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Layout of the Course

Feb 2:  Course Introduction, Overview, and Galaxy Formation Basics
Feb 9:  Disk Galaxies (I)
Feb 12:  Disk Galaxies (II)
Feb 16:  Disk Galaxies (III) / Collisionless Stellar Dynamics
Feb 23:  Collisionless Stellar Dynamics + Vlasov/Jeans Equations
Feb 26:  Vlasov/Jeans Equations / Elliptical Galaxies (I)
Mar 9:  Elliptical Galaxies (II)
Mar 23:  Dark Matter Halos
Mar 30:  Large Scale Structure
Apr 13:  Galaxy Stellar Populations
Apr 20: Lessons from Large Galaxy Samples at z<0.2
Apr 23: Evolution of Galaxies with Redshift 
May 4: Galaxy Evolution at z=1-7
May 11: Galaxy Evolution at z>7 / Review for Final Exam

Lectures 



Feb 19:  Board Work + Problem Set 1
Mar 12:  Board Work + Problem Set 2
Mar 26: Problem Set 3 / Paper Presentations (4 slots)
Apr 2: Paper Presentations (7 slots)
Apr 16: Problem Set 4 / Paper Presentations (4 slots)
Apr 30: Problem Set 5 / Paper Presentations (4 slots)
May 7: Problem Set 6 / Paper Presentations (4 slots) 

Practical Sessions



Problem Set 3 - Problems 2, 3, and 5 (to be discussed)

March 26 Practical Session

Ids Nieuwstraten

(In 3 days)

Sonal Garg

Andreea Suta

Sanne van Beek

Naomi Schutte

Galaxies: Structure, Dynamics, and Evolution

Problem Set 3

Instructor: Dr. Bouwens

Here is Problem Set 3. The entire problem set will be due before class on

Monday, April 6 (email them to Wout and include GSD in the subject line).

Be sure to pay extra attention to problem 1, as your solution to that prob-

lem will be checked carefully and used in determining your homework grade.

1. Consider the case of the homogeneous ellipsoid potential discussed on

page 3 of this handout. For this potential, the motion of a star in the

x, y, and z directions can be described as harmonic oscillators. Suppose

that we represent the motion of each particle as x = axcos(!xt + �x),

y = aycos(!yt + �y), z = aycos(!zt + �z) where !x does not equal !y

does not equal !z and !x/!y, !y/!z, and !x/!z are not rational numbers.

Particles in such a potential follow box orbits.

(a) Argue that a particle travels arbitrarily close to every spatial position in

the entire volume (�ax, ax) ⇥ (�ay, ay) ⇥ (�az, az). If you cannot prove

it explicitly, demonstrate the plausibility of this statement by showing 2-D

projections of the orbital tracks for two separate choices of (!x, !y, !z). Plot

out the orbital tracks for varying integration times (short time, intermediate

time, long time intervals).

(b) Write down a formula for the angular momentum of a particle in this

potential. Is the angular momentum conserved? Why or why not? What is

the average value of the angular momentum averaged over time?

(c) If a were equal to b (and hence !x were equal to !y), would the angular

momentum be conserved? Why or why not? Would particles still travel on

box orbits, or would the orbits be loop orbits?

2. Finding a solution to the collisionless Boltzmann equation using the Jeans

theorem.

(a) Derive ⇢ and  for a spherically-symmetric system with some distri-

bution function f of the form f(✏) =

(
✏n�3/2, if ✏ > 0

0, if ✏ < 0
. where n = 1,

✏ = �E +�0 and E is the energy of a particle orbitting around the system.

Adopt the standard definition that  = ✏ + (1/2)v2. Show that the total

mass of the model is (1/2) 0G�3/2
p
⇡/c1 where c1 is defined by equation

(4-107b) from BT. Hint this is problem 4-16 from Binney & Tremaine (BT)

and is discussed in some depth on BT 223-225.
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(b) Derive ⇢ and  for some spherically symmetric system with the distri-

bution function f with the form f(✏) =

(
✏n�3/2, if ✏ > 0

0, if ✏ < 0
. where n = 5.

This is the distribution function for a Plummer model. Find the expression

for ⇢ and  . Derive also the formula for the total mass of the system.

3. Derive the third Jeans equation by subtracting the second Jeans equa-

tion from the first Jeans equation multiplied by v̄j . See the supplementary

reading posted on the course website for hints on how to do this.

4. How many integrals of motion does a particle have in a Kepler potential?

What are they?

5. Dynamical Friction. Dynamical friction is an important mechanism which

causes colliding galaxies to rapidly merge. How important would this mecha-

nism be, if we consider the collision of a galaxy with an isolated star (wander-

ing alone through the universe)? Make use of the following Chandrasekhar

dynamical friction formula presented in class:

dvM
dt

= �4⇡ ln(⇤)G2
(M +m)⇢m
v2M

Assume that a galaxy is a 3 kpc x 3 kpc x 3 kpc cube with mass 3⇥10
10 M�

and is entirely composed of stars with 1 M�. Assume that a star with one

solar mass M = 1 M� approaches the galaxy at velocity vM = 200 km/s

and at an angle perpendicular to the surface of the cube. How much will

dynamical friction change the velocity of the star if it falls in from infinity

and continues to infinity? Feel free to assume that the dynamical friction is

constant throughout the entire passage of the star through the galaxy (i.e.,

that the slowing velocity of the star has no e↵ect on the amplitude of the

dynamical friction). How would the impact of dynamical friction change if

the star (unrealistically) had a mass of 10
9 M�? We ignored the e↵ect of

dynamical friction in calculating the relaxation time for a star in lecture 5.

Is this assumption justified?
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Paper Presentations (12 + 3 minutes)

March 26 Practical Session
(In 3 days)

Gaia-Enceladus / Sausage Merger with Milky Way:  Helmi+2018, Belokurov+2018

Marleen Besseling, Vinay Chakawri

Stellar Streams in Gaia Era:  Antoja+2018, Bonaca+2025

Gaia-era Inner-Halo Decomposition, Anisotropy/Metallicity Links

Noah Kaiser, Eugenia Redondo Gonzalez

Ines Bercuk, George-Luca Iconaru



March 26 Practical Session
(In 3 days)

Overall Approach
• Treat as a short lecture segment
• Build on concepts from the course
• Focus on clarity and guiding the audience
• Avoid trying to cover everything from both papers

Time Allocation
• ~9 minutes: Main paper

◦ Core ideas
◦ Methodology
◦ Key figures/results

• ~3 minutes: Second paper
◦ Additional insights
◦ Complementary results or perspectives

Division of Roles
• One presenter: main paper
• One presenter: second paper

Suggested Presentation Structure (12 minutes total)



March 26 Practical Session
(In 3 days)

Content Prioritization
• Emphasize:

◦ Primary results
◦ Core insights

• De-emphasize:
◦ Secondary details

• Optional:
◦ Final slide with points not covered in detail

Presentation Format
• Use a small number of slides
• Do not scroll through PDFs
• Select only the most important figures and concepts

Logistics
• Option to send presentation files in advance
• Or bring a single laptop for presenting

Suggested Presentation Structure (12 minutes total)



Supplementary Reading

Relevant Material for Lecture 1

“Galaxies: Structure, Dynamics, and Evolution”

13-9-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c2-1

2 Gravitational force and potential (BT 2 -
2.1)

The matter in galaxies (whether stars, gas, dark mat-
ter, etc) is kept from escaping by gravity. Before we
study the motions of individual particles, we show how
we can calculate the gravitation force and potential
from an extended density distribution.

The gravitational force caused by a point mass M at
x⃗0 on a unit mass at position x⃗ is

F⃗ (x⃗) = GM
x⃗0 − x⃗

|x⃗0 − x⃗|3

In general, the gravitational force is related to the po-
tential Φ by

F⃗ (x⃗) = −∇⃗Φ(x⃗)

so that

Φ(x⃗) = −
GM

|x⃗0 − x⃗|

The gravitational potential for extended density dis-
tribution ρ(x⃗) can be obtained by integrating over the
density distribution

Φ(x⃗) = −G

∫∫∫

ρ(x⃗0)d3x⃗0

|x⃗0 − x⃗|

Note:
The triple integration is often expensive
Easier for special geometries, mass stratifications

13-9-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c2-2

• Sphere ρ = ρ(r)

• Classical ellipsoid ρ = ρ(m2) where m2 = x2

a2 +
y2

b2 + z2

c2

• Thin disk

The density follows from the potential by Poisson’s
equation:

4πGρ(x⃗) = ∇⃗2Φ(x⃗)

The mass in some volume can easily be derived from
the force field: Integrate both sides of Poisson’s equa-
tion over the volume enclosing a total mass M.
For the left hand side we obtain:

4πG

∫

V
ρdx⃗ = 4πGM

Using the divergence theorem, we obtain for the right
hand side:

∫

V
∇2Φdx⃗ =

∫

S
∇⃗Φ · d2S

Combining left and right side gives Gauss’s theorem:

4πGM =

∫

∇⃗Φ · d2S

→the integral of the normal component of ∇⃗Φ over
any closed surface equals 4πG times the mass con-
tained within that surface

The potential energy can be shown to be:

13-9-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c2-3

W = 1/2

∫

ρ(x⃗)Φ(x⃗)dx⃗

We derive this as follows. Assume that we “build” up
the galaxy slowly. We have a galaxy with a density fρ,
with 0 < f < 1. We add a tiny bit of density δfρ,
taking the mass from infinity to the galaxy. Ignoring
the change in the potential, this costs an energy

∫

δfρ(x⃗) fΦ(x⃗)dx⃗

where fΦ is simply the potential of density fρ, and the
integral is the integral over the full galaxy volume.
We now have to add all the contributions together to
derive the full energy needed to “build” the full galaxy

W =

∫ 1

0

∫

ρ(x⃗) fΦ(x⃗)dx⃗ df

=

∫

ρ(x⃗)Φ(x⃗)dx⃗

∫ 1

0

fdf

= 1/2

∫

ρ(x⃗)Φ(x⃗)dx⃗

13-9-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c2-4

3.1 Potential for spherical systems (BT 2.1,
2.2)

Newton’s Theorems:

• First Theorem:
A body inside an infinitesimally thin spherical shell
of matter experiences no net gravitational force
from that shell

Consider contributions to the force at point r⃗, due to the

matter in the shell in a very narrow cone dΩ. The intersec-

tion angles at 1 and 2, Θ1 and Θ2, are equal for infinitely

small dΩ. The relative masses in the cone δm1 and δm2 sat-

isfy δm1/δm2 = (r1/r2)2. The gravitational forces are

13-9-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c2-5

proportional to δm1/r2
1 and δm2/r2

2 , and therefore equal,

but of opposite sign. Hence the matter in the cone does not

contribute any net force at the location r⃗. If we sum over all

cones, we find no net force !

• Newton’s Second Theorem:
The gravitational force on a body outside a closed
spherical shell of matter is the same as it would be
if all the shell’s matter were concentrated into a
point at its center.

Calculate the potential at point p⃗ at radius r from the center

of an infinitesimally thin shell with mass M and radius a. Con-

sider the contribution from the portion of the sphere with solid

angle δΩ at q′:

δΦ1 = −
GM

|p⃗ − q⃗′|
δΩ

4π

Now take an infinitesimally thin shell with the same mass M,

but radius r. Scale p⃗ down to p⃗′ , so that it lies at a radius a
inside the shell. Scale q⃗′ up, so that it lies on the shell. Calcu-

late the potential at p⃗′. The contribution of the matter near q⃗

13-9-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c2-6

with the same solid angle δΩ is:

δΦ2 = −
GM

|p⃗′ − q⃗|
δΩ

4π

Since |p⃗ − q⃗′| = |p⃗′ − q⃗| , δΦ1 = δΦ2. Sum over all solid

angles to obtain

Φ1 = Φ2

Since Φ2 is the potential inside a sphere with mass M and

radius r, it is equal to Φ2 = −GM/r, and this is equal to

Φ1. This is the same as the potential at r if all the mass is

concentrated at the center.

We can now calculate potential of spherical system
with density ρ(r). Divide system up into shells, and
add contribution from each shell. Distinguish between
shells with radius r′ , r′ < r and shells with r′ > r:
r′ < r : δΦ = −GδM/r,
r′ > r : δΦ = −GδM/r′.

Hence total potential:

Φ = −4πG

[

1

r

∫ r

0

ρ(r′)r′2dr′ +

∫ ∞

r
ρ(r′)r′dr′

]

.

Hence only single integration ! The force on the unit
mass at radius r is determined by mass interior to r:

F⃗ (r) = −
dΦ

dr
e⃗r = −

GM(r)

r2
e⃗r,

where



Additional Information on Website



First, let’s review the important 
material from last week



What is the nature of elliptical 
galaxies?

While progenitors to elliptical galaxies experienced 
lots of star formation, elliptical galaxies themselves 

experience almost no star formation

End state of galaxy formation!

Dominated by the random motions 
of its component parts (stars, 

hot gas, dark matter)

Only way for an elliptical galaxy to transform into 
another type of galaxy (e.g., spiral) is if lots of cold gas 

cools onto it (but this may not happen!)



What we can learn from Images of Elliptical Galaxies?

Important clues can come from looking at the two dimensional surface 
brightness profiles of elliptical galaxies.

Two Types of Deviations from Elliptical Isophotes are Observed

Outline

Disk galaxies

Elliptical galaxies

Luminosity distributions

Shells and ripples

Color gradients

We will now look at fits in a boxy galaxy.

Piet van der Kruit, Kapteyn Astronomical Institute Luminosity distributions: Parameters

Outline

Disk galaxies

Elliptical galaxies

Luminosity distributions

Shells and ripples

Color gradients

And here are fits a disky galaxy.

Piet van der Kruit, Kapteyn Astronomical Institute Luminosity distributions: Parameters

Boxy Disky

(Few Percent)



What we can learn from Images of Elliptical Galaxies?

In studying the elliptical galaxies, one quantifies the ellipticity and 
position angle of the galaxy at different surface brightness levels.

It is not uncommon to find that the position angle and ellipticity 
changes as a function of radius!

This twisting of the isophotes is expected 
for a triaxial profile from projection 

effects. Triaxial Profile



Center of Ellipticals: Core vs. Power-Law Galaxies

Core in centers of ellipticals likely created from Scouring by Super 
Massive Black Holes (109 solar masses) During Merging Definition of Break radius

I( r) = Ib2
(" -# )/$ (rb/r)

# [1+(r/rb)
$ ](# -" )/$

rb = break radius where power-law
changes slope and Ib is the surface 
brightness at the break

This is a five(!) parameter fit:
" is the outer power-law slope
# is the inner power law slope

$ defines the sharpness of the
transition

Break radius vs. Absolute magnitude

Shape of Ellipticals:

• Ellipticals are defined by En, where n=10!,

and !=1-b/a is the ellipticity.

• Note this is not intrinsic, it is observer

dependent!

Shape of Ellipticals:

• 3-D shapes – are ellipticals predominantly:

– Oblate: A=B>C (a flying saucer)

– Prolate: A>B=C (a cigar)

– Triaxial A>B>C (a football)

– Note A,B,C are intrinsic axis radii

• Want to derive intrinsic axial ratios from observed

– Can deproject and average over all possible observing angles to do

this

– Find that galaxies are mildly triaxial:

• A:B:C ~ 1:0.95:0.65 (with some dispersion ~0.2)

– Triaxiality is also supported by observations of isophotal twists in

some galaxies (would not see these if oblate or prolate)

Definition of Break radius

I( r) = Ib2
(" -# )/$ (rb/r)

# [1+(r/rb)
$ ](# -" )/$

rb = break radius where power-law
changes slope and Ib is the surface 
brightness at the break

This is a five(!) parameter fit:
" is the outer power-law slope
# is the inner power law slope

$ defines the sharpness of the
transition

Break radius vs. Absolute magnitude

Shape of Ellipticals:

• Ellipticals are defined by En, where n=10!,

and !=1-b/a is the ellipticity.

• Note this is not intrinsic, it is observer

dependent!

Shape of Ellipticals:

• 3-D shapes – are ellipticals predominantly:

– Oblate: A=B>C (a flying saucer)

– Prolate: A>B=C (a cigar)

– Triaxial A>B>C (a football)

– Note A,B,C are intrinsic axis radii

• Want to derive intrinsic axial ratios from observed

– Can deproject and average over all possible observing angles to do

this

– Find that galaxies are mildly triaxial:

• A:B:C ~ 1:0.95:0.65 (with some dispersion ~0.2)

– Triaxiality is also supported by observations of isophotal twists in

some galaxies (would not see these if oblate or prolate)

Surface 
Brightness

as super massive 
black holes sink to 
the center of new 

galaxy
formed from the 
merger of two 
smaller galaxies

these black holes eject stars that they collide with gravitationally

before merger after merger

Mass of ejected stars is similar to mass of supermassive black hole.



Super Massive Black Holes in Centers of Elliptical Galaxies

MBH/σ relationship 

  The mass of the black hole is highly correlated with the luminosity 
and total mass of the spheroid component (spiral bulge or elliptical) 

The mass of the black hole is ~ 108 to 109 solar masses and is 
strongly correlated with the luminosity and total mass of the 
elliptical galaxy.   This is called the M-σ relation.   There are a 

number of competing explanations for this trend.

Velocity DispersionLuminosity

Black Hole 
Mass



There appear to be two different classes of elliptical galaxies.
They form in two different ways.

Case #1: “Wet” Mergers

Galaxy
(with gas)

Galaxy
(with gas)

(tends to occur more frequently for lower 
mass galaxies, when galaxy evolution less 

advanced)

Case #2: “Dry” Mergers

Galaxy
(without gas)

Galaxy
(without gas)

(frequently occurs after many previous 
mergers, when the mass is higher)(e.g., between two elliptical galaxies)

(e.g., between two spiral galaxies)



There appear to be two different classes of elliptical galaxies.
They form in two different ways.

Case #1: “Wet” Mergers

Case #2: “Dry” Mergers
(e.g., between two elliptical galaxies)

(e.g., between two spiral galaxies)

Appear to result in ellipticals that 
appear consistent with being 

rotationally flattened.

Appear to result in ellipticals who 
ellipticity can be explained by 

anisotropy in the velocity dispersion.

Random motions 
greater in this direction

Random 
motions less in 
this direction

Rotationally supported

(Explained by anisotropy in velocity dispersion)



There appear to be two different classes of elliptical galaxies.
They form in two different ways.

Case #1: “Wet” Mergers

Case #2: “Dry” Mergers
(e.g., between two elliptical galaxies)

(e.g., between two spiral galaxies)

Appear to result in ellipticals that 
appear consistent with being 

rotationally flattened.

Appear to result in ellipticals who 
ellipticity can be explained by 

anisotropy in the velocity dispersion.

Lower Luminosity

Higher Luminosity Definition of Break radius

I( r) = Ib2
(" -# )/$ (rb/r)

# [1+(r/rb)
$ ](# -" )/$

rb = break radius where power-law
changes slope and Ib is the surface 
brightness at the break

This is a five(!) parameter fit:
" is the outer power-law slope
# is the inner power law slope

$ defines the sharpness of the
transition

Break radius vs. Absolute magnitude

Shape of Ellipticals:

• Ellipticals are defined by En, where n=10!,

and !=1-b/a is the ellipticity.

• Note this is not intrinsic, it is observer

dependent!

Shape of Ellipticals:

• 3-D shapes – are ellipticals predominantly:

– Oblate: A=B>C (a flying saucer)

– Prolate: A>B=C (a cigar)

– Triaxial A>B>C (a football)

– Note A,B,C are intrinsic axis radii

• Want to derive intrinsic axial ratios from observed

– Can deproject and average over all possible observing angles to do

this

– Find that galaxies are mildly triaxial:

• A:B:C ~ 1:0.95:0.65 (with some dispersion ~0.2)

– Triaxiality is also supported by observations of isophotal twists in

some galaxies (would not see these if oblate or prolate)

Definition of Break radius

I( r) = Ib2
(" -# )/$ (rb/r)

# [1+(r/rb)
$ ](# -" )/$

rb = break radius where power-law
changes slope and Ib is the surface 
brightness at the break

This is a five(!) parameter fit:
" is the outer power-law slope
# is the inner power law slope

$ defines the sharpness of the
transition

Break radius vs. Absolute magnitude

Shape of Ellipticals:

• Ellipticals are defined by En, where n=10!,

and !=1-b/a is the ellipticity.

• Note this is not intrinsic, it is observer

dependent!

Shape of Ellipticals:

• 3-D shapes – are ellipticals predominantly:

– Oblate: A=B>C (a flying saucer)

– Prolate: A>B=C (a cigar)

– Triaxial A>B>C (a football)

– Note A,B,C are intrinsic axis radii

• Want to derive intrinsic axial ratios from observed

– Can deproject and average over all possible observing angles to do

this

– Find that galaxies are mildly triaxial:

• A:B:C ~ 1:0.95:0.65 (with some dispersion ~0.2)

– Triaxiality is also supported by observations of isophotal twists in

some galaxies (would not see these if oblate or prolate)

No core in 
center of 
elliptical

Core in 
center of 
elliptical

Disky Isophotes

Boxy Isophotes



Intrinsic Correlations between Galaxy Properties

20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-7

reality, they span a relatively narrow range in proper-
ties. The figure below shows the distribution.

The figure on the top right shows the relation between
absolute magnitude and velocity dispersion. This is
the Faber Jackson relation, the equivalent of the Tully-
Fisher relation for spirals.

20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-8

The other figures show the additional relations between
size (Re), surface brightness (< µe >), and velocity
dispersion (σ). If we combine these 3 properties op-
timally, we find a very tight relation (at the bottom
right).

R ∝ σ1.4µ−0.9
e

This relation is called the Fundamental Plane (there
is not too much fundamental about it). It is much
tighter than the Faber Jackson relation. What causes
such a relation ?

Origin of the Fundamental Plane

The fundamental plane can best be understood as a
relation between the mass-to-light ratio and the mass
of the galaxy. Use the fundamental plane to remove
the “light” term in the mass-to-light ratio:

M

L
∝

M

R2
eµe

∝

M

R−1.1
e σ1.5R2

e

∝

M

M0.75R0.15
e

∝

∝ M0.25R−0.15
e

Here we used M ∝ Reσ2 . We see that the mass-
to-light ratio is a function of mass (and a tiny bit of
effective radius). This is probably due to the stellar
populations in early-type galaxies: the metallicity, and
possibly the age of the galaxies are a function of its
mass. If so, one would automatically expect that the
mass-to-light ratio is a function of the mass.

Some people also think that more aspects play a role
than just the stellar populations. It could be, for ex-
ample, that the profiles of the galaxies vary systemat-
ically with mass - so that the simple equations which

Strong correlations are observed between the masses, sizes, 
and velocity dispersions of elliptical galaxies.

average surface 
brightness

half-light 
radius

i.e., radius 
containing 
half of the 

light

As we noted earlier, such correlations would not need to be present 
for a generic collisionless system and tell us something fundamental 

about the formation of galaxies themselves.



The properties of galaxies occupy a two dimensional plane 
in the three dimensional parameter space.

Fundamental Plane (3-D) 

Here is an illustration of such a two-
dimensional  surface embedded in a 

three-dimensional space.



NOW new material for this 
week



20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-7

reality, they span a relatively narrow range in proper-
ties. The figure below shows the distribution.

The figure on the top right shows the relation between
absolute magnitude and velocity dispersion. This is
the Faber Jackson relation, the equivalent of the Tully-
Fisher relation for spirals.

20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-8

The other figures show the additional relations between
size (Re), surface brightness (< µe >), and velocity
dispersion (σ). If we combine these 3 properties op-
timally, we find a very tight relation (at the bottom
right).

R ∝ σ1.4µ−0.9
e

This relation is called the Fundamental Plane (there
is not too much fundamental about it). It is much
tighter than the Faber Jackson relation. What causes
such a relation ?

Origin of the Fundamental Plane

The fundamental plane can best be understood as a
relation between the mass-to-light ratio and the mass
of the galaxy. Use the fundamental plane to remove
the “light” term in the mass-to-light ratio:

M

L
∝

M

R2
eµe

∝

M

R−1.1
e σ1.5R2

e

∝

M

M0.75R0.15
e

∝

∝ M0.25R−0.15
e

Here we used M ∝ Reσ2 . We see that the mass-
to-light ratio is a function of mass (and a tiny bit of
effective radius). This is probably due to the stellar
populations in early-type galaxies: the metallicity, and
possibly the age of the galaxies are a function of its
mass. If so, one would automatically expect that the
mass-to-light ratio is a function of the mass.

Some people also think that more aspects play a role
than just the stellar populations. It could be, for ex-
ample, that the profiles of the galaxies vary systemat-
ically with mass - so that the simple equations which

Strong correlations are observed between the masses, sizes, 
and velocity dispersions of elliptical galaxies.

absolute 
magnitude 
inside the 
half-light 
radius 

velocity dispersion

Intrinsic Correlations between Galaxy Properties

This is called 
Faber-Jackson 

Relation

And it is valuable as a 
distance indicator in 

Observational Cosmology



Velocity Dispersion Measurements
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reality, they span a relatively narrow range in proper-
ties. The figure below shows the distribution.

The figure on the top right shows the relation between
absolute magnitude and velocity dispersion. This is
the Faber Jackson relation, the equivalent of the Tully-
Fisher relation for spirals.
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The other figures show the additional relations between
size (Re), surface brightness (< µe >), and velocity
dispersion (σ). If we combine these 3 properties op-
timally, we find a very tight relation (at the bottom
right).

R ∝ σ1.4µ−0.9
e

This relation is called the Fundamental Plane (there
is not too much fundamental about it). It is much
tighter than the Faber Jackson relation. What causes
such a relation ?

Origin of the Fundamental Plane

The fundamental plane can best be understood as a
relation between the mass-to-light ratio and the mass
of the galaxy. Use the fundamental plane to remove
the “light” term in the mass-to-light ratio:

M
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R2
eµe

∝

M

R−1.1
e σ1.5R2

e
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M0.75R0.15
e
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∝ M0.25R−0.15
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Here we used M ∝ Reσ2 . We see that the mass-
to-light ratio is a function of mass (and a tiny bit of
effective radius). This is probably due to the stellar
populations in early-type galaxies: the metallicity, and
possibly the age of the galaxies are a function of its
mass. If so, one would automatically expect that the
mass-to-light ratio is a function of the mass.

Some people also think that more aspects play a role
than just the stellar populations. It could be, for ex-
ample, that the profiles of the galaxies vary systemat-
ically with mass - so that the simple equations which
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Note similarities between the Faber-Jackson 
relation:

Intrinsic Correlations between Galaxy Properties

L ∝ σ4
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to-light ratio is a function of mass (and a tiny bit of
effective radius). This is probably due to the stellar
populations in early-type galaxies: the metallicity, and
possibly the age of the galaxies are a function of its
mass. If so, one would automatically expect that the
mass-to-light ratio is a function of the mass.

Some people also think that more aspects play a role
than just the stellar populations. It could be, for ex-
ample, that the profiles of the galaxies vary systemat-
ically with mass - so that the simple equations which

From lecture 2 (for disk galaxies):

And the Tully-Fisher relationship:  L ∝ (vc)4 



Dark Matter Halos



Dark Matter Halos

Background:

Here we will focus on this step and how it impacts galaxy 
properties



Let’s derive the key relations between the mass, radius, and 
velocity dispersion in halos

When a halo collapses -- 
how does ρhalo compare to ρcritical ?

Theory of Dark Matter Halos

Recall from the spherical collapse model (lecture 1):

ρhalo = 178 ρcrit

ρhalo ≅ 200 ρcrit



M = (4π(r200)3/3) 200 ρcritical 

Theory of Dark Matter Halos

The total mass of a halo is given by the following:

ρcritical = (3H(z)2)/(8πG)

The ρcritical is as follows:

As such,

M = 100 H(z)2 (r200)3 /G

where r200 is the radius of the halo



Theory of Dark Matter Halos

(V200)2 = GM/r200

From the virial relationship:

One can write expressions for the mass and radius of the halo
in terms of the circular velocity and the Hubble constant:

M = (V200)3 / 10GH(z)

r200 = V200/10H(z)

The Hubble “constant” H(z) increases towards higher redshifts, 
effectively scaling as (1+z)3/2 at very high redshifts.

Halos of a given mass are more compact at high redshift.



Navarro-Frenk-White Density Profiles
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4. Structure of Dark Matter halos

Obviously, we cannot observe the dark matter halos
directly - but we can measure the total density profiles
of clusters, and we can check in our simulations what
we expect for dark matter halos.

4.1 Theory of halo collapse

We define a halo as a region in which the density is
larger than 200 times the critical density ρcr. This def-
inition serves well to describe the collapsed part of the
halo.
Hence the mass M is given by

M =
4π

3
r3

200200ρcr

Since the critical density is given by

ρcr(z) =
3H2(z)

8πG

we find

M =
100r3

200H
2(z)

G

Hence the halo mass and the size are uniquely related -
and the relation changes as a function of redshift.
The virial velocity of the halo is the circular velocity at
the virial radius

V 2

200 =
GM

r200
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Hence the halo mass, virial radius, and virial velocity
are related by

M =
V 3

200

10GH(z)

r200 =
V200

10H(z)

The Hubble constant H(z) increases with lookback
time. Hence at higher redshift, the size of a halo of a
given mass is smaller than the size of a halo with the
same mass at low redshift. Halos are more compact
and denser at high redshift, which is exactly what we
expect, as the density of the universe is higher at high
redshift (by (1 + z)3).
Simulations show that the density profiles of halos are
well approximated by a Navarro Frenk White profile
(1997):

ρ(r) =
ρs

(r/rs)(1 + r/rs)2

where ρs and rs are scaling parameters. Hence at very
small radii (r < rs), ρ ∝ r−1, and at large radii (r >
rs) ρ ∝ r−3. At rs, the slope of the density profile
bends over.
We define a concentration parameter c by c = r200/rs.
It is easy to show that

ρs =
200

3
ρcr(z)

c3

ln(1 + c) − c/(1 + c)

Hence the profile of the halo is completely determined
by the mass M (or equivalently, the radius r200), and
the concentration paramater c.

Simulations show that collapsed halos approximately have 
the following density profile:

where rs and ρs are some scaling parameters.

At small radii (r < rs), the density profile ρ scales 
approximately as r−1

and at large radii (r > rs), the density profile ρ scales 
approximately as r−3

At r ~ rs, the density profile ρ changes slope
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Simulations show that the concentration index is strongly
correlated with the mass and the redshift. Approxi-
mately

c ∝

M−1/9

M∗

(1 + z)−1

where M∗ is the charateristic halo mass at a given
mass (similar to the Schechter L∗ for the luminosity
function of galaxies, and z is the redshift of the halo.

Hence low mass halos have higher concentration.

The figures below shows the fits to halos from simula-
tions
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Here are some examples of the density profiles from simulations:

SCDM = standard cold 
dark matter

(no dark energy)

ΛCDM = cold 
dark matter with 

dark energy

rs
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dark matter

(no dark energy)

ΛCDM = cold 
dark matter with 

dark energy



Navarro-Frenk-White Density Profiles

Define concentration parameter c = r200 / rs
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Obviously, we cannot observe the dark matter halos
directly - but we can measure the total density profiles
of clusters, and we can check in our simulations what
we expect for dark matter halos.

4.1 Theory of halo collapse

We define a halo as a region in which the density is
larger than 200 times the critical density ρcr. This def-
inition serves well to describe the collapsed part of the
halo.
Hence the mass M is given by
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Since the critical density is given by
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Hence the halo mass and the size are uniquely related -
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the virial radius

V 2

200 =
GM

r200

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-2

Hence the halo mass, virial radius, and virial velocity
are related by

M =
V 3

200

10GH(z)

r200 =
V200

10H(z)

The Hubble constant H(z) increases with lookback
time. Hence at higher redshift, the size of a halo of a
given mass is smaller than the size of a halo with the
same mass at low redshift. Halos are more compact
and denser at high redshift, which is exactly what we
expect, as the density of the universe is higher at high
redshift (by (1 + z)3).
Simulations show that the density profiles of halos are
well approximated by a Navarro Frenk White profile
(1997):

ρ(r) =
ρs

(r/rs)(1 + r/rs)2

where ρs and rs are scaling parameters. Hence at very
small radii (r < rs), ρ ∝ r−1, and at large radii (r >
rs) ρ ∝ r−3. At rs, the slope of the density profile
bends over.
We define a concentration parameter c by c = r200/rs.
It is easy to show that

ρs =
200

3
ρcr(z)

c3

ln(1 + c) − c/(1 + c)

Hence the profile of the halo is completely determined
by the mass M (or equivalently, the radius r200), and
the concentration paramater c.

Requiring the total mass in the halo is equal to 200 ρcrit(z) 
(4π/3 (r200)3), one can show that

so that the density profile of a halo is completely determined by 
its mass and concentration parameter c.



Navarro-Frenk-White Density Profiles

From simulations, one finds that the concentration parameter 
c for a halo is closely related to its formation redshift:
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Simulations show that the concentration index is strongly
correlated with the mass and the redshift. Approxi-
mately

c ∝

M−1/9

M∗

(1 + z)−1

where M∗ is the charateristic halo mass at a given
mass (similar to the Schechter L∗ for the luminosity
function of galaxies, and z is the redshift of the halo.

Hence low mass halos have higher concentration.

The figures below shows the fits to halos from simula-
tions
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Lower mass halos have higher concentration parameters.
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has a smoothing effect, not all unrelaxed haloes have a high
ρrms. In order to circumvent these problems, we combine the
value of ρrms with the xoff parameter, defined as the distance
between the most bound particle (used as the center for the
density profile) and the center of mass of the halo, in units
of the virial radius. This offset is a measure for the extent
to which the halo is relaxed: relaxed haloes in equilibrium
will have a smooth, radially symmetric density distribution,
and thus an offset that is virtually equal to zero. Unrelaxed
haloes, such as those that have only recently experienced
a major merger, are likely to reveal a strongly asymmetric
mass distribution, and thus a relatively large xoff . Although
some unrelaxed haloes may have a small xoff , the advan-
tage of this parameter over, for example, the actual virial
ratio, 2T/V , as a function of radius (e.g. Macciò, Murante
& Bonometto 2003), is that the former is trivial to evaluate.
Following Macciò et al. (2007), we split our halo sample into
unrelaxed and relaxed haloes. The latter are defined as the
haloes with ρrms < 0.5 and xoff < 0.07. About 70% of the
haloes in our sample qualify as relaxed haloes at z = 0.

To check for the effect of changing the definition of re-
laxed haloes, we have computed the median concentration
(as shown in the next section) using different values of xoff .
Changing the value of this parameter by 25% (above and
below 0.07) induces changes no larger than 5% in the me-
dian concentration of dark matter haloes. We conclude that
choosing xoff = 0.07 our results are robust enough against
variations in the definition of relaxed population of haloes.
In what follows we will just present results for haloes which
qualify as relaxed.

3 CONCENTRATION: MASS AND REDSHIFT

DEPENDENCE

In figure 1 we show the median cvir−Mvir relation for relaxed
haloes in our sample at different redshifts. Haloes have been
binned in mass bins of 0.4 dex width, the median concentra-
tion in each bin has been computed taking into account the
error associated to the concentration value (see 2.1.1, and
M08). In our mass range the cvir−Mvir relation is well fitted
by a single power law at almost all redshifts. Only for z = 2
we see an indication that the linearity of the relation in log
space seems to break, in agreement with recent findings by
Klypin et al. (2010).

The best fitting power law can be written as:

log(c) = a(z) log(Mvir/[h
−1 M⊙]) + b(z) (5)

The fitting parameters a(z) and b(z) are functions of
redshift as shown in figure 2. The evolution of a and b can
be itself fitted with two simple formulas that allow to recon-
struct the cvir −Mvir relation at any redshifts:

a(z) = wz −m (6)

b(z) =
α

(z + γ)
+

β
(z + γ)2

(7)

Where the additional (constant) fitting parameters have
been set equal to: w = 0.029, m = 0.097, α = −110.001,
β = 2469.720 and γ = 16.885. Figure 3 shows the recon-
struction of the cvir−Mvir relation for different mass bins as
a function of redshift using the approach described above. It
shows that our (double) fitting formulas are able to recover
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Figure 1. Mass and redshift dependence of the concentration
parameter. The points show the median of the concentration as
computed from the simulations, averaged for each mass bin. Lines
show their respective linear fitting to eq. 5.

the original values of the halo concentration with a precision
of 5%, for the whole range of masses and redshifts inspected.
It has been shown by Trenti et al. (2010) that using Nvir be-
tween 100 and 400 particles is enough to get good estimates
for the properties of halos, nevertheless in order to look for
systematics we re-computed cvir varying the minimum num-
ber of particle inside Rvir, using 200, 500 and 1000 particles.
No appreciable differences (less than 2%) were found in our
results for the median. We also checked that our results do
not change notably by changing the definition of “relaxed”
haloes (i.e. changing the cut in xoff or ρrms).

It is interesting to compare our results with M08, which
shares some of the simulations presented in this work. Our
results for the cvir −Mvir relation at z = 0 are slightly dif-
ferent to those presented in M08: we found a = −0.097 and
b = 2.155, while M08 found a = −0.094 and b = 2.099.
The difference is less than 3%, and it is mainly due to low
mass haloes. In this work we included three new simulations,
B30, B90 and B3002. Two of these (B30 and B90) increase
the statistics of our halo catalogs at the low mass end, pro-
viding a better determination of the cvir −Mvir relation for
M ≈ 1011h−1 M⊙. We are confident that the inclusion those
new simulations led to an improvement over the results of
previous works.

3.1 Understanding the concentration evolution

We want now to explore in more detail the physical mecha-
nism driving the mass and redshift dependence of the con-
centration parameter, this understanding could take us to a
better interpretation of the time evolution of the dark mat-
ter density profile. As cvir is defined as the ratio between Rvir

and rs we will look at the time evolution of those quantities
for different halo masses, and try to see if we can extract
some physical insights about the evolution of cvir.

c⃝ 2010 RAS, MNRAS 000, 1–11

Munoz-Cuartas et al. 2010



Let’s also look at the rotational curves:
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Simulations show that the concentration index is strongly
correlated with the mass and the redshift. Approxi-
mately

c ∝

M−1/9

M∗

(1 + z)−1

where M∗ is the charateristic halo mass at a given
mass (similar to the Schechter L∗ for the luminosity
function of galaxies, and z is the redshift of the halo.

Hence low mass halos have higher concentration.

The figures below shows the fits to halos from simula-
tions
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Does this make sense 
in terms of 

V2 ~ GM(R)/R  ?



Collapsed Halos: Comparison with the Observations

First -- we look at the structure of the dark matter halo
for very massive collapsed halo (M ~ 1014 - 1015 Msolar)

 
i.e., as appropriate for galaxy clusters
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4.2 Comparison to observations

The easiest test to make, is to compare the density
profiles of clusters to those of the simulations (the
NFW profiles, and variants).

Below we show the comparison of mass profiles derived
from X-ray data to those of NFW profiles:

It is remarkable how good the fit is, and the concen-
tration index is well within the limits expected for the
clusters.

Another (simpler) way to do this, is by looking at the
distribution of the galaxies within the clusters. Again,
a good fit is found:

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-6

Radial Profile

Halos of Galaxy Clusters: Comparison against the 
Observations

Mass / 
M200

Radius / r200

Information from 
x-ray profiles

Mass Profile comes assuming 
hydrostatic equilibirum

Pressure gradient balances
gravitational forces!

XMM Newton Data of 
10 Clusters

Pontecourteau+2005
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4.2 Comparison to observations

The easiest test to make, is to compare the density
profiles of clusters to those of the simulations (the
NFW profiles, and variants).

Below we show the comparison of mass profiles derived
from X-ray data to those of NFW profiles:

It is remarkable how good the fit is, and the concen-
tration index is well within the limits expected for the
clusters.

Another (simpler) way to do this, is by looking at the
distribution of the galaxies within the clusters. Again,
a good fit is found:
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Halos of Galaxy Clusters: Comparison against the 
Observations

Do the 10 clusters from 
previous page fit the

theoretical concentration 
vs. mass relationship?

Cluster Mass

Concentration
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Simulations show that the concentration index is strongly
correlated with the mass and the redshift. Approxi-
mately

c ∝

M−1/9

M∗

(1 + z)−1

where M∗ is the charateristic halo mass at a given
mass (similar to the Schechter L∗ for the luminosity
function of galaxies, and z is the redshift of the halo.

Hence low mass halos have higher concentration.

The figures below shows the fits to halos from simula-
tions
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Vikhlinen+2006



Halos of Galaxy Clusters: Comparison against the 
Observations

We can also use the 
apparent surface 

density of galaxies 
within clusters vs. 

radius to probe the 
density profile.
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4.2 Comparison to observations

The easiest test to make, is to compare the density
profiles of clusters to those of the simulations (the
NFW profiles, and variants).

Below we show the comparison of mass profiles derived
from X-ray data to those of NFW profiles:

It is remarkable how good the fit is, and the concen-
tration index is well within the limits expected for the
clusters.

Another (simpler) way to do this, is by looking at the
distribution of the galaxies within the clusters. Again,
a good fit is found:
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profiles of clusters to those of the simulations (the
NFW profiles, and variants).

Below we show the comparison of mass profiles derived
from X-ray data to those of NFW profiles:

It is remarkable how good the fit is, and the concen-
tration index is well within the limits expected for the
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Another (simpler) way to do this, is by looking at the
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a good fit is found:
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Halos of Galaxies: Comparison against the Observations

We can also examine the mass profiles of galaxies to see if
they follow the expected mass profile:

1.   Kinematics of satellite galaxies

2.   Kinematics of distant stars

3.   Gravitational Lensing by Galaxy

What are some techniques we can use?



Kinematics of Satellite Galaxies:
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Halo Structure of galaxies

For galaxies, it is much harder to measure the dark
matter halo structure. Gas velocity curves do not ex-
tend far enough. Just as an exercise, estimate the virial
radius of a galaxy like our own Milky Way. Just as-
sume that V200 = 150km/s. For r200 we would derive
150/(10 ∗ 70) Mpc = 210 kpc, very much beyond the
sizes of (gas) disks.

Hence we need different tracers to estimate the masses
and mass profiles. Options are:

• 1. kinematics of satellite galaxies

• 2. kinematics of very distant stars

• 3. deflection of light

Below we show some examples.

1) Satellites. The SDSS project has measured a large
number of velocities of galaxies. Some of these galax-
ies are close together on the sky, and sometimes, these
galaxies are bound. Usually, a galaxy has only 1 satel-
lite galaxy with a measured velocity. To still allow the
measurement of a signal, we combine all the satellite
galaxy-main galaxy pair. We restrict the main galaxies
to those galaxies with similar luminosity.

By careful analysis, the velocity dispersion of the satel-
lite system can be measured. Prada et al (2003) found
this results:
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The results are very nicely described by an NFW pro-
file.

2. Kinematics of very distant stars. This method is
most easily applied to our own galaxy (but studies of
external galaxies are coming !). A very recent example
is shown below (Xue et al. 2008):

One method is to take advantage of 
the satellite companions found around 
galaxies in the nearby local universe as 

a probe of kinematics.

Unfortunately, one only tends to find 
one such satellite galaxy per central 

galaxy (with a measured velocity along 
the line of sight), so it is not possible to 

make a reliable measurement using 
individual galaxies.

To make progress, one needs to treat these 
galaxies as orbitting around

some “composite average” galaxy.

Prada et al. 2003

Velocity

Radius (kpc)

Data

Results are in good agreement with an 
NFW profile

NFW



Most easily applied to our own galaxy.

Kinematics of Distant Stars
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The authors were able to measure the velocity disper-
sion to 60kpc. This is a record - but still much smaller
than the virial radius r200 which is at the level of 200
kpc.

3. Gravitational deflection of light. This method relies
on the bending of light through gravity. A beautiful
example is when the galaxy produces an Einstein ring
of a source behind it.
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In this case, two galaxies are located nearly precisely
behind another. The mass inside the ring is well de-
termined. However, this method does not extend to
very large radii - one would have to analyze the weaker
deflections. This is possible, but much harder.

An example is shown below (van Uitert et al 2011, AA
534, 14). In this case, the shapes of many background
galaxies are averaged together. The measured γ is
the average elongation of background galaxies. This
is mostly due to the weak gravitational lensing by the
foreground galaxy. The measured signal can be com-
pared to the theoretical expectation.

One use of this method shown below 
(Xue et al. 2008)

Applied to 60 kpc!  (which is 
nevertheless smaller than 200 kpc: 

which is approximately the halo radius)



Gravitational Lensing also 
gives us a direct way of 

measuring the mass inside 
some radius.

Gravitational Lensing by Galaxy

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-9

The authors were able to measure the velocity disper-
sion to 60kpc. This is a record - but still much smaller
than the virial radius r200 which is at the level of 200
kpc.

3. Gravitational deflection of light. This method relies
on the bending of light through gravity. A beautiful
example is when the galaxy produces an Einstein ring
of a source behind it.

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-10

In this case, two galaxies are located nearly precisely
behind another. The mass inside the ring is well de-
termined. However, this method does not extend to
very large radii - one would have to analyze the weaker
deflections. This is possible, but much harder.

An example is shown below (van Uitert et al 2011, AA
534, 14). In this case, the shapes of many background
galaxies are averaged together. The measured γ is
the average elongation of background galaxies. This
is mostly due to the weak gravitational lensing by the
foreground galaxy. The measured signal can be com-
pared to the theoretical expectation.

For sources we can see an 
approximate Einstein ring, 

measuring the mass enclosed 
is easy -- since we can derive 
the mass enclosed at the ring 

radius just from the 
geometry.

In fact, there are now large 
programs, i.e., SLACS, to use exactly 
these sort of techniques to measure 
the mass profile of elliptical galaxies.



  

The Sloan Lens ACS Survey (SLACS)    

Cols: T. Treu (UCSB), L. Koopmans (Kapteyn),
A. Bolton (CfA), S. Burles (MIT), L. Moustakas (JPL)

Spectroscopic selection (spurious emission lines), then HST follow-up 
imaging for confirmation and for accurate modeling

R. Gavazzi, SBastro07,   3

Gravitational Lensing by Galaxy



  

R. Gavazzi, SBastro07,   4

Gravitational Lensing by Galaxy

SLACS sample



  

R. Gavazzi, SBastro07,   5

Gravitational Lensing by Galaxy

SLACS sample



Despite some success in this 
regard, it is not always easy to find 

large numbers of galaxies with 
Einstein rings. 

Gravitational Lensing by Galaxy

An alternate technique is to 
measure the average impact of 

gravitational lensing of the shapes 
of galaxies.

Impact of gravitational lensing is 
to introduce subtle change in the 
shape of galaxies on average (so 

elongated along an angle 
tangential to the galaxy)



13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-11 13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-12

Problems with dark matter halos and real
galaxies

Generally, two problems exist: some galaxies may have
rather large central cores (larger than expected in the
NFW profiles), and the dark matter halos in the simu-
lations have too many “sub-halos”.

• Cores

Low surface brightness galaxies have rotation curves
which rise slowly. This is unexpected for galaxies with
NFW halos. Naray et al 2007 (arxiv: 0712.0860) show
this result:

Fits with NFW profiles are hard. The rise of the rota-
tion curve is too slow:

By looking at many 
foreground galaxies and 
determining the average 
change in shape of many 
background galaxies, we 
can measure the mass 
profile of the galaxy.

van Uitert et al. 2011

Such averaging is 
required because 

background galaxies 
have random shapes 

and orientations.

However, averaging over 
enough galaxies, one 
can overcome the 

random component.



Challenges / Issues with our standard model for the 
collapsed dark matter halos



Cores of Halos

What can we infer about the cores of dark matter halos from 
the observations?

Where should we look?

Almost all collapsed halos have baryons cooling and falling 
towards their centers.   These baryons will change the mass 

profile of the original collapsed halo.

V(R)2 R / G ~ M(R) ~ MDARK(R) + MCOOL(R)

Basically, we have the following situation:

To obtain best constraints on MDARK(R), we need 
MCOOL(R) to be as small as possible.



Cores of Halos

For which galaxies would we expect the halos to be the least 
affected by the baryons cooling to the centers?

For which galaxies, will MCOOL(R) be the smallest?



spinning moderate speed spinning fast

after cooling after cooling

intermediate size,
more dense disk galaxy

large, 
lower density galaxy disk

higher surface brightness lower surface brightness

Here are two galaxies where the baryonic component has
different angular momentum.   For which case, can we get a 

cleaner look at the dark matter halo? 
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Problems with dark matter halos and real
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Generally, two problems exist: some galaxies may have
rather large central cores (larger than expected in the
NFW profiles), and the dark matter halos in the simu-
lations have too many “sub-halos”.
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Low surface brightness galaxies have rotation curves
which rise slowly. This is unexpected for galaxies with
NFW halos. Naray et al 2007 (arxiv: 0712.0860) show
this result:

Fits with NFW profiles are hard. The rise of the rota-
tion curve is too slow:



Cores of Halos

What would infer about the mass profile of a halo where the 
circular velocity appears to rise linearly with radius?

Using the relation M = V(R)2 R / G,

we would infer that M ∝ R3 or ρ ~ independent of radius

But for NFW, we would expect ρ ∝ r−1  at small radii

This discrepancy is known as the core-cusp problem.

It is thought that baryonic feedback may be able to flatten 
the density profiles 



13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-13

However, it is possible that other processes play a role.
For example, rotation may not dominate the gas kine-
matics.

• Substructure

The halos from simulations look smooth - but are not
as smooth as might be. Many show subhalos. An ex-
ample is : (e.g., Springel et al. 2008, arxiv 0809.0898)

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-14

Substructure

You might assume that the halos from the simulations are 
smooth.

But they are not perfectly 
smooth, as you can see to the 

right:

These halos include large 
numbers of subhalos.

What is the origin of these 
subhalos?

Previously, they were their own 
collapsed halos, but merged 

into a bigger halo



13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-15

The mass fraction in subhalos as a function of radius is
given by the following plot

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-16

In our own Milky Way, the number of satellites appears
much smaller than predicted by the models:

The solution for this problem is not clear. Are we miss-
ing a lot of satellites ? Or do we underestimate their
mass ? Or is the dark matter model wrong ?

Problem sets

1) Derive the enclosed mass M(< r) for the NFW
profile ρ(r) = ρs/[(r/rs)(1 + r/r2)2]. Use r/(1 + r)2

= 1/(r + 1) − 1/(1 + r)2

2) Derive the circular velocity as a function of radius

What fraction of the mass do the subhalos contain?

Mass 
Fraction

Radius

Subhalos contain only a small 
fraction of the mass at the 
centers of the main halo

But subhalos contain a large 
fraction of the mass at larger 

radii.

Why?  Subhalos have a hard 
time remaining together in the 
center of the main halo, due to

the higher densities there.



In most cases, you would expect most collapsed halos, even
with masses of 108 - 1010 solar masses to have had some baryons 

to cool to the center of the halo and form stars.

As these halos will merge with a larger halo, they become subhalo 
and the luminous matter within these subhalos should become

satellite galaxies.



In pictures:

BEFORE
MERGER



AFTER
MERGER

In pictures:



13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-15

The mass fraction in subhalos as a function of radius is
given by the following plot

13-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c04-16

In our own Milky Way, the number of satellites appears
much smaller than predicted by the models:

The solution for this problem is not clear. Are we miss-
ing a lot of satellites ? Or do we underestimate their
mass ? Or is the dark matter model wrong ?

Problem sets

1) Derive the enclosed mass M(< r) for the NFW
profile ρ(r) = ρs/[(r/rs)(1 + r/r2)2]. Use r/(1 + r)2

= 1/(r + 1) − 1/(1 + r)2

2) Derive the circular velocity as a function of radius

All these subhalos should indicate the position of dwarf galaxy!

Do we find these galaxies around our own Milky Way
galaxy?

This is called the “missing 
satellites problem.”

One resolution may be 
subhalos each containing 

only a few stars

If we include only the 
most obvious satellites, 

the answer is no.

THEORY

OBSERVATIONS



luminosity (LV)

M300pc

Kinematics of Ultra-Faint Galaxies

Mass/density profiles depend on assumption that measured 

velocities probe gravitational potential 

Strigari et al 2008 Martinez et al 2009

Credit: Geha 2009

One resolution may be ultra-low luminosity galaxies populating subhalos

previously unseen population of 
faint galaxies



Finding the Milky Way Ultra-Faint Galaxies

Milky Way stellar foreground 

overwhelms the dwarf galaxy.

The ultra-faint galaxies are 

found via over-densities of 

resolved stars.

Credit: Geha 2009

How are Such Ultra-Faint Galaxies Found?



(g - r)

r

A generous definition 

of old and metal-poor:

age       =  8 to 14 Gyr   

[Fe/H] =  -1.5 to -2.3

Distance = 20 kpc

Assume:  Dwarf galaxies are old, metal-poor stellar populations, with typical 

size ~ 50-100pc.    This defines a narrow region in color-magnitude space.

Walsh, Willman & Jerjen (2008)

SDSS mag limit

Finding the Milky Way Ultra-Faint Galaxies

Credit: Geha 2009



Filtered+Smoothed

Finding the Milky Way Ultra-Faint Galaxies

1.  Assumed old/metal-poor stellar   
     population
2.  Assumed physical size

Credit: Geha 2009



Impact Dark Matter Halo Have on the Density of Galaxies with 
Various Properties

Halo Mass Function

Volume 
Density of 

Dark Matter 
Halos of a 
Given Mass

Dark Matter Halo Mass

Key Concept is 



10-9-07see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c01-29

Total amount of light produced

ltot =
∫
∞

0
Φ(L′)L′dL′ = Φ∗L∗Γ(2 + α)

= Φ∗L∗ for α = −1

Hence, huge numbers of low luminosity galaxies ex-
pected, but finite luminosity.

Most of the luminosity comes from galaxies with L =
L∗. A simple approximation is that the universe is
filled with L∗ galaxies with a density Φ∗

10-9-07see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c01-30A standard approach uses a luminosity function:

Absolute Magnitude in R band (~600 nm)

Volume 
Density

How do astronomers typically parameterize the volume 
density of galaxies with some property? 

10-9-07see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c01-27 10-9-07see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c01-28

Luminosity Function

Determine for each galaxy the intrinsic luminosity from
apparent luminosity and distance.

Correct for bandpass, internal absorbtion and absorb-
tion by the Milky Way.

The luminosity function is defined by
Φ dM = number density of galaxies in magnitude
range (M ,M + dM)

The distribution of luminosities is given by a Schechter
function

Φ(L) = (Φ∗

0/L∗) (L/L∗)α exp(−L/L∗)

Typical values:
Φ∗ = (1.6 ± 0.3) × 10−2h3Mpc−3

M∗

B = −19.7 ± 0.1 + 5 log h
α = −1.07 ± 0.07
L∗

B = (1.2 ± 0.1) × h−2 1010LSun

where H0 = h100km/s
The number of galaxies with a luminosity larger than L
is given by
N(> L) =

∫
∞

L Φ(L′)dL′ = N0Γ(1 + α, L/L∗)

Often parametrized by a 
Schechter function:

Exponential 
cut-off

Power-law 
component



Impact Dark Matter Halo Have on the Density of Galaxies with 
Various Properties

Evolution of Dark Matter
Halo Mass Function

10

Fig. 5.— The stepwise LF constraints (solid circles)) we derive
on the UV LFs at z ∼ 2, z ∼ 3, z ∼ 4, z ∼ 5, z ∼ 6, z ∼ 7,
z ∼ 8, and z ∼ 9 based on our comprehensive blank-field searches
with HST (shown in grey, blue, magenta, green, cyan, black, red,
orange, and dark purple, respectively). The recent stepwise LF
constraints at z ∼ 10 from Oesch et al. (2018a) are shown with
the dark purple circles. The best-fit Schechter LFs are shown with
the grey, blue, magenta, green, cyan, black, red, orange, and dark
purple lines, respectively.

photometry. Contamination is estimated and included
in a very similar way to that done in Bouwens et al.
(2015). In the Bouwens et al. (2015) study, contami-
nation rates were estimated by performing degradation
experiments on the deepest HST observations. Bona-fide
high-redshift sources and low redshift contaminants were
first identified in those data. Noise was then added to
the observations to emulate the properties of the shal-
lower observations, and sources were selected from these
shallower data. The contamination rate was determined
by determining which fraction of selected sources in the
shallower data were clearly at lower redshift in the deeper
data. The typical contamination fractions are estimated
to be !5% but reach contamination fractions as high as
∼10% in the faintest magnitude bin.
In deriving constraints on the UV LF from a compre-

hensive set of search fields, we rely on the same sam-
ple of sources that Bouwens et al. (2015) utilize over
all fields, while also including constraints from the new
data sets. Combining the new samples with the z ∼ 2-9
samples from Bouwens et al. (2015) and Bouwens et al.
(2016), our new analysis contains contains 5766, 6332,
7240, 3449, 1066, 601, 246, and 33 sources at z ∼ 2,
z ∼ 3, z ∼ 4, z ∼ 5, z ∼ 6, z ∼ 7, z ∼ 8, and z ∼ 9,
respectively.
In deriving our new LF constraints, we adopt the same

approach as we describe in Bouwens et al. (2015) where
we find the binned LF which maximizes the likelihood L
of matching the binned number counts in all of our fields

L = ΠfieldΠip(mi) (1)

where i runs over all magnitude intervals in each of our
search fields. For our z ∼ 2-8 samples, we take the prob-
ability p(mi) to be

p(mi) =

(

nexpected,i

Σjnexpected,j

)nobserved,i

(2)

for all sources in our z = 2-8 samples, where nexpected,i

and nexpected,j the expected number of sources in mag-
nitude intervals i and j and nobserved,i is the observed
number of sources in magnitude interval i. As such, our
z = 2-8 LFs are computed using the standard stepwise
maximum likelihood procedure (Efstathiou et al. 1988)
to take advantage of the modest number of sources found
in each search field and overcome large-scale structure
uncertainties.
Given the much smaller number of sources that are

available per search field to determine the shape of the
UV LF for our z ∼ 9 samples, we compute the probabil-
ities in this redshift range assuming that the counts are
Poissonian distributed:

p(mi) = Πje
−nexpected,j

(nexpected,j)nobserved,j

(nobserved,j)!
(3)

For our stepwise LFs, we generally adopt a width of 0.5-
mag for our z = 2-8 and 0.8-mag for our LFs at z = 9-10.
We compute the expected number of sources in a given

magnitude interval nexpected,i as

nexpected,i = ΣjφjVi,j (4)

where Vi,j is the effective volume over which a source of
absolute magnitude j might be expected to be found in
the observed magnitude interval i. The effective volume
Vi,j is computed from extensive Monte-Carlo simulations
where we add artificial sources of absolute magnitude j
to the real observations and then quantify the fraction of
these sources that will be both selected as part of a given
high-redshift samples and measured to have an apparent
magnitude i.
In deriving nobserved,i from our large z ∼ 2, 3, 4, 5, 6, 7,

8, and 9 selections, we use the measured total magnitude
of sources in the V606, I814, i775, z850, Y105, J125, H160,
and H160, respectively, since those magnitudes lie closest
to rest-frame 1600Å. For some search fields and redshift
samples, flux measurements are not available in these
bands. For our HFF selections, magnitude measurements
in the I814, Y105, and Y105 bands, respectively, are used
for our z ∼ 4, z ∼ 5, and z ∼ 6 selections. For the wide
CANDELS fields, flux measurements in the J125 band
are used for our z ∼ 5, z ∼ 6, and z ∼ 7 selections. For
z ∼ 3 sources over the UVUDF, flux measurements in
the i775 band are used.
In making use of the search constraints to derive LF

results, we only consider results to specific limiting mag-
nitudes to avoid having the results be significantly im-
pacted by uncertain completeness corrections or contam-
ination rates. We adopt the same limiting magnitudes as
Bouwens et al. (2015), except in the cases of the new sam-
ples considered here, including our z ∼ 2-3 samples from
the ERS, HDUV, and UVUDF data sets where 26.5 mag,
28.0 mag, and 29.0 mag, respectively, our z ∼ 4-9 HFF
parallel samples where 29.0 mag limits are used, and our
new z ∼ 9 XDF, HUDF09-1, and HUDF09-2 samples
where 30.0, 29.0, and 29.0 mag, respectively, are used.
Finally, over the HFF parallel fields, we accounted

for the estimated magnification factors using the lens-
ing models from Merten (2016). The approximate lens-
ing magnification that we applied in magnitudes for each
parallel field is provided in Table 3 for sources at z ∼ 6.
The magnification factors at other redshifts are very sim-

Evolution of Luminosity 
Function at UV Wavelengths

Springel+2005
Bouwens+2021



How Do Galaxies Distribute 
Themselves in Space?

What does this teach us?



“How Do Galaxies 
Distribute 

Themselves in 
Space?

What does this teach us?”

It provides insight into the masses or 
properties of the collapsed dark matter halos 

in galaxies form and evolve.



By now, you should be familiar with the idea that collapsed halos 
contain galaxies at their center.

Halo

Galaxy

these galaxies form from the cooling of gas onto the center of the 
halo and forming a gas disk

(first a prologue)



however, many dark matter halos contain more than one galaxy...

each halo almost always one most massive galaxy at the center 
(called the “central galaxy”) and any number of satellite galaxies 

(orbitting around the center)

Halo

Central
Galaxy

satellite 
galaxy

satellite 
galaxy

satellite 
galaxy

satellite 
galaxy



You should all be quite familiar with halos that contain many 
satellite galaxies.    An excellent example is a galaxy cluster:

Dark Matter Halo
for Galaxy Cluster 

Central
cD Galaxy

satellite 
galaxy

satellite 
galaxy

satellite 
galaxy

satellite 
galaxy

satellite 
galaxy



A less extreme version of a galaxy cluster is a galaxy group.

Our own local group is a good example:22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-3

The 3D distribution is

Some galaxies behind the plane of the Milky Way may
still be missed. Studies of the Local Group are very
useful: they give a indication of the full variation of
galaxy properties as a function of luminosity and mass.
Furthermore, individual stars can be detected in these
system.
The local group is clearly not in equilibrium. At some
stage, the MW and Andromeda will merge, and will
form 1 big system. At that time, the two halos wil
have merged too. Hence, at the moment the two galax-
ies are gravitationally bound, but have not yet col-
lapsed yet.
The mass of the local group can be estimated from the
so called timing argument. The MW and Andromeda
approach each other with a velocity of about 120 km/s.
Hence, whereas in the early days of the universe they
were moving away from each other, their velocities
have reversed, and they are now on a collision course.

22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-4

This can only happen if they are massive enough - oth-
erwise they would not be bound. One can estimate the
total mass by requiring that they have a relative ve-
locity of 120 km/s at an age of 14 Gyr, and a distance
of 700 kpc. One finds that the mass should be 3 1012

M⊙. Much larger than the luminosity of 4 1010 L⊙.
Hence the M/L ≈ 70M⊙/L⊙ : there must be a lot of
Dark Matter.

Other nearby groups

Well known other nearby groups are the Sculptor group,
Maffei group, M81 group, Canes I group. See
http://en.wikipedia.org/wiki/Virgo Supercluster

These have distances of < 7Mpc

Large nearby clusters are the Virgo clusters, and the
Fornax cluster (at ≈ 1000km/s, or 10-15 Mpc). A
very massive nearby cluster is the Coma cluster (at 100
Mpc)

Groups and clusters are found from redshift catalogs,
like the SDSS catalogue, or others. Usually one defines
an algorithm like “a group is a system with an over-
density of X above the average”.

One has to take special care about the fact that the
dispersions in groups can be quite high (up to 1600
km/s in clusters). Hence the distance cannot be cal-
culated straight from the Hubble Flow. In such cases,
one has to search for overdensities in a velocity interval
(say, of 500 or 1000 km/s), and in the 2 coordinates of
the sky.

“M31” Halo

Milky Way Halo

Lots of satellite 
galaxies in the 
M31 and Milky

Way Halos!



22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-1

5 Structure on larger scales
5.1 The content of massive halos: groups, clus-
ters

Many halos contain more than one galaxy. Obvious
examples are clusters - which can contain hundreds of
galaxies. More mundane clusters are those with lower
masses, and we call those groups. Most “normal”
galaxies are member of a group. Take for example
our Milky Way, which is part of the Local Group. This
group contains 2 massive galaxies (MW, Andromeda),
and several lower mass galaxies (Magellanic Clouds,
M33, M32, NGC 205, ...), and many more lower mass
galaxies. The local group is shown below:

22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-2

Of course, this 
list may be 

incomplete as the 
Milky Way itself 
blocks our field 

of view!

New Gaia 
mission may help 

in this regard!
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how can we explain the origin of the satellite galaxies?

can we explain them as a result of gas cooling?

no -- since gas only efficiently cools onto the central position in 
the dark matter halo (gravitational potential)



How can we explain the origin of the satellite galaxies?

A better explanation is through merging:

Step #1:  We have two dark matter halos.   Gas cools to the center 
of each halo to form disk galaxies in each:

Halo

Galaxy Halo
Galaxy

Step #2:  These two dark matter halos merge to form a single more massive 
halo

Halo

Galaxy
Galaxy

The most massive halos 
contain large numbers of 

satellite galaxies, while less 
massive galaxies contain less.
The merger origin of satellite 
galaxies explains why this is 

the case.



NOTA BENE: In many cases, satellite galaxies merge with the central galaxy as a 
result of dynamical friction.

Halo

Galaxy Satellite
Galaxy



The Local Group is not in equilibrium!

M31 and the Milky Way galaxy are traveling towards each other at
120 km/s!

Since M31 and the Milky Way are 700 kpc away from each other, 
these two galaxies will collide in perhaps ~4 billion years!

Can we use this information to estimate the mass of the Milky Way 
galaxy?   Yes!



The Local Group is not in equilibrium!

First, consider the fact that the Milky Way and M31 will be initially 
flying away from each other with the Hubble flow.

Due to the self gravity of the mass within the local group, the Milky 
Way and M31 will stop expanding with the Hubble flow and start 

to fall towards each other.

Assuming that it takes the two main galaxies in the local group 14 
Gyr to start falling towards each other at 120 km/s and have a 

distance of 700 kpc, we can calculate the mass of the local group 
to be 3 x 1012 Msolar

Comparing this mass to the total luminosity of the local group, one 
derives 70 Msol / Lsol.



29-10-07see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c7-33

other indicators give:

29-10-07see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c7-34

Measurements on the largest scales concern those
caused by inflows around clusters (BT 10.3-2)

matter falls into clusters of galaxies. Assume that the
density contrast of the cluster is the same as that of
the light

ρcluster

ρuniverse
=

jcluster

juniverse
= δ

where j is emissivity. The total mass of the cluster is
proportional to Ω0

Mass ∝ R3ρ ∝ δρuniverse ∝ δΩ0

Hence, the acceleration of galaxies outside the cluster
will depend on Ω0.

Example: determine Ω0 from “Virgo centric infall”
As we probe larger spatial scales, the mass-to-light ratio increases!

Mass-to-Light 
Ratio

To put these numbers in context, I remind you of the mass-to-light ratios 
presented in lecture #1



What collapsed clusters or groups are nearby the local group?

Sculptor, Canes1, Maffei Group, 
M81 Group all within 7 Mpc



What collapsed clusters or groups are nearby the local group?

Virgo Cluster

- contains >250 large galaxies
- contains 2000 smaller galaxies
- covers 10 x 10 degrees on sky

- 18 Mpc away
- 3 Mpc diameter

Fornax Cluster

- contains >50 large galaxies
- 19 Mpc away

- less massive than Virgo



What collapsed clusters or groups are nearby the local group?

The Coma Cluster

Sunday, March 28, 2010

Coma cluster
contains >1000 large galaxies

contains 10000 smaller galaxies
~100 Mpc away
6 Mpc diameter

largest galaxies are giant ellipticals



How common are galaxy groups or clusters of various masses?

22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-5

An additional complication is that some catalogues are
incomplete. The SDSS spectroscopic sample is incom-
plete for galaxies with nearby neighbors. This is due to
the fact that the fibers cannot be close together. This
makes it harder to define groups, and careful correc-
tions are needed for the catalogues.

This probably makes it clear that the definition of
groups and clusters is never easy from observational
material. This has never stopped anybody from making
such catalogues.

Once a catalogue of groups/clusters has been built,
one can construct the “mass function”, the number
density as a function of mass. Below is an example
from Heinamaki et al (A&A 397, 63)

This graph shows the cumulative density (n(> M), the
number density of groups larger than M), as a function

22-5-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c05-6

of M . It is clear that groups have very large masses,
from 1012 to 1015 Notice that clusters like the Coma
cluster (with M ≈ 1015M⊙ are rare (10−6 Mpc−3), or
≈ 1 every 100 Mpc.

The velocity dispersions correlate well with mass as
shown by the same authors:

Groups and clusters are the largest collapsed systems,
but structure on larger scales exist. This is measured
statistically. We express this by the correlation func-
tion. The correlation function describes how the prob-
ability of finding another galaxy in the neighborhood of
a galaxy increases with decreasing distance.

Number 
Density

Halo Mass

Galaxy
Clusters

Galaxy Groups
C

om
a C

luster



We can quantify the non-uniform distribution of 
galaxies on the sky through a measurement of the 

clustering signal.

This clustering signal ultimately helps us learn about 
the dark matter halos in which galaxies live.

Gravity does not simply result in the production of 
collapsed systems.   It can also cause galaxies or other 

collapsed structures to be “close to each other” or 
clustered



We quantify clustering in terms of 
correlation functions

C. Porciani! Observational Cosmology! III-39!

Correlation functions!

dV1 

r12 

dV2 

dP1 = n dV1  

dP12 = n2 (1+#(r12)) dV1 dV2 

dP123 = n3 (1+#(r12)+ #(r13)+ #(r23)+$(r12, r13, r23)) dV1 dV2 dV3 

Consider a stationary point process with mean density n and write the 

probability of finding N points within N infinitesimal volume elements 

dV1 

dV1 

r12 

dV2 

dV3 

r13 

r23 
dP1 = n dV1

dP12 = n2 (1 + ξ(r12)) dV1 dV2

The Correlation function ξ is not equal to zero -- since the 
presence of a galaxy at some place in space makes it more 

likely another one will be close by....

n = average density of galaxies



The Correlation function ξ is 
calculated by examining the 

distances between every pair 
of galaxies in a survey and 
comparing it to a random 

distribution
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9.1.3 Measuring the correlation function

• How can the correlation function be measured? Obviously, we
cannot measure the correlation function of the density field di-
rectly. All we can do is using galaxies as tracers of the underlying
density field and use their correlation function as an estimate for
that of the matter.

The correlation function quantifies
the probability to find a galaxy in
the small volume dV2 if there is a
galaxy in the small volume dV1, a
distance r = |⌅r2 � ⌅r1| away.

• Suppose we divide space into cells of volume dV small enough to
contain at most a single galaxy. Then, the probability of finding
one galaxies in dV1 and another galaxy in dV2 is

dP = ⌅n(⌅x1)n(⌅x2)⇧dV1dV2 , (9.8)

where n is the number density of the galaxies as a function of
position.

• If we introduce a density contrast for the galaxies in analogy to
the density contrast for the matter,

�n ⇤ n
n̄
� 1 , (9.9)

and assume for now that �n = �, we find from (9.8) with n =
n̄(1 + �)

dP = n̄2⌅(1 + �1)(1 + �2)⇧dV1dV2 = n̄2[1 + ⇥(x)]dV1dV2 , (9.10)

where x is the distance between the two volume elements. This
shows that the correlation function quantifies the excess probabil-
ity above random for finding galaxy pairs at a given distance.

Correlations between points can be
determined by counting pairs.• Thus, the correlation function can be measured by counting

galaxy pairs and comparing the result to the Poisson expectation,
i.e. to the pair counts expected in a random point distribution.
Symbolically,

1 + ⇥1 =
⌅DD⇧
⌅RR⇧ , (9.11)

where D and R represent the data and the random point set, re-
spectively.

• Several other ways of measuring ⇥ have been proposed, such as

1 + ⇥2 =
⌅DD⇧
⌅DR⇧ ,

1 + ⇥3 =
⌅DD⇧⌅RR⇧
⌅DR⇧2 ,

1 + ⇥4 = 1 +
⌅(D � R)2⇧
⌅RR⇧2 , (9.12)

which are all equivalent in the ideal situation of an infinitely ex-
tended point distribution. For finite point sets, ⇥3 and ⇥4 are supe-
rior to ⇥1 and ⇥2 due to their better noise properties.

How do we quantify the correlation 
function?



Fundamentally, this involves 
counting the number of 

galaxies at a certain distance 
from each other on the sky 

and then comparing that with a 
random distribution
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where x is the distance between the two volume elements. This
shows that the correlation function quantifies the excess probabil-
ity above random for finding galaxy pairs at a given distance.

Correlations between points can be
determined by counting pairs.• Thus, the correlation function can be measured by counting

galaxy pairs and comparing the result to the Poisson expectation,
i.e. to the pair counts expected in a random point distribution.
Symbolically,

1 + ⇥1 =
⌅DD⇧
⌅RR⇧ , (9.11)

where D and R represent the data and the random point set, re-
spectively.

• Several other ways of measuring ⇥ have been proposed, such as

1 + ⇥2 =
⌅DD⇧
⌅DR⇧ ,

1 + ⇥3 =
⌅DD⇧⌅RR⇧
⌅DR⇧2 ,

1 + ⇥4 = 1 +
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tended point distribution. For finite point sets, ⇥3 and ⇥4 are supe-
rior to ⇥1 and ⇥2 due to their better noise properties.

ξ(r) = DD / RR - 1

DD = number of pairs in the data at a 
distance r

RR = number of pairs in some mock 
data set at a distance r

 (in mock data sets pairs laid down 
randomly with uniform distribution)

How do we quantify the correlation 
function?



How do we typically express the 
correlation function?

The Correlation function ξ is typically parametrized as 
a power-law in radius:

Correlation Functions

Correlation function is related to fluctuations in the matter density

This is because the mean value (the expectation value) of " is 0.  

! can only depend on the difference x - y, and because Universe is 
isotropic, ! can not depend on direction of separation.  Therefore ! = !(r)

Measurements of the correlation function show that it follows a powerlaw:

Friday, April 23, 2010

Typical values for γ are 1.8.   r0 is known as the 
correlation length and it tells us the typical distance 
from a source we can expect a large enhancement in 

neighboring sources



How do we compute the power spectrum of 
galaxies from the observed clustering?

The power spectrum is the Fourier transform of the 
correlation function ξ 

04.2.26 Chris Pearson :   Observational Cosmology 3: Structure Formation - ISAS -2004
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3.6: Statistical Cosmology3.6: Statistical Cosmology
The Correlation Function and the relation to the power spectrum

b is the bias parameter for galaxy biasing w.r.t. underlying Dark Matter Distributionb is the bias parameter for galaxy biasing w.r.t. underlying Dark Matter Distribution

The angular correlation function is found to have the relation 
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