. Use the fundamental plane to remove
the “light” term in the mass-to-light ratio:
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Here we used M ∝ Reσ2 . We see that the mass-
to-light ratio is a function of mass (and a tiny bit of
effective radius). This is probably due to the stellar
populations in early-type galaxies: the metallicity, and
possibly the age of the galaxies are a function of its
mass. If so, one would automatically expect that the
mass-to-light ratio is a function of the mass.

Some people also think that more aspects play a role
than just the stellar populations. It could be, for ex-
ample, that the profiles of the galaxies vary systemat-
ically with mass - so that the simple equations which

From lecture 2 (for disk galaxies):

And the Tully-Fisher relationship:  L ∝ (vc)4 



Second: Dark Matter Halos



Navarro-Frenk-White Density Profiles

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-1

4. Structure of Dark Matter halos

Obviously, we cannot observe the dark matter halos
directly - but we can measure the total density profiles
of clusters, and we can check in our simulations what
we expect for dark matter halos.

4.1 Theory of halo collapse

We define a halo as a region in which the density is
larger than 200 times the critical density ρcr. This def-
inition serves well to describe the collapsed part of the
halo.
Hence the mass M is given by

M =
4π

3
r3

200200ρcr

Since the critical density is given by

ρcr(z) =
3H2(z)

8πG

we find

M =
100r3

200H
2(z)

G

Hence the halo mass and the size are uniquely related -
and the relation changes as a function of redshift.
The virial velocity of the halo is the circular velocity at
the virial radius

V 2

200 =
GM

r200

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-2

Hence the halo mass, virial radius, and virial velocity
are related by

M =
V 3

200

10GH(z)

r200 =
V200

10H(z)

The Hubble constant H(z) increases with lookback
time. Hence at higher redshift, the size of a halo of a
given mass is smaller than the size of a halo with the
same mass at low redshift. Halos are more compact
and denser at high redshift, which is exactly what we
expect, as the density of the universe is higher at high
redshift (by (1 + z)3).
Simulations show that the density profiles of halos are
well approximated by a Navarro Frenk White profile
(1997):

ρ(r) =
ρs

(r/rs)(1 + r/rs)2

where ρs and rs are scaling parameters. Hence at very
small radii (r < rs), ρ ∝ r−1, and at large radii (r >
rs) ρ ∝ r−3. At rs, the slope of the density profile
bends over.
We define a concentration parameter c by c = r200/rs.
It is easy to show that

ρs =
200

3
ρcr(z)

c3

ln(1 + c) − c/(1 + c)

Hence the profile of the halo is completely determined
by the mass M (or equivalently, the radius r200), and
the concentration paramater c.

Simulations show that collapsed halos approximately have 
the following density profile:

where rs and ρs are some scaling parameters.

At small radii (r < rs), the density profile ρ scales approximately as r−1

and at large radii (r > rs), the density profile ρ scales approximately as r−3

At r ~ rs, the density profile ρ changes slope

Since ρs  is completely determined by the total mass and concentration parameter c = r200 / 
rs, all of the properties of dark matter halos can be expressed in terms of two variables (1) 

the mass of the dark matter halo and (2) the concentration parameter.

One of the most important steps in galaxy formation is the collapse of 
overdensities early in the universe.   The density profile of the collapsed objects 

can have important impact on the formation of galaxies.



Navarro-Frenk-White Density Profiles

4 J. C. Muñoz-Cuartas et al.

has a smoothing effect, not all unrelaxed haloes have a high
ρrms. In order to circumvent these problems, we combine the
value of ρrms with the xoff parameter, defined as the distance
between the most bound particle (used as the center for the
density profile) and the center of mass of the halo, in units
of the virial radius. This offset is a measure for the extent
to which the halo is relaxed: relaxed haloes in equilibrium
will have a smooth, radially symmetric density distribution,
and thus an offset that is virtually equal to zero. Unrelaxed
haloes, such as those that have only recently experienced
a major merger, are likely to reveal a strongly asymmetric
mass distribution, and thus a relatively large xoff . Although
some unrelaxed haloes may have a small xoff , the advan-
tage of this parameter over, for example, the actual virial
ratio, 2T/V , as a function of radius (e.g. Macciò, Murante
& Bonometto 2003), is that the former is trivial to evaluate.
Following Macciò et al. (2007), we split our halo sample into
unrelaxed and relaxed haloes. The latter are defined as the
haloes with ρrms < 0.5 and xoff < 0.07. About 70% of the
haloes in our sample qualify as relaxed haloes at z = 0.

To check for the effect of changing the definition of re-
laxed haloes, we have computed the median concentration
(as shown in the next section) using different values of xoff .
Changing the value of this parameter by 25% (above and
below 0.07) induces changes no larger than 5% in the me-
dian concentration of dark matter haloes. We conclude that
choosing xoff = 0.07 our results are robust enough against
variations in the definition of relaxed population of haloes.
In what follows we will just present results for haloes which
qualify as relaxed.

3 CONCENTRATION: MASS AND REDSHIFT

DEPENDENCE

In figure 1 we show the median cvir−Mvir relation for relaxed
haloes in our sample at different redshifts. Haloes have been
binned in mass bins of 0.4 dex width, the median concentra-
tion in each bin has been computed taking into account the
error associated to the concentration value (see 2.1.1, and
M08). In our mass range the cvir−Mvir relation is well fitted
by a single power law at almost all redshifts. Only for z = 2
we see an indication that the linearity of the relation in log
space seems to break, in agreement with recent findings by
Klypin et al. (2010).

The best fitting power law can be written as:

log(c) = a(z) log(Mvir/[h
−1 M⊙]) + b(z) (5)

The fitting parameters a(z) and b(z) are functions of
redshift as shown in figure 2. The evolution of a and b can
be itself fitted with two simple formulas that allow to recon-
struct the cvir −Mvir relation at any redshifts:

a(z) = wz −m (6)

b(z) =
α

(z + γ)
+

β
(z + γ)2

(7)

Where the additional (constant) fitting parameters have
been set equal to: w = 0.029, m = 0.097, α = −110.001,
β = 2469.720 and γ = 16.885. Figure 3 shows the recon-
struction of the cvir−Mvir relation for different mass bins as
a function of redshift using the approach described above. It
shows that our (double) fitting formulas are able to recover
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Figure 1. Mass and redshift dependence of the concentration
parameter. The points show the median of the concentration as
computed from the simulations, averaged for each mass bin. Lines
show their respective linear fitting to eq. 5.

the original values of the halo concentration with a precision
of 5%, for the whole range of masses and redshifts inspected.
It has been shown by Trenti et al. (2010) that using Nvir be-
tween 100 and 400 particles is enough to get good estimates
for the properties of halos, nevertheless in order to look for
systematics we re-computed cvir varying the minimum num-
ber of particle inside Rvir, using 200, 500 and 1000 particles.
No appreciable differences (less than 2%) were found in our
results for the median. We also checked that our results do
not change notably by changing the definition of “relaxed”
haloes (i.e. changing the cut in xoff or ρrms).

It is interesting to compare our results with M08, which
shares some of the simulations presented in this work. Our
results for the cvir −Mvir relation at z = 0 are slightly dif-
ferent to those presented in M08: we found a = −0.097 and
b = 2.155, while M08 found a = −0.094 and b = 2.099.
The difference is less than 3%, and it is mainly due to low
mass haloes. In this work we included three new simulations,
B30, B90 and B3002. Two of these (B30 and B90) increase
the statistics of our halo catalogs at the low mass end, pro-
viding a better determination of the cvir −Mvir relation for
M ≈ 1011h−1 M⊙. We are confident that the inclusion those
new simulations led to an improvement over the results of
previous works.

3.1 Understanding the concentration evolution

We want now to explore in more detail the physical mecha-
nism driving the mass and redshift dependence of the con-
centration parameter, this understanding could take us to a
better interpretation of the time evolution of the dark mat-
ter density profile. As cvir is defined as the ratio between Rvir

and rs we will look at the time evolution of those quantities
for different halo masses, and try to see if we can extract
some physical insights about the evolution of cvir.

c⃝ 2010 RAS, MNRAS 000, 1–11

Munoz-Cuartas et al. 2010

How does the median concentration parameters depend on the mass of the halo and 
redshift of the galaxy we are examining?



Observational Support for NFW profiles:

Galaxy Clusters:

1.  x-ray profiles of galaxy clusters

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-5

4.2 Comparison to observations

The easiest test to make, is to compare the density
profiles of clusters to those of the simulations (the
NFW profiles, and variants).

Below we show the comparison of mass profiles derived
from X-ray data to those of NFW profiles:

It is remarkable how good the fit is, and the concen-
tration index is well within the limits expected for the
clusters.

Another (simpler) way to do this, is by looking at the
distribution of the galaxies within the clusters. Again,
a good fit is found:

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-6

Radial Profile

Mass / 
M200

Radius / r200

XMM Newton Data 
of 10 Clusters

Excellent Agreement →
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4.2 Comparison to observations

The easiest test to make, is to compare the density
profiles of clusters to those of the simulations (the
NFW profiles, and variants).

Below we show the comparison of mass profiles derived
from X-ray data to those of NFW profiles:

It is remarkable how good the fit is, and the concen-
tration index is well within the limits expected for the
clusters.

Another (simpler) way to do this, is by looking at the
distribution of the galaxies within the clusters. Again,
a good fit is found:
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Concentration

Mass

Distribution of Observed 
Concentration Parameters in 

Excellent Agreement with 
Theoretical Predictions!



Observational Support for NFW profiles:

Galaxy Clusters:

2.  radial distribution of galaxies in
clusters

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-5

4.2 Comparison to observations

The easiest test to make, is to compare the density
profiles of clusters to those of the simulations (the
NFW profiles, and variants).

Below we show the comparison of mass profiles derived
from X-ray data to those of NFW profiles:

It is remarkable how good the fit is, and the concen-
tration index is well within the limits expected for the
clusters.

Another (simpler) way to do this, is by looking at the
distribution of the galaxies within the clusters. Again,
a good fit is found:

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-6

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-5

4.2 Comparison to observations

The easiest test to make, is to compare the density
profiles of clusters to those of the simulations (the
NFW profiles, and variants).

Below we show the comparison of mass profiles derived
from X-ray data to those of NFW profiles:

It is remarkable how good the fit is, and the concen-
tration index is well within the limits expected for the
clusters.

Another (simpler) way to do this, is by looking at the
distribution of the galaxies within the clusters. Again,
a good fit is found:

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-6

Surface Density 
of Galaxies

Radius

Also in Excellent Agreement with 
NFW Profile →



Observational Support for NFW profiles:

Galaxies:
1.   Kinematics of satellite galaxies

Need to take the kinematic information of ~1-2 
satellite galaxies around nearby galaxies and 

combine to create a composite “galaxy”

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-7

Halo Structure of galaxies

For galaxies, it is much harder to measure the dark
matter halo structure. Gas velocity curves do not ex-
tend far enough. Just as an exercise, estimate the virial
radius of a galaxy like our own Milky Way. Just as-
sume that V200 = 150km/s. For r200 we would derive
150/(10 ∗ 70) Mpc = 210 kpc, very much beyond the
sizes of (gas) disks.

Hence we need different tracers to estimate the masses
and mass profiles. Options are:

• 1. kinematics of satellite galaxies

• 2. kinematics of very distant stars

• 3. deflection of light

Below we show some examples.

1) Satellites. The SDSS project has measured a large
number of velocities of galaxies. Some of these galax-
ies are close together on the sky, and sometimes, these
galaxies are bound. Usually, a galaxy has only 1 satel-
lite galaxy with a measured velocity. To still allow the
measurement of a signal, we combine all the satellite
galaxy-main galaxy pair. We restrict the main galaxies
to those galaxies with similar luminosity.

By careful analysis, the velocity dispersion of the satel-
lite system can be measured. Prada et al (2003) found
this results:

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-8

The results are very nicely described by an NFW pro-
file.

2. Kinematics of very distant stars. This method is
most easily applied to our own galaxy (but studies of
external galaxies are coming !). A very recent example
is shown below (Xue et al. 2008):

Prada et al. 2003

Velocity

Radius (kpc)

Data
NFW

2.   Kinematics of distant stars
13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-9

The authors were able to measure the velocity disper-
sion to 60kpc. This is a record - but still much smaller
than the virial radius r200 which is at the level of 200
kpc.

3. Gravitational deflection of light. This method relies
on the bending of light through gravity. A beautiful
example is when the galaxy produces an Einstein ring
of a source behind it.

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-10

In this case, two galaxies are located nearly precisely
behind another. The mass inside the ring is well de-
termined. However, this method does not extend to
very large radii - one would have to analyze the weaker
deflections. This is possible, but much harder.

An example is shown below (van Uitert et al 2011, AA
534, 14). In this case, the shapes of many background
galaxies are averaged together. The measured γ is
the average elongation of background galaxies. This
is mostly due to the weak gravitational lensing by the
foreground galaxy. The measured signal can be com-
pared to the theoretical expectation.



Observational Support for NFW profiles:

Galaxies:
3.   From Gravitational Lensing

Using the impact of gravitational lensing from 
foreground galaxies on background galaxies can infer 
the mass internal to a radius in foreground galaxies

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-9

The authors were able to measure the velocity disper-
sion to 60kpc. This is a record - but still much smaller
than the virial radius r200 which is at the level of 200
kpc.

3. Gravitational deflection of light. This method relies
on the bending of light through gravity. A beautiful
example is when the galaxy produces an Einstein ring
of a source behind it.

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-10

In this case, two galaxies are located nearly precisely
behind another. The mass inside the ring is well de-
termined. However, this method does not extend to
very large radii - one would have to analyze the weaker
deflections. This is possible, but much harder.

An example is shown below (van Uitert et al 2011, AA
534, 14). In this case, the shapes of many background
galaxies are averaged together. The measured γ is
the average elongation of background galaxies. This
is mostly due to the weak gravitational lensing by the
foreground galaxy. The measured signal can be com-
pared to the theoretical expectation.

Large samples of foreground 
galaxies with einstein rings 

around them.

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-11 13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-12

Problems with dark matter halos and real
galaxies

Generally, two problems exist: some galaxies may have
rather large central cores (larger than expected in the
NFW profiles), and the dark matter halos in the simu-
lations have too many “sub-halos”.

• Cores

Low surface brightness galaxies have rotation curves
which rise slowly. This is unexpected for galaxies with
NFW halos. Naray et al 2007 (arxiv: 0712.0860) show
this result:

Fits with NFW profiles are hard. The rise of the rota-
tion curve is too slow:

van Uitert et al. 2011

Gravitational 
Shear

From weak lensing effects on 
galaxy shapes

Using the impact of strong 
lensing on galaxies



Problems / Challenges for NFW Halo Model

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-11 13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-12

Problems with dark matter halos and real
galaxies

Generally, two problems exist: some galaxies may have
rather large central cores (larger than expected in the
NFW profiles), and the dark matter halos in the simu-
lations have too many “sub-halos”.

• Cores

Low surface brightness galaxies have rotation curves
which rise slowly. This is unexpected for galaxies with
NFW halos. Naray et al 2007 (arxiv: 0712.0860) show
this result:

Fits with NFW profiles are hard. The rise of the rota-
tion curve is too slow:

1.   Rotational Curve at center of low 
surface brightness galaxies (which give us the 
best view of the mass profile in dark matter halos 

themselves)

Line of Sight 
Velocity

Radius

Velocity ∝ Radius 

→ Mass Density ∝ constant,
                                 not 1/radius

2.   Predicted number of satellite galaxies 
for galaxies like the Milky Way are much 

greater than expected from the 
substructure in model dark matter halos

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-15

The mass fraction in subhalos as a function of radius is
given by the following plot

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-16

In our own Milky Way, the number of satellites appears
much smaller than predicted by the models:

The solution for this problem is not clear. Are we miss-
ing a lot of satellites ? Or do we underestimate their
mass ? Or is the dark matter model wrong ?

Problem sets

1) Derive the enclosed mass M(< r) for the NFW
profile ρ(r) = ρs/[(r/rs)(1 + r/r2)2]. Use r/(1 + r)2

= 1/(r + 1) − 1/(1 + r)2

2) Derive the circular velocity as a function of radius

THEORY

OBSERVATIONS

“Missing Satellite Problem”

# of Satellites

“Relative Mass”

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-13

However, it is possible that other processes play a role.
For example, rotation may not dominate the gas kine-
matics.

• Substructure

The halos from simulations look smooth - but are not
as smooth as might be. Many show subhalos. An ex-
ample is : (e.g., Springel et al. 2008, arxiv 0809.0898)

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-14



Impact Dark Matter Halo Have on the Density of Galaxies with 
Various Properties

Evolution of Dark Matter
Halo Mass Function

10

Fig. 5.— The stepwise LF constraints (solid circles)) we derive
on the UV LFs at z ∼ 2, z ∼ 3, z ∼ 4, z ∼ 5, z ∼ 6, z ∼ 7,
z ∼ 8, and z ∼ 9 based on our comprehensive blank-field searches
with HST (shown in grey, blue, magenta, green, cyan, black, red,
orange, and dark purple, respectively). The recent stepwise LF
constraints at z ∼ 10 from Oesch et al. (2018a) are shown with
the dark purple circles. The best-fit Schechter LFs are shown with
the grey, blue, magenta, green, cyan, black, red, orange, and dark
purple lines, respectively.

photometry. Contamination is estimated and included
in a very similar way to that done in Bouwens et al.
(2015). In the Bouwens et al. (2015) study, contami-
nation rates were estimated by performing degradation
experiments on the deepest HST observations. Bona-fide
high-redshift sources and low redshift contaminants were
first identified in those data. Noise was then added to
the observations to emulate the properties of the shal-
lower observations, and sources were selected from these
shallower data. The contamination rate was determined
by determining which fraction of selected sources in the
shallower data were clearly at lower redshift in the deeper
data. The typical contamination fractions are estimated
to be !5% but reach contamination fractions as high as
∼10% in the faintest magnitude bin.
In deriving constraints on the UV LF from a compre-

hensive set of search fields, we rely on the same sam-
ple of sources that Bouwens et al. (2015) utilize over
all fields, while also including constraints from the new
data sets. Combining the new samples with the z ∼ 2-9
samples from Bouwens et al. (2015) and Bouwens et al.
(2016), our new analysis contains contains 5766, 6332,
7240, 3449, 1066, 601, 246, and 33 sources at z ∼ 2,
z ∼ 3, z ∼ 4, z ∼ 5, z ∼ 6, z ∼ 7, z ∼ 8, and z ∼ 9,
respectively.
In deriving our new LF constraints, we adopt the same

approach as we describe in Bouwens et al. (2015) where
we find the binned LF which maximizes the likelihood L
of matching the binned number counts in all of our fields

L = ΠfieldΠip(mi) (1)

where i runs over all magnitude intervals in each of our
search fields. For our z ∼ 2-8 samples, we take the prob-
ability p(mi) to be

p(mi) =

(

nexpected,i

Σjnexpected,j

)nobserved,i

(2)

for all sources in our z = 2-8 samples, where nexpected,i

and nexpected,j the expected number of sources in mag-
nitude intervals i and j and nobserved,i is the observed
number of sources in magnitude interval i. As such, our
z = 2-8 LFs are computed using the standard stepwise
maximum likelihood procedure (Efstathiou et al. 1988)
to take advantage of the modest number of sources found
in each search field and overcome large-scale structure
uncertainties.
Given the much smaller number of sources that are

available per search field to determine the shape of the
UV LF for our z ∼ 9 samples, we compute the probabil-
ities in this redshift range assuming that the counts are
Poissonian distributed:

p(mi) = Πje
−nexpected,j

(nexpected,j)nobserved,j

(nobserved,j)!
(3)

For our stepwise LFs, we generally adopt a width of 0.5-
mag for our z = 2-8 and 0.8-mag for our LFs at z = 9-10.
We compute the expected number of sources in a given

magnitude interval nexpected,i as

nexpected,i = ΣjφjVi,j (4)

where Vi,j is the effective volume over which a source of
absolute magnitude j might be expected to be found in
the observed magnitude interval i. The effective volume
Vi,j is computed from extensive Monte-Carlo simulations
where we add artificial sources of absolute magnitude j
to the real observations and then quantify the fraction of
these sources that will be both selected as part of a given
high-redshift samples and measured to have an apparent
magnitude i.
In deriving nobserved,i from our large z ∼ 2, 3, 4, 5, 6, 7,

8, and 9 selections, we use the measured total magnitude
of sources in the V606, I814, i775, z850, Y105, J125, H160,
and H160, respectively, since those magnitudes lie closest
to rest-frame 1600Å. For some search fields and redshift
samples, flux measurements are not available in these
bands. For our HFF selections, magnitude measurements
in the I814, Y105, and Y105 bands, respectively, are used
for our z ∼ 4, z ∼ 5, and z ∼ 6 selections. For the wide
CANDELS fields, flux measurements in the J125 band
are used for our z ∼ 5, z ∼ 6, and z ∼ 7 selections. For
z ∼ 3 sources over the UVUDF, flux measurements in
the i775 band are used.
In making use of the search constraints to derive LF

results, we only consider results to specific limiting mag-
nitudes to avoid having the results be significantly im-
pacted by uncertain completeness corrections or contam-
ination rates. We adopt the same limiting magnitudes as
Bouwens et al. (2015), except in the cases of the new sam-
ples considered here, including our z ∼ 2-3 samples from
the ERS, HDUV, and UVUDF data sets where 26.5 mag,
28.0 mag, and 29.0 mag, respectively, our z ∼ 4-9 HFF
parallel samples where 29.0 mag limits are used, and our
new z ∼ 9 XDF, HUDF09-1, and HUDF09-2 samples
where 30.0, 29.0, and 29.0 mag, respectively, are used.
Finally, over the HFF parallel fields, we accounted

for the estimated magnification factors using the lens-
ing models from Merten (2016). The approximate lens-
ing magnification that we applied in magnitudes for each
parallel field is provided in Table 3 for sources at z ∼ 6.
The magnification factors at other redshifts are very sim-

Evolution of Luminosity 
Function at UV Wavelengths

Springel+2005
Bouwens+2021



NOW new material for this 
week



How Do Galaxies Distribute 
Themselves in Space?

What does this teach us?



“How Do Galaxies 
Distribute 

Themselves in 
Space?

What does this teach us?”

It provides insight into the masses or 
properties of the collapsed dark matter halos 

in galaxies form and evolve.



By now, you should be familiar with the idea that collapsed halos 
contain galaxies at their center.

Halo

Galaxy

these galaxies form from the cooling of gas onto the center of the 
halo and forming a gas disk

(first a prologue)



however, many dark matter halos contain more than one galaxy...

each halo almost always one most massive galaxy at the center 
(called the “central galaxy”) and any number of satellite galaxies 

(orbitting around the center)

Halo

Central
Galaxy

satellite 
galaxy

satellite 
galaxy

satellite 
galaxy

satellite 
galaxy



You should all be quite familiar with halos that contain many 
satellite galaxies.    An excellent example is a galaxy cluster:

Dark Matter Halo
for Galaxy Cluster 

Central
cD Galaxy

satellite 
galaxy

satellite 
galaxy

satellite 
galaxy

satellite 
galaxy

satellite 
galaxy



A less extreme version of a galaxy cluster is a galaxy group.

Our own local group is a good example:22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-3

The 3D distribution is

Some galaxies behind the plane of the Milky Way may
still be missed. Studies of the Local Group are very
useful: they give a indication of the full variation of
galaxy properties as a function of luminosity and mass.
Furthermore, individual stars can be detected in these
system.
The local group is clearly not in equilibrium. At some
stage, the MW and Andromeda will merge, and will
form 1 big system. At that time, the two halos wil
have merged too. Hence, at the moment the two galax-
ies are gravitationally bound, but have not yet col-
lapsed yet.
The mass of the local group can be estimated from the
so called timing argument. The MW and Andromeda
approach each other with a velocity of about 120 km/s.
Hence, whereas in the early days of the universe they
were moving away from each other, their velocities
have reversed, and they are now on a collision course.

22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-4

This can only happen if they are massive enough - oth-
erwise they would not be bound. One can estimate the
total mass by requiring that they have a relative ve-
locity of 120 km/s at an age of 14 Gyr, and a distance
of 700 kpc. One finds that the mass should be 3 1012

M⊙. Much larger than the luminosity of 4 1010 L⊙.
Hence the M/L ≈ 70M⊙/L⊙ : there must be a lot of
Dark Matter.

Other nearby groups

Well known other nearby groups are the Sculptor group,
Maffei group, M81 group, Canes I group. See
http://en.wikipedia.org/wiki/Virgo Supercluster

These have distances of < 7Mpc

Large nearby clusters are the Virgo clusters, and the
Fornax cluster (at ≈ 1000km/s, or 10-15 Mpc). A
very massive nearby cluster is the Coma cluster (at 100
Mpc)

Groups and clusters are found from redshift catalogs,
like the SDSS catalogue, or others. Usually one defines
an algorithm like “a group is a system with an over-
density of X above the average”.

One has to take special care about the fact that the
dispersions in groups can be quite high (up to 1600
km/s in clusters). Hence the distance cannot be cal-
culated straight from the Hubble Flow. In such cases,
one has to search for overdensities in a velocity interval
(say, of 500 or 1000 km/s), and in the 2 coordinates of
the sky.

“M31” Halo

Milky Way Halo

Lots of satellite 
galaxies in the 
M31 and Milky

Way Halos!



22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-1

5 Structure on larger scales
5.1 The content of massive halos: groups, clus-
ters

Many halos contain more than one galaxy. Obvious
examples are clusters - which can contain hundreds of
galaxies. More mundane clusters are those with lower
masses, and we call those groups. Most “normal”
galaxies are member of a group. Take for example
our Milky Way, which is part of the Local Group. This
group contains 2 massive galaxies (MW, Andromeda),
and several lower mass galaxies (Magellanic Clouds,
M33, M32, NGC 205, ...), and many more lower mass
galaxies. The local group is shown below:

22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-2

Of course, this 
list may be 

incomplete as the 
Milky Way itself 
blocks our field 

of view!

Note that this is 
prior to Gaia 

mission!



Halo

Central
Galaxy

satellite 
galaxy

satellite 
galaxy

satellite 
galaxy

satellite 
galaxy

how can we explain the origin of the satellite galaxies?

can we explain them as a result of gas cooling?

no -- since gas only efficiently cools onto the central position in 
the dark matter halo (gravitational potential)



How can we explain the origin of the satellite galaxies?

A better explanation is through merging:

Step #1:  We have two dark matter halos.   Gas cools to the center 
of each halo to form disk galaxies in each:

Halo

Galaxy Halo
Galaxy

Step #2:  These two dark matter halos merge to form a single more massive 
halo

Halo

Galaxy
Galaxy

The most massive halos 
contain large numbers of 

satellite galaxies, while less 
massive galaxies contain less.
The merger origin of satellite 
galaxies explains why this is 

the case.



NOTA BENE: In many cases, satellite galaxies merge with the central galaxy as a 
result of dynamical friction.

Halo

Galaxy Satellite
Galaxy



The Local Group is not in equilibrium!

M31 and the Milky Way galaxy are traveling towards each other at
120 km/s!

Since M31 and the Milky Way are 700 kpc away from each other, 
these two galaxies will collide in perhaps ~4 billion years!

Can we use this information to estimate the mass of the Milky Way 
galaxy?   Yes!



The Local Group is not in equilibrium!

First, consider the fact that the Milky Way and M31 will be initially 
flying away from each other with the Hubble flow.

Due to the self gravity of the mass within the local group, the Milky 
Way and M31 will stop expanding with the Hubble flow and start 

to fall towards each other.

Assuming that it takes the two main galaxies in the local group 14 
Gyr to start falling towards each other at 120 km/s and have a 

distance of 700 kpc, we can calculate the mass of the local group 
to be 3 x 1012 Msolar

Comparing this mass to the total luminosity of the local group, one 
derives 70 Msol / Lsol.



29-10-07see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c7-33

other indicators give:

29-10-07see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c7-34

Measurements on the largest scales concern those
caused by inflows around clusters (BT 10.3-2)

matter falls into clusters of galaxies. Assume that the
density contrast of the cluster is the same as that of
the light

ρcluster

ρuniverse
=

jcluster

juniverse
= δ

where j is emissivity. The total mass of the cluster is
proportional to Ω0

Mass ∝ R3ρ ∝ δρuniverse ∝ δΩ0

Hence, the acceleration of galaxies outside the cluster
will depend on Ω0.

Example: determine Ω0 from “Virgo centric infall”
As we probe larger spatial scales, the mass-to-light ratio increases!

Mass-to-Light 
Ratio

To put these numbers in context, I remind you of the mass-to-light ratios 
presented in lecture #1



What collapsed clusters or groups are nearby the local group?

Sculptor, Canes1, Maffei Group, 
M81 Group all within 7 Mpc



What collapsed clusters or groups are nearby the local group?

Virgo Cluster

- contains >250 large galaxies
- contains 2000 smaller galaxies
- covers 10 x 10 degrees on sky

- 18 Mpc away
- 3 Mpc diameter

Fornax Cluster

- contains >50 large galaxies
- 19 Mpc away

- less massive than Virgo



What collapsed clusters or groups are nearby the local group?

The Coma Cluster

Sunday, March 28, 2010

Coma cluster
contains >1000 large galaxies

contains 10000 smaller galaxies
~100 Mpc away
6 Mpc diameter

largest galaxies are giant ellipticals



How common are galaxy groups or clusters of various masses?

22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-5

An additional complication is that some catalogues are
incomplete. The SDSS spectroscopic sample is incom-
plete for galaxies with nearby neighbors. This is due to
the fact that the fibers cannot be close together. This
makes it harder to define groups, and careful correc-
tions are needed for the catalogues.

This probably makes it clear that the definition of
groups and clusters is never easy from observational
material. This has never stopped anybody from making
such catalogues.

Once a catalogue of groups/clusters has been built,
one can construct the “mass function”, the number
density as a function of mass. Below is an example
from Heinamaki et al (A&A 397, 63)

This graph shows the cumulative density (n(> M), the
number density of groups larger than M), as a function

22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-6

of M . It is clear that groups have very large masses,
from 1012 to 1015 Notice that clusters like the Coma
cluster (with M ≈ 1015M⊙ are rare (10−6 Mpc−3), or
≈ 1 every 100 Mpc.

The velocity dispersions correlate well with mass as
shown by the same authors:

Groups and clusters are the largest collapsed systems,
but structure on larger scales exist. This is measured
statistically. We express this by the correlation func-
tion. The correlation function describes how the prob-
ability of finding another galaxy in the neighborhood of
a galaxy increases with decreasing distance.

Number 
Density

Halo Mass

Galaxy
Clusters

Galaxy Groups
C

om
a C

luster



Important Endeavor:

Determining the Mass of the 
Dark Matter Halo in Which
A Galaxy or Galaxies Live



Key Question:  How do we determine what a given galaxy at z~1 
looked like at both earlier and later times?

Survey of a volume of the 
universe at z~1

Survey of a volume of the 
universe at z~0

?

?
By constraining the halo 

mass of galaxies here
By constraining the halo 

mass of galaxies here

⇒ Since we can accurately model how the mass in halos grow with time 
due to gravity, we can associate galaxies in both time slices.



⇒ Since we can accurately model how the mass in halos grow with time 
due to gravity, we can associate galaxies in both time slices.

Correa+2014



⇒ Since we can accurately model how the mass in halos grow with time 
due to gravity, we can associate galaxies in both time slices.

Correa+2014



We can quantify the non-uniform distribution of 
galaxies on the sky through a measurement of the 

clustering signal.

This clustering signal ultimately helps us learn about 
the dark matter halos in which galaxies live.

As collapsed systems are forming due to gravity, they 
are not forming in isolation, but in extended structures 

of halos with significant clustering



We quantify clustering in terms of 
correlation functions

C. Porciani! Observational Cosmology! III-39!

Correlation functions!

dV1 

r12 

dV2 

dP1 = n dV1  

dP12 = n2 (1+#(r12)) dV1 dV2 

dP123 = n3 (1+#(r12)+ #(r13)+ #(r23)+$(r12, r13, r23)) dV1 dV2 dV3 

Consider a stationary point process with mean density n and write the 

probability of finding N points within N infinitesimal volume elements 

dV1 

dV1 

r12 

dV2 

dV3 

r13 

r23 
dP1 = n dV1

dP12 = n2 (1 + ξ(r12)) dV1 dV2

The Correlation function ξ is not equal to zero -- since the 
presence of a galaxy at some place in space makes it more 

likely another one will be close by....

n = average density of galaxies



The Correlation function ξ is 
calculated by examining the 

distances between every pair 
of galaxies in a survey and 
comparing it to a random 

distribution

CHAPTER 9. COSMIC STRUCTURES 92

9.1.3 Measuring the correlation function

• How can the correlation function be measured? Obviously, we
cannot measure the correlation function of the density field di-
rectly. All we can do is using galaxies as tracers of the underlying
density field and use their correlation function as an estimate for
that of the matter.

The correlation function quantifies
the probability to find a galaxy in
the small volume dV2 if there is a
galaxy in the small volume dV1, a
distance r = |⌅r2 � ⌅r1| away.

• Suppose we divide space into cells of volume dV small enough to
contain at most a single galaxy. Then, the probability of finding
one galaxies in dV1 and another galaxy in dV2 is

dP = ⌅n(⌅x1)n(⌅x2)⇧dV1dV2 , (9.8)

where n is the number density of the galaxies as a function of
position.

• If we introduce a density contrast for the galaxies in analogy to
the density contrast for the matter,

�n ⇤ n
n̄
� 1 , (9.9)

and assume for now that �n = �, we find from (9.8) with n =
n̄(1 + �)

dP = n̄2⌅(1 + �1)(1 + �2)⇧dV1dV2 = n̄2[1 + ⇥(x)]dV1dV2 , (9.10)

where x is the distance between the two volume elements. This
shows that the correlation function quantifies the excess probabil-
ity above random for finding galaxy pairs at a given distance.

Correlations between points can be
determined by counting pairs.• Thus, the correlation function can be measured by counting

galaxy pairs and comparing the result to the Poisson expectation,
i.e. to the pair counts expected in a random point distribution.
Symbolically,

1 + ⇥1 =
⌅DD⇧
⌅RR⇧ , (9.11)

where D and R represent the data and the random point set, re-
spectively.

• Several other ways of measuring ⇥ have been proposed, such as

1 + ⇥2 =
⌅DD⇧
⌅DR⇧ ,

1 + ⇥3 =
⌅DD⇧⌅RR⇧
⌅DR⇧2 ,

1 + ⇥4 = 1 +
⌅(D � R)2⇧
⌅RR⇧2 , (9.12)

which are all equivalent in the ideal situation of an infinitely ex-
tended point distribution. For finite point sets, ⇥3 and ⇥4 are supe-
rior to ⇥1 and ⇥2 due to their better noise properties.

How do we quantify the correlation 
function?



Fundamentally, this involves 
counting the number of 

galaxies at a certain distance 
from each other on the sky 

and then comparing that with a 
random distribution
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shows that the correlation function quantifies the excess probabil-
ity above random for finding galaxy pairs at a given distance.

Correlations between points can be
determined by counting pairs.• Thus, the correlation function can be measured by counting

galaxy pairs and comparing the result to the Poisson expectation,
i.e. to the pair counts expected in a random point distribution.
Symbolically,

1 + ⇥1 =
⌅DD⇧
⌅RR⇧ , (9.11)

where D and R represent the data and the random point set, re-
spectively.

• Several other ways of measuring ⇥ have been proposed, such as

1 + ⇥2 =
⌅DD⇧
⌅DR⇧ ,

1 + ⇥3 =
⌅DD⇧⌅RR⇧
⌅DR⇧2 ,

1 + ⇥4 = 1 +
⌅(D � R)2⇧
⌅RR⇧2 , (9.12)

which are all equivalent in the ideal situation of an infinitely ex-
tended point distribution. For finite point sets, ⇥3 and ⇥4 are supe-
rior to ⇥1 and ⇥2 due to their better noise properties.

ξ(r) = DD / RR - 1

DD = number of pairs in the data at a 
distance r

RR = number of pairs in some mock 
data set at a distance r

 (in mock data sets pairs laid down 
randomly with uniform distribution)

How do we quantify the correlation 
function?



How do we typically express the 
correlation function?

The Correlation function ξ is typically parametrized as a 
power-law in radius:

Correlation Functions

Correlation function is related to fluctuations in the matter density

This is because the mean value (the expectation value) of " is 0.  

! can only depend on the difference x - y, and because Universe is 
isotropic, ! can not depend on direction of separation.  Therefore ! = !(r)

Measurements of the correlation function show that it follows a powerlaw:

Friday, April 23, 2010

Typical values for γ are 1.8.   r0 is known as the correlation length and it 
tells us the typical distance from a source we can expect a large 

enhancement in neighboring sources

The power spectrum is the Fourier transform of the correlation 
function ξ 
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3.6: Statistical Cosmology3.6: Statistical Cosmology
The Correlation Function and the relation to the power spectrum

b is the bias parameter for galaxy biasing w.r.t. underlying Dark Matter Distributionb is the bias parameter for galaxy biasing w.r.t. underlying Dark Matter Distribution

The angular correlation function is found to have the relation 
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What can we learn about galaxies from the 
observed clustering / power spectrum?

It provides us with fundamental information about the 
dark matter halos in which galaxies live...

How does it provide this information?

To understand this, we should review the basics of the 
growth of density perturbations in the universe.

(which we will discuss in a few slides...)



How are the dark matter 
power spectrum and

power spectrum for dark
matter halos calculated?
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3.4: The Power Spectrum3.4: The Power Spectrum
Quantifying the power in fluctuations on large scales

• We would like to quantify the power in the density fluctuations on different scales

long wavelength (large scales)

Short wavelength (small scales)

High Power (large amplitude)

Low Power (small amplitude)

  

! 

"(
r 
r ) =

# $ # 

# 
=
%#

# 
Density fluctuation field

  

! 

"
k

= "(
r 
r )e

# ik•r$Fourier Transform of

Density fluctuation field

( ) 2

k
kP !=

Power of the 

density fluctuations

Convenient to express it in terms 
of Fourier modes and power 

spectrum:

Credit: Pearson

How can we describe dark 
matter fluctuations?
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3.4: The Power Spectrum3.4: The Power Spectrum
Quantifying the power in fluctuations on large scales

• We would like to quantify the power in the density fluctuations on different scales

long wavelength (large scales)

Short wavelength (small scales)

High Power (large amplitude)

Low Power (small amplitude)
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Density fluctuation field
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# ik•r$Fourier Transform of

Density fluctuation field
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Power of the 

density fluctuations

Subtract off mean 
density:

Fourier Transform:

Power Spectrum:

How can then we can 
calculate the power 

spectrum?



What happens to density perturbations over time?

more 
uniform
density

less uniform
density

cosmic time

They grow through gravitational forces.

How does this operate in the current universe?



What is the primordial power 
spectrum?
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3.4: The Power Spectrum3.4: The Power Spectrum
Quantifying the power in fluctuations on large scales

• Inflation ! Scale Free Harrison - Zeldovich spectrum model:
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• Fluctuations have the same amplitude when they enter the horizon ~ ! ~ 10-4
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Instead of simply P(k) !  often plot (k3P(k))1/2 the root mean square mass fluctuations

The Power Spectrum

We therefore have an equation for the evolution of the Power Spectrum:

The Initial Power Spectrum

where the constant A is the overall normalization -- it can *not* be determined 
from theory but must be fixed by measurements of the power spectrum.  

The initial power spectrum is:

Friday, April 23, 2010

The initial power spectrum of fluctuations is the following:

Credit: Pearson

ns ~ 1: “Harrison-Zeldovich Spectrum”



How fast does the power spectrum grow?

z<3500: Matter-Dominated Epoch:
 growth goes as R (R = scale of universe)

For causally connected regions (i.e., within the horizon),
there is no growth

For regions not casually connected (i.e., super horizon scale),
growth occurs as R2

z>3500: Radiation-dominated Epoch:
No significant growth in structure occurs -- except at scales larger 

than the horizon, where the growth goes as R2 (R = scale of 
universe)



Most of the growth in the power spectrum 
will occur on large scales!
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3.4: The Power Spectrum3.4: The Power Spectrum
Quantifying the power in fluctuations on large scales
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Instead of simply P(k) !  often plot (k3P(k))1/2 the root mean square mass fluctuations

identical growth of 
structure at large 

scales

less growth of 
structure at small 
scales as universe 
becomes casually 

connected
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Evolution of the Matter Power Spectrum 

P(k)!

K (wavevektor)!

Horizon scale!

H.-Z. spectrum!time!

Credit: Bohringer

Small ScalesLarge Scales
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Evolution of the Matter Power Spectrum 

P(k)!

K (wavevektor)!

Horizon scale!

H.-Z. spectrum!

horizon at 

equipartition!

today!

Credit: Bohringer

Small ScalesLarge Scales



How does one calculate the power 
spectrum for matter fluctuations in early 

universe?

Formally, one utilizes a transfer function to include these physics:

The Power Spectrum

The Transfer Function.  Need to modify equation for power spectrum 
because the evolution of density perturbations is not linear and includes 
(possibly or likely) effects of pressure terms.  The corrected formula is:

where T(k) is the Transfer Function.  It depends on the exact nature of the 
cosmological model (see Eisenstein & Hu 1997, 1998).  

The shape of the Power Spectrum depends on the product of & = 'm 
h (because we’re measuring distances, which scale as h-1).   & is called 

the Shape Parameter.

Friday, April 23, 2010

where T(k) is the transfer function.

The transfer function T(k) depends on the cosmological model 
and in particular on the quantity Γ = Ωmh.  Γ is called the shape 

parameter.



To simplest approximation, it can be expressed in terms of growing 
modes...

The Power Spectrum

Both P(k) and !(r) evolve with time, as dictated by the Growth Factor:

In the context of linear perturbation theory, knowledge of P0(k) is sufficient to 
obtain the power spectrum P(k) at any time.

The Initial Power Spectrum

At early times, the scale factor grew at a(t) ~ t1/2.   At that time there 
should be no natural length-scale.  The only mathematical function that 

depends on a length with no characteristic scale is a power law, 
therefore we expect that 

Harrison, Zeldovich (and Peebles and others) have argued that ns=1 for based on 
scaling relations.  A power spectrum with ns=1 is a Harrison-Zeldovich spectrum.

Friday, April 23, 2010

where P(k,t) is the power spectrum at some later time and D+(t) is 
the growth factor.

In the linear growth regime (before modes start turning around 
and collapsing and virializing), the time t and mode k are totally 

separable in the above equation.

How does the power spectrum grow after epoch of 
radiation-matter equality and recombination?



What does the matter power spectrum look like when 
all of these effects are included?

The Power Spectrum

The Transfer Function. 

Friday, April 23, 2010

Position of turn-over 
determined by horizon size 

@ matter-radiation 
equality



This is very similar to the observed power spectrum!

22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-11

turbations in the early universe which grow with time.
The halos which have formed, are those halos which
had time to collapse. In general, small perturbations
form before large perturbations. Theory predicts that
the perturbations have a powerspectrum which looks
like this

The observed powerspectrum looks like this (Percival
et al., astroph-0608636)

22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-12

The models are in general a very good fit to the data.
Hence the correlation of galaxies is due to the correla-
tion of halos, which is due to the same perturbations in
the universe which caused the formation of galaxies.

Percival et al. 2007



What is the power spectrum of collapsed halos of a 
given mass?  How does it compare with the power 

spectrum of underlying matter?

Halos only form in overdense regions of the 
universe which have had time to collapse.

Collapsed halos with particularly high masses 
would only form in regions with the most 

significant overdensities.

This would lead to a spatial distribution of halos 
that shows considerably more structure than the 

underlying dark matter.



The Power Spectrum

Determination of the Power Spectrum

The bias is statistical in nature.  In a Volume V we will measure N = n V 
galaxies whereas the expectation value is N = n V, therefore:

where "V is the density contrast of matter averaged over V.

Galaxies for 
above this line

Fluctuations in 
DM
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density 
threshold

spatial positon

halos of a given mass 
form above this line

position of halos with a 
minimum mass

position of halos with a 
minimum mass

Why dark matter halos show a less uniform 
distribution than the underlying matter distribution?

Because dark matter halos overestimate fluctuations in the underlying density 
distribution, they are said to be biased.

In the regions around collapsed objects (particularly massive ones), there are 
substantial large-scale (long range) overdensities present, which make it easy for 

small fluctuations to push them over the requisite density threshold



The most massive galaxy halos are expected to be distributed in 
the least uniform way relative to the underlying dark matter 

density distribution and be the most biased.

Less massive galaxies, on the other hand, are less biased 
tracers of the underlying dark matter distribution.

bias

halo masslow high

high

low

gen
era

l co
rre

lati
on

b2   P(k)DM  =    P(k)DMHalos

In summary, in terms of the bias factor b,



The classic demonstration of this result (i.e., relationship 
between the bias/clustering properties and halo mass) is found 

in Mo & White (1996).   

22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-13

We have seen earlier that perturbations grow in time.
In the future, some of the large scale structure which
we see now will lead to collapsed halos. In the same
way, the rich clusters which we see now, did not exist
at high redshift. At that time, they were “large scale
structure”.

We can now see why the correlation function is so im-
portant to measure: it relates directly to the perturba-
tions in the early universe which formed galaxies.

There are a couple of important points:

• 1. The perturbations cause a powerspectrum of
fluctuations for the full density distribution of
matter ρ(x). The distribution of the halos does
not exactly follow ρ(x). Halos have only formed
in areas where the universe had time to collapse.
Hence the clustering of halos is similar, but not
identical to the clustering of matter.

• 2. Halo clustering depends on mass ! High mass
halos are clustered more than low mass halos. The
reason is the following: high mass halos are rare,
and only arise in regions where there is a lot of
excess material. These regions are those regions
with strong, positive perturbations on even larger
scales (see the figure below). These perturbations
“push” the halos (which are smaller) over critical,
and cause them to collapse. However, since they
are large scale, they’ll cause an excess of these ha-
los in the general neighborhood - and hence these
systems are strongly clustered.
Low mass halos don’t need these larger scale per-
turbations to form, and hence how lower cluster-
ing.

22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-14

Clustering of massive halos: massive halos have to
form from weak perturbations. They can only form
when there are perturbations present on even larger
scales (thick curve). This large-scale perturbation
pushes several of the small scale perturbations over
the limit (dashed horizontal line) so that they can
collapse and form a halo. One expects to have these
halos to have nearby neighbors near the peak of the
large scale fluctuation. Hence the halos are more
strongly clustered than the dark matter itself.

The figure below shows the results from a simulation
(Mo & White 1996, MNRAS 282, 347

Correlation functions of clusters, in a simulation
As can be seen, the low mass clusters (left panel) are
less strongly clustered than the high mass clusters.

Here are some results from that paper:

More Massive ClustersLess Massive Clusters



How can we define bias for galaxy halos?

-- Express fluctuations in the number of collapsed halos vs. spatial 
position in terms of fluctuations in the mass density times biasing factor:

The Power Spectrum

Determination of the Power Spectrum

How well does the distribution of galaxies trace the distribution of dark 
matter ? (They are not the same thing.)  

If galaxies trace dark matter fairly, then no problem.  

However, details of galaxy formation are sufficiently unknown that we can 
not answer this question a priori (e.g., is there some threshold in the local 
dark-matter density below which formation of “stars” in galaxies does not 

occur or is strongly suppressed ?).

We connect dark matter to galaxies by the linear bias factor, b.

where (n = n - n is the deviation of the local number density of galaxies 
from their average density.

The bias factor is the ratio of the relative overdensities in galaxies to the 
overdensities of dark matter.  (It’s linear because of the ansatz that "g=b").

Friday, April 23, 2010

In general, bias b >= 1

h



How can we use this to learn about the 
dark matter halos in which galaxies live?

Use the bias b to determine the approximate halo mass in which 
galaxies with a given clustering properties live.

Take P(k)DM 

from theory 
Compute P(k)galaxies 

from the observations
P(k)galaxies    =     b2   P(k)DM  =    P(k)DMHalo

solve for the bias b

Take P(k)DMHalo

 from theory 



Could do the same exercise based on the 
correlation function!

Use the bias b to determine the approximate halo mass in which 
galaxies with a given clustering properties live.

solve for the bias b

This implies that the correlation function of galaxies will be higher 
for galaxies living in more massive halos

Take ξ(r)DM 
from theory 

Compute ξ(r)galaxies 

from observations

ξ(r)galaxies    =     b2   ξ(r)DM   =  ξ(r)DMHalos

Take ξ(r)DMHalos 
from theory 



22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-15

• 3: Galaxy clustering also depends on luminosity !
(Zehavi, et al., 2005, ApJ, 630, 1)

This is evidence that more luminous galaxies form in
more massive halos.

22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-16

At the same time, the clustering depends also on the
colors of galaxies:

Hence red galaxies also lie in more massive halos !
These results show that the correlation function is a
very powerful way to measure the mass of the ha-
los in which the galaxies lie. The mass of the halo in
which galaxies lie is directly coupled to the correlation
strength, or r0.

Problems
1) a) Calculate the mass of Andromeda and the Milky
Way by assuming that their rotation curves are flat
out to the midpoint between the galaxies. The circular
velocity of the Milky Way is 220 km/sec, and of An-
dromeda 250 km/sec

More Luminous Galaxies Show A Stronger Spatial Correlation

Projected 
Correlation Function

Projected physical 
separation

Implies more luminous galaxies live in more massive halos!



This demonstrates that the clustering properties of galaxies can be a powerful way 
of making inferences about the dark matter halos in which galaxies live!

The stronger the clustering properties (corresponding to systems with longer 
correlation lengths), the higher the mass of the galaxies under study.

Halo mass provides us a powerful tool for tracing the same population of galaxies 
through cosmic time.

Halo Mass

Cosmic Time

Theory gives us 
the average growth 

rate of halos

same galaxy, but 
earlier in cosmic time

same galaxy, but 
later in cosmic 

time



Besides clustering, is there 
another commonly used 

method to estimate halo mass?

Yes — and it is called 
abundance matching



Basic idea leverages stellar mass in 
galaxies likely being a strictly increasing 

function of halo mass 
St

el
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r 
M

as
s

Halo Mass



What are the halo masses of galaxies in this volume?

Survey of a volume of the 
universe at z~1
St

el
la

r 
M

as
s

Halo Mass Function

Volume 
Density of 

Dark 
Matter 

Halos of a 
Given 
Mass

Dark Matter Halo Mass
H

al
o 

M
as

s

Assuming a monotonic 1-1 correspondence between 
stellar and halo mass, abundance matching allows for 
an estimate of the halo masses for individual galaxies



What can learn about the 
formation and evolution of 
galaxies from the stars we 

find in these galaxies?



What can learn about the formation and 
evolution of galaxies from the stars we find 

in these galaxies?

Ideally, we would use the observed stars to 
reconstruct the history of star formation in 

a galaxy.

We would like to determine the function:
SFR(t)

where t is time.



Generally, this area of study is divided into 
two subfields:

1) Resolved Stellar Population Analyses
Can measure the luminosity and color of individual stars in

the nearby object

Useful for studies of Nearby Galaxies and Star Clusters

2) Integrated (Unresolved) Stellar Population 
Analyses

Used in Studying Distant Galaxies 
(galaxies greater than a few Mpc away)

One cannot resolve the light from individual stars 
and they all blend together.
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6 Studying galaxy evolution - evolution of stel-
lar populations

The formation of a galaxy can be traced back in time
the easiest by determination of the ages of the stars.
From that, we can derive the number of stars formed
in at a time t, t + dt: sfr(t)dt. The function sfr(t)
is the star formation rate, and measuring this is a great
way to characterize the formation history.

In practice, this is difficult. Unlike for nearby stars,
we cannot take detailed spectra to measure age, and
metallicity of the stars in external galaxies. Hence we
have to resort to tricks.

Trick 1: Age determination for clusters

When we analyze clusters, we have a set of stars at the
same distance, with the same age and metallicity. This
makes the analysis much easier.

An observed color magnitude diagram looks like this
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Modeling these color magnitude diagrams works in the
following way: Calculate the evolution of magnitude
and color for a range of stellar populations, each with
separate metallicity. For each population, calculate the
evolution of stars with a range in masses. Then, con-
nect the derived magnitudes and colors at a given age,
at a range of masses, to show the “theoretical” color
magnitude diagram. There are several tricky aspects,
including the calculation of the detailed spectra of the
stellar atmospheres, including all the metal-lines.
Below is an example of theoretical color-magnitude

Nearby Star Clusters:
Advantage of star clusters is that all 

the stars in these clusters are at 
essentially the same distance from 
us.   They also have the same age 

and metallicity.

1) Resolved Stellar Population Analyses

Typical color magnitude diagram can 
be found to the right:



Nearby Star Clusters:
One can compare the color-

magnitude diagram one 
observes with the expected 
color-magnitude tracks for 
stars of different fixed ages:
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diagrams, for a range of ages:

It is clear from this that ages of clusters (open or glob-

ular) can be determined with a fairly good accuracy.
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Applications
Dwarf galaxies close to the MW are very suitable, as

it is straightforward to measure CMD to the main se-

quence. Some examples

These galaxies are old, and fairly simple.

It is clear that one can measure 
the age of a star cluster quite 

accurately in this way.

These loci on the color-
magnitude diagram (or 

hertzsprung russell) are called 
“isochrones” 
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diagrams, for a range of ages:

It is clear from this that ages of clusters (open or glob-
ular) can be determined with a fairly good accuracy.
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Applications
Dwarf galaxies close to the MW are very suitable, as
it is straightforward to measure CMD to the main se-
quence. Some examples

These galaxies are old, and fairly simple.

Nearby Dwarf Galaxies

Here is the color magnitude 
diagram of a nearby dwarf 

galaxy Sculptor.

1) Resolved Stellar Population Analyses

As you can, it has a well-defined 
giant branch and well-defined 

horizontal branch.

This galaxy is clearly old and 
consistent with having stars of 

the same age!
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diagrams, for a range of ages:

It is clear from this that ages of clusters (open or glob-
ular) can be determined with a fairly good accuracy.
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Applications
Dwarf galaxies close to the MW are very suitable, as
it is straightforward to measure CMD to the main se-
quence. Some examples

These galaxies are old, and fairly simple.

Nearby Dwarf Galaxies
1) Resolved Stellar Population Analyses
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diagrams, for a range of ages:

It is clear from this that ages of clusters (open or glob-
ular) can be determined with a fairly good accuracy.
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Applications
Dwarf galaxies close to the MW are very suitable, as
it is straightforward to measure CMD to the main se-
quence. Some examples

These galaxies are old, and fairly simple.

Nearby Dwarf Galaxies
1) Resolved Stellar Population Analyses
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diagrams, for a range of ages:

It is clear from this that ages of clusters (open or glob-
ular) can be determined with a fairly good accuracy.
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Applications
Dwarf galaxies close to the MW are very suitable, as
it is straightforward to measure CMD to the main se-
quence. Some examples

These galaxies are old, and fairly simple.

Nearby Dwarf Galaxies
1) Resolved Stellar Population Analyses



1) Resolved Stellar Population Analyses
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Much more complex is the :

Carina dwarf galaxy

Compare this to:
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The galaxy obviously has had at least 3 bursts of star
formation. This is a possible distribution of ages

What do you think is going on with this dwarf galaxy?
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Much more complex is the :

Carina dwarf galaxy

Compare this to:
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The galaxy obviously has had at least 3 bursts of star
formation. This is a possible distribution of ages

consider the expected tracks for stars forming at 
different ages:

1.3 Gyr

6 Gyr

12 Gyr



1) Resolved Stellar Population Analyses

What do you think is going on with this dwarf galaxy?

7-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c06-5

Much more complex is the :

Carina dwarf galaxy

Compare this to:
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The galaxy obviously has had at least 3 bursts of star
formation. This is a possible distribution of ages

Fraction of 
Stars Formed 

as a function of 
Time
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More complicated CMDs

General methods for fitting 
multiple populations in resolved 
populations. 

Can aim to recover fraction of 
stars formed on a grid of age and 
metallicity.

Gallart et al. (2007)
Local Group Dwarf GalaxiesCredit: Russell Smith



1) Resolved Stellar Population Analyses

One can also try the same sort of analysis on the Magellanic Clouds:
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Going further, life gets tougher. The Magellanic clouds
are still possible using HST. Some results are below:

Going out even further, it is possible to use the RGB
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as an indicator - but the further one goes, the harder it
gets to use individual stars.
For galaxies at Virgo distance, it is simply impossible
to do any of this. In those cases, we have to rely on
integrated properties of galaxies (colors, spectra).

Interpreting integrated properties of galaxies

Lacking the information about individual stars, we can
still examine the integrated properties of galaxies. Ob-
viously, a lot of information is lost. However, it is easy
to imagine that we can just add up all the light from
the stars to see how the total colors, and spectrum,
vary with time.

There is at least one additional complication: the light
from very luminous, but short phases can become rel-
evant. Of special importance is the light from AGB
stars. These stars are only short-lived, but very lumi-
nous. In normal CMDs, they are rare, and hence don’t
need to play a big role. But in integrated light they
can be quite important. The same for HB stars, etc.
In short: there can be significant uncertainties.

input parameters

Before models can be made, the following input param-
eters have to be set

• Initial Mass Function φ(m). The distribution of
stellar masses of a zero age stellar population.
The number of stars between mass m and m+dm
is φ(m). It is often approximated by a Salpeter
IMF φ(m) ∝ m−2.35. However, it has become
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Going further, life gets tougher. The Magellanic clouds
are still possible using HST. Some results are below:

Going out even further, it is possible to use the RGB
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as an indicator - but the further one goes, the harder it
gets to use individual stars.
For galaxies at Virgo distance, it is simply impossible
to do any of this. In those cases, we have to rely on
integrated properties of galaxies (colors, spectra).

Interpreting integrated properties of galaxies

Lacking the information about individual stars, we can
still examine the integrated properties of galaxies. Ob-
viously, a lot of information is lost. However, it is easy
to imagine that we can just add up all the light from
the stars to see how the total colors, and spectrum,
vary with time.

There is at least one additional complication: the light
from very luminous, but short phases can become rel-
evant. Of special importance is the light from AGB
stars. These stars are only short-lived, but very lumi-
nous. In normal CMDs, they are rare, and hence don’t
need to play a big role. But in integrated light they
can be quite important. The same for HB stars, etc.
In short: there can be significant uncertainties.

input parameters

Before models can be made, the following input param-
eters have to be set

• Initial Mass Function φ(m). The distribution of
stellar masses of a zero age stellar population.
The number of stars between mass m and m+dm
is φ(m). It is often approximated by a Salpeter
IMF φ(m) ∝ m−2.35. However, it has become

Evidence for lots of young stars, but 
also many older stars



1) Resolved Stellar Population Analyses

Examining galaxies at even greater distances, one must use the red giant 
branch stars...
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Much more complex is the :

Carina dwarf galaxy

Compare this to:
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The galaxy obviously has had at least 3 bursts of star
formation. This is a possible distribution of ages

too faint

bright enough

However, it is almost impossible to make use of individual stars in galaxies 
greater than 10-15 Mpc away...



2) Integrated Stellar Population Analyses

If one cannot resolve out the individual stars, one must look at the total 
spectrum coming from all stars in a galaxy.   

Introduction to Astronomy & Astrophysics:  Stellar Populations 2010 Lecture 1I 

The Problem

Text

“What you’d like to get” “What you get”

WHAT CAN WE MEASURE?

Broad-band colours (B-V, J-K, etc). 

Surface brightness fluctuations (sometimes)

Spectroscopic features (absorption lines)

(George Hau)

Credit: Russell Smith



2) Integrated Stellar Population Analyses

One attempts to model the observed spectrum using the following inputs:

1) Stellar Initial Mass Function ɸ(m):  Defines the Fraction of Forming Stars 
as a function of the stellar mass m.   Appears to be well described by the 

Salpeter power-law function m−2.35 at intermediate to high masses.

At low-to-intermediate stellar masses, the number of stars formed are 
lower that one would predict based on the Salpeter power law.

One IMF that takes 
this into account is 
the Chabrier IMF:

7-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c06-9

clear that the Salpeter IMF overestimates the
number of low mass stars. A Chabrier IMF or
Kroupa IMF look similar to a Salpeter IMF at
high masses, but has fewer low mass stars. The
Chabrier IMF is given by:

mφ(m) = exp

[

−
(log(m) − log(mc))2

2σ2

]

for m ≤ 1 M⊙

= m−1.3for m ≥ 1M⊙

with mc = 0.08M⊙ and σ = 0.69

• Metallicity, and abundance ratios. The stellar evo-
lution depends on metallicity. Furthermore, the
spectra and the colors are influenced, and the
line-blanketing by iron and other lines change the
emitted light, as a function of metallicity (for a
“constant” bolometric luminosity, temperature,
size star). In general, evolution appears to slow
down with higher metallicity: a star with higher
metallicity evolves slower.

• Detailed models for stellar evolution. Various (sub-
tle) differences exist between various models, even
for “standard” phases like RGB. The modeling of
rarer phases like AGB, HB, etc is even more un-
certain at the moment.

• Spectra of stars with a given effective tempera-
ture, gravity, and metallicity. These are needed
to convert the effective temperature and gravity
of the model stars into observed spectra/colors.
The spectra can be either empirical, or theoretical.
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Both have advantages and drawbacks. Empiri-
cal spectra will not cover all possible phases, and
will have limited wavelength coverage. Theoretical
spectra are often still wrong in a significant way.

• Star formation history. The simplest model is a
SSP “single burst stellar population”. However,
nobody believes that galaxies form in a single
burst. Hence we have to assume some kind of
star formation history. This is usually either a con-
stant star formation rate, or exponentially declin-
ing sfr ∝ exp(−t/τ).
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Tracks & Isochrones

INITIAL MASS 
FUNCTION

How many stars formed per 
unit mass?

Determines number of stars 
expected at each point along 
isochrone.

Constrained from detailed 
observations of star-forming 
regions in the MW. 

Applied to wide range of 
environments beyond MW!

Kroupa (2002)

Salpeter IMF
(single power law)

Kroupa IMF
(breaks at low mass)

Credit: Russell Smith



2) Integrated Stellar Population Analyses

Other inputs to stellar population analyses:

2) Metallicity and abundance ratios of the stars which are forming:

Metallicity can have a significant impact on the light emitted by stars, 
making them appear redder.   It can also slow down the evolution of 

stars somewhat.
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Aside: What Exactly is Metallicity?

“METAL” CONTENT OF THE GAS CLOUD FROM WHICH THE 
STARS FORMED

Usually assume the surface composition reflects the original composition. 

REMEMBER: ASTRONOMERS THINK CARBON IS A METAL....

Stellar modellers express chemical mixture of material as mass fractions

X or H = mass fraction of H ,        Y = mass fraction of He

Z = mass fraction of everything else = “metals”

EMPIRICAL NOTATION

For measurements of metallicity in stellar atmospheres, we usually express 
abundances in terms of number density (not mass fractions). Total metallicity is often 
expressed  as   [Z/H] = log(NZ/NH) - log(NZ/NH)sun.   Then:

[Z/H] = 0 is “solar metallicity”, 

[Z/H]=+0.3 is “twice-solar”, 

[Z/H] = -1 is “one tenth solar”, etc. Credit: Russell Smith
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More on Metallicity

BUT WHAT IS COMPOSITION OF “Z” ? 

Note that O is the most important element for stellar evolution: it is abundant and a 
big contributor to the opacities. 

But unfortunately it is very hard actually to measure O from stellar spectra!

Much easier to measure Fe which has lots of absorption lines in the optical. 

So we often talk about [Fe/H] instead. These are equivalent if [O/Fe] is solar, i.e. 
mixture between metals always the same.  (We’ll come back to this!)

x1000

atomic number

m
a
ss
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ra
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solar composition

Credit: Russell Smith

Credit: Russell Smith



2) Integrated Stellar Population Analyses

Other inputs to stellar population analyses:

3) Detailed Stellar Evolution Models:
While most phases of stellar evolution seem to be well understood, 

other rarer phases of stellar evolution like the horizontal branch 
evolution or the asymptotic giant branch evolution are less well 

understood.   This can make the predictions of the models uncertain.
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Tracks & Isochrones

TRACKS 

“Tracks” are trajectories of 
individual stars in the HRD. 

Stellar evolutionary tracks are tables 
describing the evolving properties: 

luminosity, 

temperature, 

evolving mass, etc 

as a function of initial mass (and 
initial chemical composition).

In detail, the tracks are computed 
from stellar evolution models 
(Padova, Geneva, BaSTI etc). 

Credit: Russell Smith



2) Integrated Stellar Population Analyses

Other inputs to stellar population analyses:

4) Spectra of Stars at a given temperature, metallicity, surface gravity.
One can calculate the spectra of stars theoretically from stellar 

atmosphere modelling.  However, the predictions from theory often differ 
from observations -- suggesting that one may want to use real spectra of 

actual stars.   The challenge with using real 
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Empirical Spectral Libraries

T
e

m
p

e
ra

tu
re

T
e

m
p

e
ra

tu
re

[Fe/H] [Fe/H] [Fe/H]

MILES
Stelib 
(BC03)

Lick 

Sanchez-Blazquez et al. (2006)

OBSERVED SPECTRA OF 
STARS

Desirable to cover large range in Teff, 
log g (=“gravity” i.e. dwarf vs giant) 
and Fe/H. 

And to know the atmospheric 
parameters of the stars (difficult for 
the coolest stars.)

PROBLEMS

All the stars in empirical libraries are 
in our galaxy, which limits parameter 
coverage. 

Valid application of the models 
implicitly restricted to systems with 
stars “like” those in our galaxy. 

Credit: Russell Smith
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Theoretical Spectral Libraries

THEORETICAL LIBRARIES

Based on stellar atmosphere models, e.g. ATLAS9 
(Castelli & Kurucz 2003) MARCS (Gustafsson et 
al. 2003)

ADVANTAGES

Much more flexible than empirical libraries: In 
principle can obtain spectra for any value of Teff, 
log g and Fe/H (and any chemical mixture).

CHALLENGES

Complex atmosphere physics (especially for 
hottest and coolest stars) may not be adequately 
modelled. 

Empirical atomic and (especially) molecular line-
lists may not be complete enough. 

Include QM-predicted lines not verified in lab? 
These can be badly wrong in detail, but needed 
for accurate colours (Coelho et al.)

Sun

Arcturus

Cool giant

Coelho et al. (2007)

Observed 
Spectrum 

Model 
Atmosphere

Na D

Mgb

Mgb

Credit: Russell Smith



2) Integrated Stellar Population Analyses

Other inputs to stellar population analyses:

5) Star Formation History of Galaxies 
This is the typical input that people assume changes from galaxy to 

galaxy.

The simplest model is single burst stellar population models... where 
one assumes all the stars in a galaxy formed at a single point in the 

past. 

Such models can work well for describing the stellar populations of 
elliptical galaxies and globular clusters, where most of the stars were 

first formed long ago in the past.



2) Integrated Stellar Population Analyses

Other inputs to stellar population analyses:

5) Star Formation History of Galaxies 

Another simple model is to assume that stars in a galaxy formed at a fixed constant 
rate with time. 

Such models can work well for describing the stellar populations of late spiral and 
irregular galaxies.

One can try to parameterize all star formation histories between a constant star formation 
model and a fixed burst in the past adopting an exponentially declining star formation rate:

e−t/τ

where τ is the time scale on which the star-formation rate of some galaxy declines with 
time.

Note that τ = 0 corresponds to a simple stellar population (all stars formed at some 
time in the past)

while τ = ∞ corresponds to a constant star formation model.

Interpolating between τ = 0 and τ = ∞ gives SFR history for Hubble sequence galaxies in 
between ellipticals and irregular galaxies
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Ages and metallicity are fairly degenerate. One can
make a galaxy younger, or make the metallicity lower
- and both have roughly the same effect on the spec-
trum that comes out. This is shown below. Notice
that some subtle differences can remain.

From the models, we can 
calculate the integrated 

spectrum of a galaxy, if all 
the stars formed at 

certain times in the past.



2) Integrated Stellar Population Analyses
8 G. Bruzual and S. Charlot

ogy with our approach above, we apply smooth continuum
corrections to the 2800 K carbon-star model of Höfner et al.
(2000) to generate 12 new spectra reproducing the observed
colours of TP-AGB stars in the superwind phase for different
luminosities in the range 3.55 ! log L/L⊙ ! 4.65.

2.3 Isochrone synthesis

In this paper, we use the isochrone synthesis technique
to compute the spectral evolution of stellar populations
(Charlot & Bruzual 1991; Bruzual & Charlot 1993). This
technique is based on the property that stellar populations
with any star formation history can be expanded in series of
instantaneous starbursts, conventionally named ‘simple stel-
lar populations’ (SSPs). The spectral energy distribution at
time t of a stellar population characterized by a star for-
mation rate ψ(t) and a metal-enrichment law ζ(t) can be
written (e.g., Tinsley 1980)

Fλ(t) =

∫ t

0

ψ(t − t′)Sλ

[

t′, ζ(t − t′)
]

dt′ , (1)

where Sλ [t′, ζ(t − t′)] is the power radiated per unit wave-
length per unit initial mass by an SSP of age t′ and metal-
licity ζ(t−t′). The above expression assumes that the initial
mass function (IMF) is independent of time.

The function Sλ [t′, ζ(t − t′)] is the sum of the spectra of
stars defining the isochrone of an SSP of metallicity ζ(t− t′)
at age t′. To compute Sλ(t′, Zi) at a given metallicity Zi

of the stellar evolutionary tracks (Table 1), we interpolate
the isochrone at age t′ from the tracks in the HR diagram.
In practice, each evolutionary stage defined in the tracks is
interpolated separately (Section 2.1). The different evolu-
tionary stages along the isochrone are populated by stars
of different initial masses in proportions given by the IMF
weight φ(m) [defined such that φ(m)dm is the number of
stars born with masses between m and m + dm]. We then
use one of the spectral libraries described in Section 2.2 to
assign spectra to stars in the various evolutionary stages.
The spectral energy distribution of the SSP is obtained by
summing the spectra of individual stars along the isochrone.

The IMF is an adjustable parameter of the model. Ex-
cept when otherwise indicated, we adopt in this paper the
parametrization by Chabrier (2003b, his table 1) of the
single-star IMF in the Galactic disc. This is

φ(log m) ∝

{

exp
[

−
(log m−log mc)2

2σ2

]

, for m ! 1M⊙ ,

m−1.3 , for m > 1M⊙ ,
(2)

with mc = 0.08M⊙ and σ = 0.69 (the two expressions in
equation 2 are forced to coincide at 1M⊙). The spectral
properties obtained using the above IMF are very similar
to those obtained using the Kroupa (2001) universal IMF
(see Fig. 4 below). We adopt here the Chabrier (2003b)
IMF because it is physically motivated and provides a bet-
ter fit to counts of low-mass stars and brown dwarfs in
the Galactic disc (Chabrier 2001; Chabrier 2002; Chabrier
2003a). For reference, the Salpeter (1955) IMF corresponds
to φ(log m) ∝ m−1.35, or equivalently φ(m) ∝ m−2.35. Un-
less otherwise specified, we adopt lower and upper IMF
mass cutoffs mL = 0.1 M⊙ and mU = 100 M⊙. As in
Bruzual & Charlot (1993), the spectral energy distribution
of a model SSP is normalized to a total mass of 1 M⊙ in

Figure 1. Evolution of the B−V and V −K colours and stellar
mass-to-light ratio M/LV of simple stellar populations for differ-
ent metallicities, Z = 0.004 (dotted line), Z = Z⊙ = 0.02 (solid
line) and Z = 0.05 (dashed line), for the standard model of Sec-
tion 3. All models have the Chabrier (2003b) IMF truncated at
0.1 M⊙ and 100 M⊙ (see equation 2).

stars at age t′ = 0, and the spectra are computed at 221 un-
equally spaced time steps from 0 to 20 Gyr. Each spectrum
covers the wavelength range from 91 Å to 160 µm, with a
resolution that depends on the spectral library employed.

3 PHOTOMETRIC EVOLUTION

In the isochrone synthesis framework, the spectral evolution
of simple stellar populations (SSPs) is the most fundamental
prediction of population synthesis models. It determines the
spectral evolution of stellar populations with any history
of star formation (Section 2.3). In this section, we examine
the predictions of our model for the photometric evolution
of SSPs. This allows us to illustrate the basic influence of
the various adjustable parameters on model properties. We
compare our results with previous work. We also compare
the photometric properties of the model with observations
of nearby star clusters.

In all applications in the remainder of this paper, we
adopt a ‘standard’ reference model computed using the
Padova 1994 evolutionary tracks, the STELIB/BaSeL 3.1
spectral library and the IMF of equation (2) truncated
at 0.1 M⊙ and 100 M⊙. We mention in Section 3.1 below
the reason for preferring the Padova 1994 tracks over the
Padova 2000 tracks for the standard model.

3.1 Influence of the adjustable parameters

The spectral evolution of an SSP depends primarily on
the assumed metallicity, stellar evolution prescription, stel-
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lar spectral library and IMF. Here, we illustrate the influ-
ence of these adjustable parameters on the evolution of the
B−V and V −K colours and stellar mass-to-visual light ra-
tio M/LV of an SSP. Optical and near-infrared colours re-
flect the relative contributions of hot and cool stars to the
integrated light, while the stellar mass-to-light ratio reflects
the absolute magnitude scale of the model. When comput-
ing M/LV , we account for the mass lost by evolved stars
to the interstellar medium in the form of winds, planetary
nebulae and supernova ejecta.

Fig. 1 shows the evolution of the B−V and V −K
colours and M/LV for three different metallicities, Z =
0.004, Z = Z⊙ = 0.02 and Z = 0.05, for our standard SSP
model. The irregularities in the photometric evolution arise
both from the discrete sampling of initial stellar masses in
the track library and from ‘phase’ transitions in stellar evo-
lution. For example, the evolution of low-mass stars through
the helium flash causes a characteristic feature in all proper-
ties in Fig. 1 at ages near 109 yr. At fixed age, the main effect
of increasing metallicity is to redden the colours and increase
M/LV . The reason for this is that, at fixed initial stellar
mass, lowering metallicity causes stars to evolve at higher ef-
fective temperatures and higher luminosities (Schaller et al.
1992; Fagotto et al. 1994a, Girardi et al. 2000). Another no-
ticeable effect of varying Z is to change the relative num-
bers of red and blue supergiants. The evolution of the B−V
colour at early ages in Fig. 1 shows that the signature of red
supergiants in the colour evolution of an SSP depends cru-
cially on metallicity (see also Cerviño & Mas-Hesse 1994).
We note that increasing metallicity at fixed age has a simi-
lar effect as increasing age at fixed metallicity, which leads
to the well-known age-metallicity degeneracy.

In Fig. 2, we illustrate the influence of the stellar
evolution prescription on the predicted photometric evo-
lution of an SSP for fixed (solar) metallicity and fixed
(STELIB/BaSeL 3.1) spectral calibration. We show mod-
els computed using the Padova 1994, the Geneva and the
Padova 2000 track libraries (Section 2.1). The largest dif-
ference between the Padova 1994 and Geneva prescriptions
arises at early ages and results from the larger number of
evolved, blue massive (Wolf-Rayet) stars in the Padova mod-
els than in the Geneva models (see fig. 2b of Charlot 1996).
Also, since the minimum mass for quiet helium ignition is
lower in the Geneva model than in the Padova 1994 model
(1.9 M⊙ versus 2.2 M⊙), the photometric signature of the he-
lium flash occurs at slightly later ages in the Geneva model
in Fig. 2. Differences between the Padova 1994 and Padova
2000 track libraries pertain only to stars less massive than
7M⊙, with turnoff ages greater than about 5× 107 yr (Sec-
tion 2.1). In the Padova 2000 model, the finer resolution
in initial stellar mass around 2.0 M⊙ makes the evolution
through the helium flash much smoother than in the Padova
1994 model. At late ages, the V −K colour is significantly
bluer in the Padova 2000 model than in the Padova 1994
model. The reason for this is that the red giant branch is
50 to 200 K warmer (from bottom to tip) in the Padova
2000 tracks than in the Padova 1994 tracks. As a result,
the integrated V −K colour of a solar-metallicity SSP in the
Padova 2000 model reaches values typical of old elliptical
galaxies (V −K ∼ 3.0–3.3 along the colour-magnitude re-
lation; Bower, Lucey & Ellis 1992) only at ages 15–20 Gyr.
Since this is older than currently favored estimates of the age

Figure 2. Evolution of the B−V and V −K colours and stellar
mass-to-light ratio M/LV of simple stellar populations of solar
metallicity computed using the Geneva (dotted line), Padova 1994
(standard model; solid line) and Padova 2000 (dashed line) stel-
lar evolution prescriptions and the STELIB/BaSeL 3.1 spectral
calibration. All models have the Chabrier (2003b) IMF truncated
at 0.1 M⊙ and 100 M⊙ (see equation 2).

of the Universe, and since the giant-branch temperature in
the Padova 2000 tracks has not been tested against observa-
tional calibrations (e.g. Frogel, Persson & Cohen 1981), we
have adopted here the Padova 1994 library rather than the
Padova 2000 library in our standard model (see above).6

We now consider the influence of the spectral calibra-
tion on the photometric evolution of an SSP for fixed (so-
lar) metallicity and fixed (Padova 1994) stellar evolution
prescription. In Fig. 3, we compare the results obtained
with four different spectral libraries: the STELIB/BaSeL 3.1
library (standard model); the BaSeL 3.1 library; the
STELIB/BaSeL 1.0 library; and the Pickles library (re-
call that, at solar metallicity, the BaSeL 3.1 library is

6 It is intriguing that the Padova 2000 models, which include
more recent input physics than the Padova 1994 models, tend to
produce worse agreement with observed galaxy colours. The rela-
tively high giant branch temperatures in the Padova 2000 models,
though attributable to the adoption of new opacities, could be
subject to significant coding uncertainties (L. Girardi 2002, pri-
vate communication). This is supported by the fact that the im-
plementation of the same input physics as used in the Padova 2000
models into a different code produces giant branch temperatures
in much better agreement with those of the Padova 1994 models
(A. Weiss 2002, private communication). We regard the agree-
ment between the Girardi et al. (2002) model and our standard
model at late ages in Fig. 5 as fortuitous, as the spectral cali-
bration adopted by Girardi et al. (2002) relies on purely theoret-
ical model atmospheres, which do not reproduce well the colour-
temperature relations of cool stars (e.g., Lejeune et al. 1997).
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Figure 3. Evolution of the B−V and V −K colours and stel-
lar mass-to-light ratio M/LV of simple stellar populations of so-
lar metallicity computed using the Padova 1994 stellar evolution
prescription and the BaSeL 3.1 (dotted line), STELIB/BaSeL 1.0
(short-dashed line), STELIB/BaSeL 3.1 (standard model; solid
line) and Pickles (long-dashed line) spectral calibrations. All mod-
els have the Chabrier (2003b) IMF truncated at 0.1 M⊙ and
100 M⊙ (see equation 2).

identical to the BaSeL 2.2 library; Section 2.2.1). Fig. 3
shows that the differences between these spectral calibra-
tions have only a weak influence on the predicted photo-
metric evolution of an SSP. The good agreement between the
STELIB/BaSeL 3.1, the BaSeL 3.1 and the Pickles calibra-
tions follows in part from the consistent colour-temperature
scale of the three libraries. Also the empirical corrections
applied by Lejeune et al. (1997) and Westera et al. (2002)
to the BaSeL 1.0 spectra, illustrated by the differences be-
tween the STELIB/BaSeL 3.1 and STELIB/BaSeL 1.0 mod-
els in Fig. 3, imply changes of at most a few hundredths of a
magnitude in the evolution of the B−V and V −K colours.
It is important to note that the spectral calibration has a
stronger influence on observable quantities which are more
sensitive than integrated colours to the details of the stel-
lar luminosity function, such as colour-magnitude diagrams
(Section 3.3) and surface brightness fluctuations (Liu et al.
2000). Fig. 8 of Liu et al. (2000) shows that, for example,
the observed near-infrared surface brightness fluctuations of
nearby galaxies clearly favor the BaSeL 2.2/3.1 spectral cal-
ibration over the BaSeL 1.0 one.

It is also of interest to examine the influence of the IMF
on the photometric evolution of an SSP for fixed (solar)
metallicity, fixed (Padova 1994) stellar evolution prescrip-
tion and fixed (STELIB/BaSeL 3.1) spectral calibration.
Fig. 4 shows the evolution of the B−V and V −K colours
and M/LV for four different IMFs: Chabrier (2003b, see
equation 2 above), Kroupa (2001, universal IMF), Salpeter
(1955) and Scalo (1998). In all cases, the IMF is truncated

Figure 4. Evolution of the B−V and V −K colours and stel-
lar mass-to-light ratio M/LV of simple stellar populations of so-
lar metallicity computed using the Padova 1994 stellar evolution
prescription and the STELIB/BaSeL 3.1 spectral calibration, for
different IMFs: Chabrier (2003b, standard model; solid line; see
equation 2), Kroupa (2001, dotted line), Salpeter (1955, short-
dashed line) and Scalo (1998, long-dashed line). All IMFs are
truncated at 0.1M⊙ and 100 M⊙.

at 0.1 M⊙ and 100 M⊙. The evolution of the B−V colour
does not depend sensitively on the IMF, because the opti-
cal light is dominated at any age by stars near the turnoff.
The V −K colour is slightly more sensitive to the relative
weights of stars of different masses along the isochrone, es-
pecially at ages less than about 109 yr, when the mass of
the most evolved stars differs significantly from the turnoff
mass. The M/LV ratio is far more sensitive to the shape of
the IMF, especially near the low-mass end that determines
the fraction of the total mass of the stellar population locked
into faint, slowly evolving stars. For reference, the fraction
of mass returned to the ISM by evolved stars at the age of
10Gyr is 31, 44, 46, and 48 per cent for the Salpeter, the
Scalo, the Kroupa and the Chabrier IMFs, respectively.

3.2 Comparison with previous work

Most current population synthesis models rely on readily
available computations of stellar evolutionary tracks and
stellar atmospheres, such as those mentioned in Section 2.1
and Section 2.2.1 above. In general, however, publically
available stellar evolutionary tracks do not include the un-
certain evolution of stars beyond the early-AGB phase. Also,
the widely used model atmospheres of Kurucz (1992, and
other releases) do not include spectra of stars outside the
temperature range 3500 K ! Teff ! 50, 000 K. We there-
fore expect differences between our model and previous work
to originate mainly from our observationally motivated pre-
scription for TP-AGB stars, the spectral calibration of very
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Figure 3. Evolution of the B−V and V −K colours and stel-
lar mass-to-light ratio M/LV of simple stellar populations of so-
lar metallicity computed using the Padova 1994 stellar evolution
prescription and the BaSeL 3.1 (dotted line), STELIB/BaSeL 1.0
(short-dashed line), STELIB/BaSeL 3.1 (standard model; solid
line) and Pickles (long-dashed line) spectral calibrations. All mod-
els have the Chabrier (2003b) IMF truncated at 0.1 M⊙ and
100 M⊙ (see equation 2).

identical to the BaSeL 2.2 library; Section 2.2.1). Fig. 3
shows that the differences between these spectral calibra-
tions have only a weak influence on the predicted photo-
metric evolution of an SSP. The good agreement between the
STELIB/BaSeL 3.1, the BaSeL 3.1 and the Pickles calibra-
tions follows in part from the consistent colour-temperature
scale of the three libraries. Also the empirical corrections
applied by Lejeune et al. (1997) and Westera et al. (2002)
to the BaSeL 1.0 spectra, illustrated by the differences be-
tween the STELIB/BaSeL 3.1 and STELIB/BaSeL 1.0 mod-
els in Fig. 3, imply changes of at most a few hundredths of a
magnitude in the evolution of the B−V and V −K colours.
It is important to note that the spectral calibration has a
stronger influence on observable quantities which are more
sensitive than integrated colours to the details of the stel-
lar luminosity function, such as colour-magnitude diagrams
(Section 3.3) and surface brightness fluctuations (Liu et al.
2000). Fig. 8 of Liu et al. (2000) shows that, for example,
the observed near-infrared surface brightness fluctuations of
nearby galaxies clearly favor the BaSeL 2.2/3.1 spectral cal-
ibration over the BaSeL 1.0 one.

It is also of interest to examine the influence of the IMF
on the photometric evolution of an SSP for fixed (solar)
metallicity, fixed (Padova 1994) stellar evolution prescrip-
tion and fixed (STELIB/BaSeL 3.1) spectral calibration.
Fig. 4 shows the evolution of the B−V and V −K colours
and M/LV for four different IMFs: Chabrier (2003b, see
equation 2 above), Kroupa (2001, universal IMF), Salpeter
(1955) and Scalo (1998). In all cases, the IMF is truncated

Figure 4. Evolution of the B−V and V −K colours and stel-
lar mass-to-light ratio M/LV of simple stellar populations of so-
lar metallicity computed using the Padova 1994 stellar evolution
prescription and the STELIB/BaSeL 3.1 spectral calibration, for
different IMFs: Chabrier (2003b, standard model; solid line; see
equation 2), Kroupa (2001, dotted line), Salpeter (1955, short-
dashed line) and Scalo (1998, long-dashed line). All IMFs are
truncated at 0.1M⊙ and 100 M⊙.

at 0.1 M⊙ and 100 M⊙. The evolution of the B−V colour
does not depend sensitively on the IMF, because the opti-
cal light is dominated at any age by stars near the turnoff.
The V −K colour is slightly more sensitive to the relative
weights of stars of different masses along the isochrone, es-
pecially at ages less than about 109 yr, when the mass of
the most evolved stars differs significantly from the turnoff
mass. The M/LV ratio is far more sensitive to the shape of
the IMF, especially near the low-mass end that determines
the fraction of the total mass of the stellar population locked
into faint, slowly evolving stars. For reference, the fraction
of mass returned to the ISM by evolved stars at the age of
10Gyr is 31, 44, 46, and 48 per cent for the Salpeter, the
Scalo, the Kroupa and the Chabrier IMFs, respectively.

3.2 Comparison with previous work

Most current population synthesis models rely on readily
available computations of stellar evolutionary tracks and
stellar atmospheres, such as those mentioned in Section 2.1
and Section 2.2.1 above. In general, however, publically
available stellar evolutionary tracks do not include the un-
certain evolution of stars beyond the early-AGB phase. Also,
the widely used model atmospheres of Kurucz (1992, and
other releases) do not include spectra of stars outside the
temperature range 3500 K ! Teff ! 50, 000 K. We there-
fore expect differences between our model and previous work
to originate mainly from our observationally motivated pre-
scription for TP-AGB stars, the spectral calibration of very
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Figure 5. Evolution of the B−V and V −K colours and stel-
lar mass-to-light ratio M/LV of simple stellar populations of so-
lar metallicity computed using our model (with the Padova 1994
stellar evolution prescription and the STELIB/BaSeL 2.2 spec-
tral calibration; solid line), the Fioc & Rocca-Volmerange (1997)
PÉGASE version 2.0 model (dotted line) and the Girardi et al.
(2002) model (dashed line). All models have the Kroupa (2001)
present-day IMF truncated at 0.01 M⊙ and 100 M⊙.

hot and very cool (giant) stars and the adoption of a new
library of observed stellar spectra at various metallicities.

In Fig. 5, we compare the evolution of the B−V and
V −K colours and the mass-to-visual light ratio M/LV of
a solar-metallicity SSP predicted by our model with those
predicted by two publically available population synthe-
sis codes: the PÉGASE model (Fioc & Rocca-Volmerange
1997; version 2.0) and the Girardi et al. (2002) model. For
practical reasons, we adopt in all models the same IMF
as in Girardi et al. (2002), i.e., the Kroupa (2001) present-
day IMF truncated at 0.01 M⊙ and 100 M⊙.7 Also, for the
purpose of this comparison, we compute our model us-
ing the Padova 1994 stellar evolution prescription and the
STELIB/BaSeL 2.2 spectral calibration (which is identi-
cal to the BaSeL 3.1 calibration for solar metallicity; Sec-
tion 2.2.1).

The PÉGASE model shows good general agreement
with our model in Fig. 5. There are marked discrepancies
at ages around 107 yr, where the PÉGASE model is red-
der in B−V but bluer in V −K than our model, and at
ages around 108 yr, where it is nearly a magnitude red-
der in V −K. General agreement is expected because the
PÉGASE model relies on the same Padova 1994 tracks as

7 The present-day IMF in equation (6) of Kroupa (2001) is much
steeper at masses between 0.08 M⊙ and 1.0M⊙ than the universal
Galactic-disc IMF proposed in his equation (2). The universal
IMF should be better suited to studies of the past history of star
formation in galaxies.

used in our model to describe the evolution of stars up to
the end of the early-AGB and on the same BaSeL 2.2 spec-
tral calibration. The discrepancy at early ages arises from
a difference in the spectral calibration of stars hotter than
50,000 K. In the PÉGASE model, the spectra of these stars
are taken from Clegg & Middlemass (1987), while in our
model, they are taken from the more recent computations
of Rauch (2002). The discrepancy in the V −K colour at
ages around 108 yr arises from a different prescription for
TP-AGB evolution. Fioc & Rocca-Volmerange (1997) use
‘typical’ TP-AGB luminosities and evolutionary time-scales
from Groenewegen & de Jong (1993), while in our model,
the evolution through this phase and its spectral calibration
are more refined (Section 2.1 and Section 2.2).

The Girardi et al. (2002) model in Fig. 5 relies on
the Padova 2000 stellar evolutionary tracks and on model
atmospheres by Castelli, Gratton & Kurucz (1997) and
Fluks et al. (1994). These model atmospheres do not include
any empirical colour-temperature correction and are akin to
the Kurucz (1995, private communication to R. Buser) and
Fluks et al. (1994) spectra included in the BaSeL 1.0 library.
It is interesting to note that, when combined with these
purely theoretical model atmospheres, the Padova 2000 evo-
lutionary tracks, in which the giant branch is relatively
warm (Section 3.1), produce B−V and V −K colours in
good agreement with those predicted both by the PÉGASE

model and by our model at late ages. At ages less than
107 yr and around 108 yr, the Girardi et al. (2002) model
deviates from our model in a similar way as the PÉGASE

model. The discrepancy at early ages is caused again by
a different treatment of stars hotter than 50,000 K, which
Girardi et al. (2002) describe as simple blackbody spectra.
The discrepancy at ages 108–109 yr follows primarily from
the treatment of TP-AGB evolution, which is based on a
semi-analytic prescription by Girardi & Bertelli (1998) in
the Girardi et al. (2002) model. It is worth recalling that
our prescription for TP-AGB evolution has been tested suc-
cessfully against observed optical and near-infrared surface
brightness fluctuations of nearby star clusters and galaxies
(Section 2).

3.3 Comparison with observations of star clusters

3.3.1 Colour-magnitude diagrams

To establish the reliability of our model, it is important to
examine the accuracy to which it can reproduce observed
colour-(absolute) magnitude diagrams (CMDs) of star clus-
ters of different ages and metallicities. Table 4 contains a list
of star clusters for which extensive data are available from
the literature. The clusters are listed in order of increas-
ing [Fe/H]. For each cluster, we list the distance modulus
(m − M)0 and the colour excess E(B−V ) from the same
references as for the stellar photometry. The reddening-
corrected CMDs of these clusters are presented in Figs 6 and
7, where we show the absolute V magnitude as a function
of various available optical and infrared colours. Superim-
posed on the data in each frame are four isochrones. The
red isochrones are computed using the Padova 1994 tracks,
while the black isochrones are computed using the Padova
2000 tracks. In each case, the dashed and solid isochrones
are computed using the BaSeL 1.0 and BaSeL 3.1 spectral
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Figure 7. Comparison of model isochrones with observed colour-magnitude diagrams of six old Galactic
globular clusters. For each cluster, the adopted distance modulus and colour excess are listed in Table 4
along with the sources of the stellar photometry. Each panel contains four isochrones: the red isochrones are
computed using the Padova 1994 tracks, while the black isochrones are computed using the Padova 2000
tracks. In each case, the dashed and solid isochrones are computed using the BaSeL 1.0 and BaSeL 3.1
spectral calibrations, respectively. All isochrones pertaining to a given cluster have fixed age and metallicity
(see Table 4).

grated cluster colours, including the scatter of nearly 2 mag
in V −K colour. The reason for this is that the V −K colour
is highly sensitive to the small number of bright stars pop-
ulating the upper giant branch. Fluctuations are smaller in
the U−B and B−V colours, which are dominated by the
more numerous main-sequence stars. The predicted scatter
would be smaller in all colours for clusters more massive
than 2 × 104 M⊙, as the number of stars in any evolution-
ary stage would then be larger (Bruzual 2002; Cerviño et al.
2002).

To further illustrate the relation between cluster mass
and scatter in integrated colours, we plot in Fig. 8(c) the
absolute V magnitude as a function of V −K colour for the
same clusters as in Figs 8(a) and 8(b). The three models
shown correspond to the evolution of, from bottom to top,
a 2×104 M⊙ SSP with metallicity Z = 0.4Z⊙, a 3×106 M⊙

SSP with metallicity Z = Z⊙ and a 6 × 106 M⊙ SSP with
metallicity Z = Z⊙. We show stochastic realizations of in-
tegrated colours only for the two least massive models, as
the predicted scatter is small for the most massive one. As
in Figs 8(a) and 8(b), random realizations at various ages
of 2 × 104 M⊙ clusters with metallicity Z = 0.4Z⊙ can ac-
count for the full observed range of LMC cluster proper-
ties in this diagram. The NGC 7252 clusters are consis-
tent with being very young (100–800 Myr) and massive

(106
− 107 M⊙) at solar metallicity, in agreement with the

results of Schweizer & Seitzer (1998).
Our models, therefore, reproduce remarkably well the

full observed ranges of integrated colours and absolute mag-
nitudes of star clusters or various ages and metallicities. It
is worth pointing out that, because of the stochastic nature
of the integrated-light properties of star clusters, single clus-
ters may not be taken as reference standards of simple stellar
populations of specific age and metallicity.

4 SPECTRAL EVOLUTION

We now turn to the predictions of our models for the spectral

evolution of stellar populations. In Section 4.1 below, we
begin by describing the canonical evolution of the spectral
energy distribution of a simple stellar population. We also
illustrate the influence of metallicity on the spectra. Then,
in Section 4.2, we compare our model with observed galaxy
spectra extracted from the SDSS EDR. Section 4.3 presents
a more detailed comparison of the predicted and observed
strengths of several absorption-line indices.

calibrated model tracks using 
observed globular clusters
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Figure 8. (a) U−B versus B−V and (b) V −K versus B−V integrated colours of star clusters. The different
symbols represent LMC globular clusters in various age ranges according to the SWB classification scheme
(classes I–III: filled circles; class IV: squares; class V: triangles; classes VI–VII: open circles). The U−B
and B−V colours are from van den Bergh (1981) and the V −K colours from Persson et al. (1983). The
points with error bars are young star clusters in the merger remnant galaxy NGC 7252 (Miller et al. 1997;
Maraston et al. 2001). The solid line shows the evolution of the standard SSP model of Section 3 for the
metallicity Z = 0.4Z⊙ at ages from a few Myr to 13 Gyr. The small dots show the results of 22,000 stochastic
realizations of the integrated colours of clusters of mass 2× 104 M⊙ at ages between 105 and 13 Gyr, for the
same metallicity and IMF as for this SSP model. The heavy dashed line shows the colours of the standard
SSP model of Section 3 for the metallicity Z = Z⊙ at ages from 100 Myr to 1 Gyr. (c) Absolute magnitude
MV versus V −K colour. The data are the same as in (a) and (b). Three models show the evolution of, from
bottom to top, a 2 × 104 M⊙ SSP with metallicity Z = 0.4Z⊙, a 3 × 106 M⊙ SSP with metallicity Z = Z⊙

and a 6 × 106 M⊙ SSP with metallicity Z = Z⊙. Small circles indicate the positions of the models at the
ages 6, 7, 10, 100, 400 and 500 Myr and 1, 1.4, 2 and 10 Gyr (these marks can be used to roughly date the
clusters). Stochastic realizations of integrated colours are shown only for the two least massive models, as
the predicted scatter is small for the most massive one. Typical observational error bars are indicated at the
bottom of each panel.

4.1 Simple stellar population

Fig. 9 shows the spectral energy distribution of the standard
SSP model of Section 3 at various ages and for solar metal-
licity. As is possible for this metallicity (Section 2.2.2), we
have extended the STELIB/BaSeL 3.1 library blueward of
3200 Å and redward of 9500 Å using the Pickles medium-
resolution library (Section 2.2.3). In Fig. 9, therefore, the

model includes libraries of observed stellar spectra across
the whole wavelength range from 1205 Å to 2.5 µm.

The spectral evolution of an SSP may be understood
in terms of the evolution of its stellar content. At 106 yr,
the spectrum in Fig. 9 is entirely dominated by short-lived,
young massive stars with strong ultraviolet emission on the
upper main sequence. Around 107 yr, the most massive stars
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Below we analyze how the mass-to-light ratio evolves
with time. This is important, as it is used to derive
stellar masses from the luminosities. First, we have to
realize that much of the light of galaxies comes from
the red giant branch. The luminosity of the galaxy is
therefore proportional to the number of stars on the
RGB, times their average luminosity:

Ltot ≈ LGB ∗ NGB

where Ltot is total luminosity, LGB is characteristic
luminosity of star on the Giant Branch, and NGB is
number of stars on the Giant Branch.
We assume a general IMF

dN

dM
= cM−(1+x)

where x = 1.35 for a Salpeter mass function.

7-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c06-18

How many stars are on the RGB ? Calculate the num-
ber of stars which turned off from the main sequence
between t = t0 and t = t0 + TRGB , where TRGB is the
time a star spends on the RGB.
The life time on the main sequence is

tMS

10Gyr
=

(

M

M⊙

)−2.5

The higher the mass, the lower the main sequence life
time. Hence the turnoff mass is related to age by

Mturnoff ∝ t−0.4

The change in the turnoff mass in a time interval t, t +
TRGB is

dMturnoff ∝
−0.4

t1.4
TRGB ∝ (M2.5)1.4TRGB ∝ M3.5TRGB

the number of stars in that mass interval M, M +
dMturnoff is given by

dN = dMturnoff ∗ IMF(M) ∝ M3.5M−(1+x)

∝ M (−x+2.5) ∝ t0.4x−1

Hence to first approximation, the luminosity of the
galaxy evolves like

L ∝
1

t1−0.4x
for x = 1.35 L ∝

1

t0.46

A wide variety of different ages 
and metallicities for a stellar 

population produce 
approximately the same

integrated spectrum:

It can therefore be quite 
challenging to determine 

both the age and metallicity 
of a galaxy uniquely.

There are subtle differences 
between these spectra.
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The Age-Metallicity Degeneracy

THE DREADED DEGENERACY

Recall behaviour of isochrones: 

AGE -- Increasing age reddens the 
population by adding more luminosity to 
the RGB, removing hot stars from the MS.

METALLICITY -- Increasing Metallicity 
reddens the population by changing the 
high-temperature opacities. 

(Metallicity also reddens the population 
through increased line blanketing in cool 
phases.)

Credit: Russell Smith
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Age-Metallicity Degeneracy

Because both age and metallicity cause the population to redden, a single colour is 
not enough to disentangle the parameters.
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0.5x solar
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Credit: Russell Smith
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Age-Metallicity Degeneracy

A pair of (optical) colours is no help either!

An observed galaxy with 
these colours could be 3Gyr, 
2x solar, or 15Gyr 0.5x solar!

Credit: Russell Smith
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Disentangling age and metallicity

BREAKING THE 
DEGENERACY 
WITH SPECTRA

Two spectra with age and 
metallicity chosen to 
produce same broad-band 
colours.

Similar spectra, but 
differences in detail at the 
Balmer lines. Also 
differences at λ<4000Å.

We can exploit this 
localized spectral 
information to beat the 
age-metallicity degeneracy. 

But how? Vazdekis et al. (2007) models from MILES library

2.5 Gyr [Fe/H]=0.0

10 Gyr [Fe/H]= -0.4

Ratio spectrum

Credit: Russell Smith


