
Elliptical Galaxies (II)

March 9

Layout of the Course

Feb 2:  Course Introduction, Overview, and Galaxy Formation Basics
Feb 9:  Disk Galaxies (I)
Feb 12:  Disk Galaxies (II)
Feb 16:  Disk Galaxies (III) / Collisionless Stellar Dynamics
Feb 23:  Collisionless Stellar Dynamics + Vlasov/Jeans Equations
Feb 26:  Vlasov/Jeans Equations / Elliptical Galaxies (I)
Mar 9:  Elliptical Galaxies (II)
Mar 23:  Elliptical Galaxies (III)
Mar 30:  Dark Matter Halos
Apr 13:  Large Scale Structure
Apr 20: Galaxy Stellar Populations
Apr 23: Lessons from Large Galaxy Samples at z<0.2
May 4: Evolution of Galaxies with Redshift
May 11: Galaxy Evolution at z>1.5 / Review for Final Exam

Lectures 

Problem Set 2
(Due March 16)

This will be the graded problem

Galaxies: Structure, Dynamics, and Evolution
Problem Set 2
Instructor: Dr. Bouwens

Here is Problem Set 2. The entire problem set will be due before class on
Monday, March 16 (email them to Wout). Be sure to pay extra attention
to problem 4, as your solution to that problem will be checked carefully and
used in determining your homework grade.

1. How does the epicyclic (radial) frequency  for both an isothermal po-
tential (vc = constant) and a potential with the form �(r) = r�3/4 compare
with the azimuthal frequency ⌦? How many radial/epicyclic oscillations will
a star undergo for each orbit around a galaxy?

2. Calculate the epicyclic frequency for both an isothermal potential (vc =
constant) and a potential with the form � = �1/(1+r2). Draw the behaviour
of ⌦� n/m as in figure 6.11.
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3. In class, we calculated the relaxation time for a star in some dynamical
system (e.g., a galaxy) by considering the e↵ect of its interactions with other
stars in a galaxy. In calculating the relaxation time, we only considered im-
pact parameters b from bmin to the size of the galaxy R (where bmin was
the minimum impact parameter where our simple formula for the velocity
kick was approximately valid). What about the e↵ect of impact parameters
b = 0 to bmin? How does this impact the relaxation time?
(a) Calculate the probability that a star will pass by another star with im-
pact parameter b less than or equal to bmin? (Ignore the curvature of the
orbit.) Adopt the standard variables N , v, m, and G used in the derivation
during lecture.

(b) If any star passes by another star with impact parameter b < bmin,
its velocity will be so perturbed that it “will lose all memory of its initial or-
bit.” Let us say it relaxes with just one encounter. Calculate the relaxation
time assuming that b < bmin encounters are the only meaningful relaxation
process. Calculate the relaxation time for the same choice of N , m, G, and v
considered in class for a galaxy (i.e., N = 1010, v = 100 km s�1, r = 10 kpc,
tcross = 108 yr). How does this compare with the relaxation time derived in
class considering only b > bmin encounters?

4. To help yourself visualize the Inner and Outer Lindblad Resonances work,
as well as the corotational radius, I will ask you to sketch out a number of
snapshots of the movement of a spiral arm around a galaxy. Assume that a
galaxy has two spiral arms and that it is an isothermal sphere.
(a) Suppose that circular velocity of the galaxy is 200 km/s and that the
inner Lindblad resonance for a galaxy is at a radius of 2.5 kpc. What is the
pattern speed (or frequency) ⌦p?
(b) What is the period of epicyclic motion at the Inner Lindblad resonance?
(c) What is the corotation radius and radius of the Outer Lindblad reso-
nance for the pattern speed you computed in part (a)?
(d) In multiples of the epicyclic period of stars at the inner Lindblad reso-
nance (consider multiples out to 10), please sketch out the motion of stars in
a spiral galaxy (similar to what I do in lecture, but now moving indicative
stars at the Inner and Outer Lindblad resonances and corotation radius self
consistently). Please indicate the position of the spiral arms, a star at the
radius of the Inner Lindblad resonance, a star at the corotation radius, and a
star at the radius of the outer Lindblad resonance. Assume that the position
angle of the spiral arms and the stars at all three radii are all 0 at time t = 0.
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5. How many integrals of motion are there for a particle with the following
force law F (r) = �r̂/r2 where r is the radius?

6. Show that the distribution function f(✏, L)

f(✏, L) =

(
F �(L2)(✏� ✏0)�1/2 for ✏ > ✏0,
0 otherwise.

where F and ✏0 are constants and � is the familiar delta function. Show that
this distribution function self-consistently generates a model with density

⇢(r) =

(
Cr�2 for r < r0
0 otherwise.

where C is a constant and the relative potential at r0 satisfies  (r0) = ✏0.
This is the only analytic stellar system known to us in which all stars are
on perfectly radial orbits.
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Problems 2, 3, and 6 (to be discussed)

March 12 Practical Session

Ana Tejero

(In 3 days)

Dimitria Tsioutsia
Arianna Zirotti
Ottavia Zanello

Galaxies: Structure, Dynamics, and Evolution
Problem Set 2
Instructor: Dr. Bouwens

Here is Problem Set 2. The entire problem set will be due before class on
Monday, March 16 (email them to Wout). Be sure to pay extra attention
to problem 4, as your solution to that problem will be checked carefully and
used in determining your homework grade.

1. How does the epicyclic (radial) frequency  for both an isothermal po-
tential (vc = constant) and a potential with the form �(r) = r�3/4 compare
with the azimuthal frequency ⌦? How many radial/epicyclic oscillations will
a star undergo for each orbit around a galaxy?

2. Calculate the epicyclic frequency for both an isothermal potential (vc =
constant) and a potential with the form � = �1/(1+r2). Draw the behaviour
of ⌦� n/m as in figure 6.11.
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3. In class, we calculated the relaxation time for a star in some dynamical
system (e.g., a galaxy) by considering the e↵ect of its interactions with other
stars in a galaxy. In calculating the relaxation time, we only considered im-
pact parameters b from bmin to the size of the galaxy R (where bmin was
the minimum impact parameter where our simple formula for the velocity
kick was approximately valid). What about the e↵ect of impact parameters
b = 0 to bmin? How does this impact the relaxation time?
(a) Calculate the probability that a star will pass by another star with im-
pact parameter b less than or equal to bmin? (Ignore the curvature of the
orbit.) Adopt the standard variables N , v, m, and G used in the derivation
during lecture.

(b) If any star passes by another star with impact parameter b < bmin,
its velocity will be so perturbed that it “will lose all memory of its initial or-
bit.” Let us say it relaxes with just one encounter. Calculate the relaxation
time assuming that b < bmin encounters are the only meaningful relaxation
process. Calculate the relaxation time for the same choice of N , m, G, and v
considered in class for a galaxy (i.e., N = 1010, v = 100 km s�1, r = 10 kpc,
tcross = 108 yr). How does this compare with the relaxation time derived in
class considering only b > bmin encounters?

4. To help yourself visualize the Inner and Outer Lindblad Resonances work,
as well as the corotational radius, I will ask you to sketch out a number of
snapshots of the movement of a spiral arm around a galaxy. Assume that a
galaxy has two spiral arms and that it is an isothermal sphere.
(a) Suppose that circular velocity of the galaxy is 200 km/s and that the
inner Lindblad resonance for a galaxy is at a radius of 2.5 kpc. What is the
pattern speed (or frequency) ⌦p?
(b) What is the period of epicyclic motion at the Inner Lindblad resonance?
(c) What is the corotation radius and radius of the Outer Lindblad reso-
nance for the pattern speed you computed in part (a)?
(d) In multiples of the epicyclic period of stars at the inner Lindblad reso-
nance (consider multiples out to 10), please sketch out the motion of stars in
a spiral galaxy (similar to what I do in lecture, but now moving indicative
stars at the Inner and Outer Lindblad resonances and corotation radius self
consistently). Please indicate the position of the spiral arms, a star at the
radius of the Inner Lindblad resonance, a star at the corotation radius, and a
star at the radius of the outer Lindblad resonance. Assume that the position
angle of the spiral arms and the stars at all three radii are all 0 at time t = 0.
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5. How many integrals of motion are there for a particle with the following
force law F (r) = �r̂/r2 where r is the radius?

6. Show that the distribution function f(✏, L)

f(✏, L) =

(
F �(L2)(✏� ✏0)�1/2 for ✏ > ✏0,
0 otherwise.

where F and ✏0 are constants and � is the familiar delta function. Show that
this distribution function self-consistently generates a model with density

⇢(r) =

(
Cr�2 for r < r0
0 otherwise.

where C is a constant and the relative potential at r0 satisfies  (r0) = ✏0.
This is the only analytic stellar system known to us in which all stars are
on perfectly radial orbits.
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Feb 19:  Board Work + Problem Set 1
Mar 12:  Board Work + Problem Set 2
Mar 26: Problem Set 3 / Paper Presentations (4 slots)
Apr 2: Paper Presentations (7 slots)
Apr 16: Problem Set 4 / Paper Presentations (4 slots)
Apr 30: Problem Set 5 / Paper Presentations (4 slots)
May 7: Problem Set 6 / Paper Presentations (4 slots) 

Practical Sessions

Problem Set 2
(Distributed earlier, due on March 19)

Problems 5 and 6

February 19 Practical Session

Eugenia Rodendo Gonzalez
Noah Kaijser

Andrea Gibilaro
Susana Carneiro

spherical symmetry. What was the density of that sphere relative to ⇢crit

when that sphere was 10 times smaller?

(b) Imagine that the universe as a whole had an average density ⇢ equal

to 2⇢crit at the present time. How overdense was the universe when the

universe was 10 times smaller?

5. In lecture, we examined an arbitrary dynamical system and determined

how that dynamical system can be scaled in position, mass, and velocity

and still maintain the same qualitative form.

(a) Show explicitly that the virial theorem produces the same result for the

scaling relations.

(b) Derive Kepler’s Third Law using the scaling relations found in class.

(c) Do the same sort of scaling relations exist for stars? Is it possible to

scale the position, velocity, and mass for particles in a star in the same way

– and have a system with the same qualitative form? Which equilibrium is

retained and which is lost?

6. Prove that M / T
3/2

/n
1/2

. Use the fact that �
2 / T and n / M/R

3
.

Comment on the importance of this scaling relative to the T vs. n diagram

used to understand for which mass sources Tcool < Tdyn (i.e., where galaxy

formation is e�cient).

7. If you assume that the rotational speed of the Milky Way is constant as

a function of radius and has a value of 220 km/sec, what is the epicyclic

frequency at the sun (distance from the center = 8 kpc) ? How does this

compare to the orbital frequency ⌦?

2

→ Excellent solutions.   Will receive full credit!

(In the past)

Homework Grade — What goes into It?

50% —> Graded Problem Sets (~6)

30% —> Oral Presentation of a Solution During Practical Class

(Only One Problem from Each Set Graded)

20% —> Attendance / Participation in Practical Classes

100% Score, if attend 71% of Classes
80% Score, if attend 57% of Classes
60% Score, if attend 43% of Classes
30% Score, if attend 29% of Classes

If you provide consistent feedback on problems to discuss in 
class, credit for 1 additional class attended.

→ 12.5% of total

→ 8.75% of total

→ 6.25% of total

Feb 19:  Board Work + Problem Set 1
Mar 12:  Board Work + Problem Set 2
Mar 26: Problem Set 3 / Paper Presentations (4 slots)
Apr 2: Paper Presentations (7 slots)
Apr 16: Problem Set 4 / Paper Presentations (4 slots)
Apr 30: Problem Set 5 / Paper Presentations (4 slots)
May 7: Problem Set 6 / Paper Presentations (4 slots) 

Practical Sessions

Problem Set 2
(Distributed earlier, due on March 19)



What about the Paper Presentations?
To connect with the material from the course with a more 

contemporary, in-depth analysis, part of your grade will be based on a 
10-minute presentation on manuscript from the literature.

I will provide a list of 40 papers from which to choose 
to present — which will be extensions of the material covered in 

this course.    

Depending on the paper you choose, it will be suggested that you 
give a presentations towards the mid or end point of the course.

It will be first come, first serve, for papers, so by choosing early, 
you will have more choice regarding the paper/topic to cover.

What about the Paper Presentations?
You will be sent a list later today!

Please sign up by Friday, otherwise you will be assigned 
some papers randomly.

Papers focusing on cooling and disk galaxy characteristics 
(spiral density wave, halo properties) will go first.

First, let’s review the important 
material from last week

Galaxy Formation:  Major Steps

Virialized 
Overdensity

Gravitational 
Collapse

Overdense 
Region
In Early

Universe

Disk Galaxy 
(Supported by Angular 

Momentum)

Gas 
Cooling

Spheroid Galaxy 
(Random Motion 

Supported)

Merger
Violent 

Relaxation



Next topic is elliptical galaxies...

Elliptical galaxies consist of large numbers of stars 
on diverse orbits.

While spiral galaxies are rotation supported, 
elliptical galaxies are supported by the random 

motions of stars they contain

Their behavior can largely be described using 
collisionless dynamics.

At any time t, one can describe the collective positions and velocities 
for stars in a dynamical system by a distribution function f(x,v,t) 

15-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c5-3

This is also equal to zero because the potential does
not depend on vi.

Hence we can now write

∂f

∂t
+

6
∑

α=1

∂fẇα

wα
= 0

or
∂f

∂t
+

6
∑

α=1

[

∂f

∂wα
.ẇα + f

∂ẇα

∂wα

]

= 0

The last term on the right is zero, as we have seen
above. Hence

∂f

∂t
+

6
∑

α=1

ẇα
∂f

∂wα
= 0

Or we write this as

∂f

∂t
+

3
∑

i=1

vi
∂f

∂xi
−

∂Φ

∂xi

∂f

∂vi
= 0

or
∂f

∂t
+ v⃗.∇⃗f − ∇⃗Φ.

∂f

∂v⃗
= 0

These equations are the Collisionless Boltzmann Equa-
tion (CBE).
The CBE is sufficient to calculate the evolution of any
f with time.
A different description of the same equation: consider
the evolution of f if one moves along with a particle
(this is the Lagrangian derivative):

15-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c5-4

df

dt
=

∂f

∂t
+

6
∑

α=1

dwα

dt

∂f

∂wα
=

∂f

∂t
+

6
∑

α=1

ẇα
∂f

∂wα
= 0

Hence the CBE can be written as

df

dt
= 0

If you move along with the particles, their mass is con-
served. If you move along with the particles, the den-
sity is conserved. Hence the flow in phase-space is in-
compressible (the density remains conserved along a
flow-line).
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This is also equal to zero because the potential does
not depend on vi.

Hence we can now write

∂f

∂t
+
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∂fẇα
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+
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= 0

The last term on the right is zero, as we have seen
above. Hence

∂f

∂t
+
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= 0

Or we write this as

∂f
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+
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−
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∂xi

∂f

∂vi
= 0

or
∂f

∂t
+ v⃗.∇⃗f − ∇⃗Φ.

∂f

∂v⃗
= 0

These equations are the Collisionless Boltzmann Equa-
tion (CBE).
The CBE is sufficient to calculate the evolution of any
f with time.
A different description of the same equation: consider
the evolution of f if one moves along with a particle
(this is the Lagrangian derivative):
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df

dt
=

∂f

∂t
+

6
∑

α=1

dwα

dt

∂f

∂wα
=

∂f

∂t
+

6
∑

α=1

ẇα
∂f

∂wα
= 0

Hence the CBE can be written as

df

dt
= 0

If you move along with the particles, their mass is con-
served. If you move along with the particles, the den-
sity is conserved. Hence the flow in phase-space is in-
compressible (the density remains conserved along a
flow-line).

also can write as

or

REVIEW point from Bachelor course:  The time evolution of the 
distribution function is defined by the distribution function at that time, 
spatial derivatives, and the gradients of the potential (Vlasov-Equation).   

This follows directly from a conservation equation on the stars.

We must set up a self-consistent system whereby each of the 
following steps imply the next:

(1) given density distribution ρ(r), calculate the potential Φ(r) the 
density distribution would imply

(2) given some potential Φ, determine the set of orbits that stars 
would undergo

(3) calculate the density distribution that would result from the 
collective orbits of all the stars in a system

Collisionless Dynamics in a Nutshell

ρ(x⃗) =
∫

f(x⃗, v⃗) d3v⃗

∇2Φ(x⃗) = 4πGρ(x⃗)
df
dt

= 0

The self-consistency problem of finding the orbits that reproduce ρ(x⃗) is
equivalent to finding the DF f(x⃗, v⃗) which yields ρ(x⃗).

Problem: For most systems we only have constraints on a 3D projection of
the 6D distribution function.

Recall: L(x, y, vz) =
∫ ∫ ∫

f(x⃗, v⃗, t) dz dvx dvy

The relevant equations are:

The Self-Consistency Problem
Given a density distribution ρ(x⃗), the Poisson equation yields the
gravitational potentialΦ(x⃗). In this potential I can integrate orbits using
Newton’s equations of motion. The self-consistency problem is the problem
of finding that combination of orbits that reproduces ρ(x⃗).

PotentialDensity

Orbits
?

Poisson Eq.

New
ton

’s 
2n

d l
aw

Think of self-consistency problem as follows: GivenΦ(x⃗), integrate all
possible orbits Oi(x⃗), and find the orbital weightswi such that
ρ(x⃗) =

∑
wiOi(x⃗). HereOi(x⃗) is the density contributed to x⃗ by orbit i.

Setting up equilibrium models for a collisionless system.  

It is not necessarily an easy thing to do

The Density Distribution derived in step #3 must be the same 
as assumed in step #1

There is a huge amount of freedom in finding a distribution function that 
satisfies the collisionless boltzmann equation for some equilibrium model.

One approach is to make the distribution function a function of the 
integrals of motion themselves.

By definition, the first time derivative of an integral of motion 
is zero.  Since this is the same requirement the collisionless 
boltzmann equation makes on the distribution function, we 
know that any arbitrary function of the integrals of motion 

satisfies the collisionless boltzmann equation. 

Jean’s 
theorem

How can we find a solution?

Review Point from Bachelor course.  Equilibrium models can easily be 
made by requiring that the distribution function be a function of integrals 
of motion.  By definition, the distribution function is an integral of motion.



By constructing the distribution function f as such, we ensure that we 
already solve one of the 3 equations needed to construct a self-

consistent equilibrium system:Collisionless Dynamics in a Nutshell

ρ(x⃗) =
∫

f(x⃗, v⃗) d3v⃗

∇2Φ(x⃗) = 4πGρ(x⃗)
df
dt

= 0

The self-consistency problem of finding the orbits that reproduce ρ(x⃗) is
equivalent to finding the DF f(x⃗, v⃗) which yields ρ(x⃗).

Problem: For most systems we only have constraints on a 3D projection of
the 6D distribution function.

Recall: L(x, y, vz) =
∫ ∫ ∫

f(x⃗, v⃗, t) dz dvx dvy

Using Jeans theorem to 
construct a self-

consistent equilibirum, 
we automatically satisfy 

this equation

The equations we need to satisfy:

Review Point from Bachelor course.  Equilibrium models can easily be 
made by requiring that the distribution function be a function of integrals 
of motion.  By definition, the distribution function is an integral of motion. Collisionless Dynamics in a Nutshell

ρ(x⃗) =
∫

f(x⃗, v⃗) d3v⃗

∇2Φ(x⃗) = 4πGρ(x⃗)
df
dt

= 0

The self-consistency problem of finding the orbits that reproduce ρ(x⃗) is
equivalent to finding the DF f(x⃗, v⃗) which yields ρ(x⃗).

Problem: For most systems we only have constraints on a 3D projection of
the 6D distribution function.

Recall: L(x, y, vz) =
∫ ∫ ∫

f(x⃗, v⃗, t) dz dvx dvy

Now we move onto solving this one:

15-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c5-9

The density is integral of distribution function over all
velocities:

ρ(r) =

∫

f(ε)dv⃗

=

∫ vmax

0
f(ε)4πv2dv

substitute ε = ψ − 1
2v2, dε = −vdv. Since ε will run

from 0 (for v = vmax) to ψ (for v = 0):

ρ(r) = 4π

ψ
∫

0

f(ε)
√

2(ψ − ε) dε

We can make models by specifying f(ε). We find a
relation of the form ρ(r) = F (ψ). We then have to
find solutions of this equation, which also satisfy the
Poisson equation:

4πGρ(x⃗) = ∇⃗2Φ(x⃗)

Solutions can be constructed. For example, assume
f(ϵ) = ϵγ . These give densities of the form ρ =
cnst × ψ(γ+1.5). These models are analogous to gas
polytropes.

15-10-07see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c5-10

What is “basic set of building blocks” for models of
type f(ε) ?

• fill in delta function f(ε) = δ(ε− ε0)

ρ = 4
√

2π
√

ψ − ε0

maximum in the center, decreasing outwards, to zero
at ψ(r) = ε0.

These are NOT individual orbits, but combinations of
orbits.

Homework assignments
1. In the case described above, what kind of orbits

manage to reach the maximum distance to the cen-
ter given by ψ(r) = ε0. What is the velocity of stars
at this radius ?

2. Calculate the exact relation between ρ and ψ for
polytropes, assuming f(ε) = εγ

3. Calculate the density related to the potential ψ =
1/

√
1 + r2. Show that this model is a polytrope

[i.e., that we can write ρ = cnst × ψg].

We showed in class that 

where ψ is the depth of a potential relative to the 
highest energy particles.

Finally, all that remains to be done to set an equilibrium system satisying 
Poisson’s equation is the following:

Collisionless Dynamics in a Nutshell

ρ(x⃗) =
∫

f(x⃗, v⃗) d3v⃗

∇2Φ(x⃗) = 4πGρ(x⃗)
df
dt

= 0

The self-consistency problem of finding the orbits that reproduce ρ(x⃗) is
equivalent to finding the DF f(x⃗, v⃗) which yields ρ(x⃗).

Problem: For most systems we only have constraints on a 3D projection of
the 6D distribution function.

Recall: L(x, y, vz) =
∫ ∫ ∫

f(x⃗, v⃗, t) dz dvx dvy

Review Point from Bachelor course.  Equilibrium models can easily be 
made by requiring that the distribution function be a function of integrals 
of motion.  By definition, the distribution function is an integral of motion.

What is the Schwarzschild method for constructing equilibrium 
models?

1.  Define density
2.  Derive gravitational potential
3.  Derive orbit families for this gravitational potential

Determine the densities that result from different orbits
4.  Combine the different orbital families in such a way 

to produce the defined density.

REVIEW Point from Bachelor Studies.  Another way of constructing equilibrium 
models is the Schwardschild method.  It involves making a library of orbits, 

calculate their spatial densities, and calculate the weight function which 
reproduces the density distribution for which the orbits were calculated.

In considering different starting positions 
in phase space (spatial position and 
velocities), can get a wide variety of 

different orbits, e.g.,

12-10-07see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c4-17

A general 3-dimensional potential

Stäckel potential( ρ = 1/(1 + m2)2)

12-10-07see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c4-18

A Simple recipe to build galaxies
Schwarzschild’s method:
• Define density ρ
• Calculate potential, forces
• Integrate orbits, find orbital densities ρi

• Calculate weights wi > 0 such that

ρ =
∑

ρiwi

Examples: build a 2D galaxy in a logarithmic potential
Φ = ln(1 + x2 + y2/a).

• As we saw, box orbits void the outer x-axis
• As we saw, loop orbits void the inner x-axis

→ both box and loop orbits are needed.

Suppose we have constructed a model.
• What kind of rotation can we expect ?

box orbits: no net rotation
loop orbits: can rotate either way: positive, nega-
tive, or “neutral”.

Hence: a maximum rotation is defined if all loop
orbits rotate the same way. The rotation can vary
between zero, and this maximum rotation

BT 3.4: page 155

One needs to figure out what 
combination of density 

distributions defined by different 
orbit families allows one to 

recover the originally assumed 
density distribution (step 1
in Schwarzschild method)

Potential Density 
Distributions Defined 
by Different Orbits

REVIEW Point from Bachelor Studies.  Another way of constructing equilibrium 
models is the Schwardschild method.  It involves making a library of orbits, 

calculate their spatial densities, and calculate the weight function which 
reproduces the density distribution for which the orbits were calculated.



Integrate distribution function f(~x,~v) over
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Velocity Dispersion Tensor:

REVIEW point from Bachelor course.  An important method 
for deriving the total mass of individual galaxy involves the 

Jeans equations and moments of the stellar velocity.

Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):
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Jeans Equation 1 (Continuity equation):

Jeans Equation 3 (Rewrite of Equation 2)

Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans
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Jeans Equation 2 (The Force Equation):

Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):
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REVIEW point from Bachelor course.  An important method 
for deriving the total mass of individual galaxy involves the 

Jeans equations and moments of the stellar velocity.

Total Enclosed Mass and Rotation Curve
Total enclosed mass and rotation curve

For a circular orbit with velocity vc(r) we

have:

d�

dr
=

GM(< r)
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Assuming a particle is on a circular orbit at radius r, there is a relationship 
between the circular velocity vc  and

Total enclosed mass and rotation curve

For a circular orbit with velocity vc(r) we
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Using this relation, the Jeans Equation can be written as 

Total enclosed mass and rotation curve

For a circular orbit with velocity vc(r) we

have:

d�

dr
=
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12

From this expression, we see that if we can measure the density of 
stars ν, the velocity dispersion in the radial direction, and anisotropy 

function, we can determine the enclosed mass inside some radius

What is the nature of elliptical 
galaxies?

While progenitors to elliptical galaxies experienced 
lots of star formation, elliptical galaxies themselves 

experience almost no star formation

End state of galaxy formation!

Dominated by the random motions 
of its component parts (stars, 

hot gas, dark matter)

Only way for an elliptical galaxy to transform into 
another type of galaxy (e.g., spiral) is if lots of cold gas 

cools onto it (but this may not happen!)



What is the nature of elliptical 
galaxies?

What can we learn about elliptical galaxies from 
their structure?

We begin by looking at the two dimensional 
surface brightness profiles of elliptical galaxies.

Not even necessary to use a telescope now to investigate -- as there 
is a lot of data from surveys like the Sloan Digital Sky Survey

(from 
Photometry)

What we can learn from Images of Elliptical Galaxies?

Important clues can come from looking at the two dimensional surface 
brightness profiles of elliptical galaxies.

Two Types of Deviations from Elliptical Isophotes are Observed

Outline

Disk galaxies

Elliptical galaxies

Luminosity distributions

Shells and ripples

Color gradients

We will now look at fits in a boxy galaxy.

Piet van der Kruit, Kapteyn Astronomical Institute Luminosity distributions: Parameters

Outline

Disk galaxies

Elliptical galaxies

Luminosity distributions

Shells and ripples

Color gradients

And here are fits a disky galaxy.

Piet van der Kruit, Kapteyn Astronomical Institute Luminosity distributions: Parameters

Boxy Disky

(Few Percent)

New Material

Structure of Elliptical Galaxies
Light is almost constant on elliptical “isophotes”

Position Angles and Ellipticities vary slightly (or twist) with radius

Such twisting of the position angles of the isophotes can easily result 
from projection effects if an elliptical galaxy has a triaxial shape.



Structure of Elliptical Galaxies

Let’s see if we can’t understand how this “isophote twisting” works:

Notice that the position angle of major axis of the ellipses change, after
projection.    Depending on the initial ellipticity of the original ellipse, the 

change in position angle can be quite large.

“Original”

“After 
Projection”

Such twists in the position angle of the major axis is expected, if elliptical 
galaxies have triaxial profiles.

Credit:
Kormendy

Twisting isophotes in real galaxies
20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-3 20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-4

2.2 Kinematics

We generally cannot measure velocities of individual
stars

way too many stars in a patch of 1x1 arcsec
Hence measure average motion of the stars.

• Assume that the velocity distribution of the stars
along the line-of-sight is (BM 11.1.1)

F (vlos)

usually it is assumed that F is a Gaussian, or close to a
Gaussian

F (vlos) = exp

[

−(vlos − vlos)2

2σ2
los

]

where vlos is the average line-of-sight velocity of the
stars.

Measure vlos and σlos by taking a spectrum of the
galaxy G(λ), and fitting a stellar spectrum S(λ)
broadened by the velocity distribution F (vlos)

fit G with convolution of S with F

This is most easily done by writing G and S as a
function of L = lnλ.

A velocity shift δv corresponds to a wavelength shift
δλ = λvlos/c. Hence δL = vlos/c.

Note best-fit 
ellipticity varies 

with radius slightly

Also position angle!

Surface Brightness

Color

Example galaxy!
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2.2 Kinematics

We generally cannot measure velocities of individual
stars

way too many stars in a patch of 1x1 arcsec
Hence measure average motion of the stars.

• Assume that the velocity distribution of the stars
along the line-of-sight is (BM 11.1.1)

F (vlos)

usually it is assumed that F is a Gaussian, or close to a
Gaussian

F (vlos) = exp

[

−(vlos − vlos)2

2σ2
los

]

where vlos is the average line-of-sight velocity of the
stars.

Measure vlos and σlos by taking a spectrum of the
galaxy G(λ), and fitting a stellar spectrum S(λ)
broadened by the velocity distribution F (vlos)

fit G with convolution of S with F

This is most easily done by writing G and S as a
function of L = lnλ.

A velocity shift δv corresponds to a wavelength shift
δλ = λvlos/c. Hence δL = vlos/c.

Note best-fit 
ellipticity varies 

with radius slightly

Also position angle!

Another galaxy!

Surface Brightness

Color

Twisting isophotes in real galaxies Surface Brightness vs. Radius
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2. Structure of Ellipticals

2.1 Photometry (BM4.3)

Photometry can be done accurately with modern CCDs.
For many galaxies, you don’t have to take your own
data - go to Sloan !

Images of ellipticals generally show great regularity
• light is (nearly) constant on elliptical “isophotes”

• deviations from ellipses generally quite small -
level is few percent

• intensity profiles are regular, no peaks or dips,
unless dust is present

• intensity profiles fairly well described by sersic
law:

I(R) = Ie10bn[(R/Re)1/n
−1]

Re is half light radius, n between 2 and 5 (or so)
for most ellipticals

n=4 is special case, de Vaucouleurs profile

• ellipticities generally below 0.5, median about
0.3

• position angles vary with radius, ellipticities vary
with radius

• deviations from elliptical: “boxy” or “disky” or
other distortions

• many have weak dust extinction
• weak color gradients: central parts are redder

20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-2

Upper panel: intensity profiles of Sersic laws (from
astroph-0503176v1). The n parameter varies from
n=0.5 to 10. Lower panel: the total magnitude in an
aperture, as a function of aperture size

Intensity Profiles in Galaxies Well Described by Sersic Profile:

where Re is the half-light Radius and n is the Sersic Index (from 2 
to 5 for most Elliptical Galaxies)

For large n, there is a lot of light at 
very large radii and very small radii 

-- i.e., extended wings to light 
profile and bright center

For small n, the light is less 
concentrated in center.   Also the 
light profile cuts off at large radii.

Surface 
Brightness



Surface Brightness vs. Radius

20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-1

2. Structure of Ellipticals

2.1 Photometry (BM4.3)

Photometry can be done accurately with modern CCDs.
For many galaxies, you don’t have to take your own
data - go to Sloan !
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Upper panel: intensity profiles of Sersic laws (from
astroph-0503176v1). The n parameter varies from
n=0.5 to 10. Lower panel: the total magnitude in an
aperture, as a function of aperture size

Intensity Profiles in Galaxies Well Described by Sersic Profile:

where Re is the half-light Radius and n is the Sersic Index (from 2 
to 5 for most Elliptical Galaxies)
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data - go to Sloan !

Images of ellipticals generally show great regularity
• light is (nearly) constant on elliptical “isophotes”

• deviations from ellipses generally quite small -
level is few percent

• intensity profiles are regular, no peaks or dips,
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Upper panel: intensity profiles of Sersic laws (from
astroph-0503176v1). The n parameter varies from
n=0.5 to 10. Lower panel: the total magnitude in an
aperture, as a function of aperture size

n = 10
n = 0.5

For large n, there is a lot of light at 
very large radii and very small radii 

-- i.e., extended wings to light 
profile and bright center

Sersic Profiles

Surface 
Brightness

How 
measured 
magnitude 
depends on 

radius of 
aperture in 

which 
measurement 

is made

For small n, the light is less 
concentrated in center.   Also the 
light profile cuts off at large radii.

Structure of Elliptical Galaxies
Typical value is n=4

Elliptical galaxies: 

•! Separate ellipticals by luminosity: 
–! Luminous: L > L*, MB < -20 

–! Midsize: L ~0.1 – 1 L*, MB=-18 to –20 

–! Dwarfs: L < 0.1 L*, MB> -18 

•! Luminous and midsize ellipticals have 
somewhat different properties, but form a 
single sequence 

•! Dwarf E’s are significantly different!! 

Elliptical galaxies: 

•! Luminosity profiles (1D): 
–! Sersic profile: I(r) = I(re) exp{-b(r/re)

1/n –1} 

–! re = effective radius which includes half the light (this defines the 
constant b), and I(re) is the surface brightness at re 

–! Typical elliptical galaxies have n=4, or follow an r1/4-law or “de 
Vaucouleurs’ law” proposed in 1948:  

•! I(r) = I(re) exp{-7.67 (r/re)
1/4-1} 

–! Light in ellipticals more concentrated towards center than for spirals 

–! provides good description for surface brightness of mid to bright 
ellipticals outside the center, but not dE’s 

–! cD galaxies have an “outer envelope” of extended light 

•! Ellipticals show 2D symmetry 
–! Some have weak ripples, shells, other fine structure (remnants of 

mergers?) 

–! Also boxy and/or disky isophotes 

De Vaucouleurs’ Law 

NGC 3379 

De Vaucouleurs’ Law 

NGC 3379 Surface Brightness

“de-Vaucouleur Profile”

Note that it is very challenging to trace the surface brightness profile 
of ellipticals to large radii, due to their low surface brightness there 

and high sky brightness

Seeing by the atmosphere can also affect the measurement of the 
profile at small radii

Center of Ellipticals: Cusp vs. Core

In their centers, some elliptical galaxies show cusps and some show cores.

Central surface brightness & core radius relations

  (Kormendy) Elliptical galaxies:

• With HST, we can study the nuclei of elliptical

galaxies

– Luminous ellipticals show central cores

– Mid-sized ellipticals show central cusps, light

continues to rise in SB towards center (power-law)

cusp
core

Nuclei of Elliptical Galaxies, Faber et al. 1997

Some deviation from a Sersic profile can be seen in some galaxies.

elliptical galaxies with cusps are also called “power-law” galaxies

elliptical galaxies with core are also called “break” galaxies

Definition of Break Radius

The radius where galaxies show this break from the power law (or cuspy)
profile is called the “break” radius.Definition of Break radius

I( r) = Ib2
(" -# )/$ (rb/r)

# [1+(r/rb)
$ ](# -" )/$

rb = break radius where power-law
changes slope and Ib is the surface 
brightness at the break

This is a five(!) parameter fit:
" is the outer power-law slope
# is the inner power law slope

$ defines the sharpness of the
transition

Break radius vs. Absolute magnitude

Shape of Ellipticals:

• Ellipticals are defined by En, where n=10!,

and !=1-b/a is the ellipticity.

• Note this is not intrinsic, it is observer

dependent!

Shape of Ellipticals:

• 3-D shapes – are ellipticals predominantly:

– Oblate: A=B>C (a flying saucer)

– Prolate: A>B=C (a cigar)

– Triaxial A>B>C (a football)

– Note A,B,C are intrinsic axis radii

• Want to derive intrinsic axial ratios from observed

– Can deproject and average over all possible observing angles to do

this

– Find that galaxies are mildly triaxial:

• A:B:C ~ 1:0.95:0.65 (with some dispersion ~0.2)

– Triaxiality is also supported by observations of isophotal twists in

some galaxies (would not see these if oblate or prolate)

Surface 
Brightness

Definition of Break radius
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# [1+(r/rb)
$ ](# -" )/$

rb = break radius where power-law
changes slope and Ib is the surface 
brightness at the break

This is a five(!) parameter fit:
" is the outer power-law slope
# is the inner power law slope

$ defines the sharpness of the
transition

Break radius vs. Absolute magnitude

Shape of Ellipticals:

• Ellipticals are defined by En, where n=10!,

and !=1-b/a is the ellipticity.

• Note this is not intrinsic, it is observer

dependent!

Shape of Ellipticals:

• 3-D shapes – are ellipticals predominantly:

– Oblate: A=B>C (a flying saucer)

– Prolate: A>B=C (a cigar)

– Triaxial A>B>C (a football)

– Note A,B,C are intrinsic axis radii

• Want to derive intrinsic axial ratios from observed

– Can deproject and average over all possible observing angles to do

this

– Find that galaxies are mildly triaxial:

• A:B:C ~ 1:0.95:0.65 (with some dispersion ~0.2)

– Triaxiality is also supported by observations of isophotal twists in

some galaxies (would not see these if oblate or prolate)

Definition of Break radius

I( r) = Ib2
(" -# )/$ (rb/r)

# [1+(r/rb)
$ ](# -" )/$

rb = break radius where power-law
changes slope and Ib is the surface 
brightness at the break

This is a five(!) parameter fit:
" is the outer power-law slope
# is the inner power law slope

$ defines the sharpness of the
transition

Break radius vs. Absolute magnitude

Shape of Ellipticals:

• Ellipticals are defined by En, where n=10!,

and !=1-b/a is the ellipticity.

• Note this is not intrinsic, it is observer

dependent!

Shape of Ellipticals:

• 3-D shapes – are ellipticals predominantly:

– Oblate: A=B>C (a flying saucer)

– Prolate: A>B=C (a cigar)

– Triaxial A>B>C (a football)

– Note A,B,C are intrinsic axis radii

• Want to derive intrinsic axial ratios from observed

– Can deproject and average over all possible observing angles to do

this

– Find that galaxies are mildly triaxial:

• A:B:C ~ 1:0.95:0.65 (with some dispersion ~0.2)

– Triaxiality is also supported by observations of isophotal twists in

some galaxies (would not see these if oblate or prolate)

rb = radius where power-law changes shape
Ib = surface brightness where power-law 

changes shape
β = power-law at large radii
γ = power-law at small radii

α = sharpness of transition between power-
law slopes

can be a five parameter fit!

deficit of stars at the center of 
ellipticals is thought to be due to 

scouring by the central super 
massive black hole



Shells and Ripples

Elliptical galaxies also show a significant number of shells and ripples 
(presumably indicative of mergers between galaxies in the past)

Shells and Ripples

Elliptical galaxies also show a significant number of shells and ripples 
(presumably indicative of mergers between galaxies in the past)

Color Gradients in Ellipticals

Weak Colors Gradients -- Inner Parts Redder

Kim & Im 
(2013)

Likely due to systematic differences in the 
metallicities of the stars

We can also learn things from the kinematic information 
we can derive from elliptical galaxies.

Kinematics of Elliptical Galaxies

While there are far too many stars to observe the signatures of stars 
individually, one can consider the velocity distribution of stars along the 

line of sight:

F(vlos)

Typically this function is assumed to be very close to a Gaussian:
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2.2 Kinematics

We generally cannot measure velocities of individual
stars

way too many stars in a patch of 1x1 arcsec
Hence measure average motion of the stars.

• Assume that the velocity distribution of the stars
along the line-of-sight is (BM 11.1.1)

F (vlos)

usually it is assumed that F is a Gaussian, or close to a
Gaussian

F (vlos) = exp

[

−(vlos − vlos)2

2σ2
los

]

where vlos is the average line-of-sight velocity of the
stars.

Measure vlos and σlos by taking a spectrum of the
galaxy G(λ), and fitting a stellar spectrum S(λ)
broadened by the velocity distribution F (vlos)

fit G with convolution of S with F

This is most easily done by writing G and S as a
function of L = lnλ.

A velocity shift δv corresponds to a wavelength shift
δλ = λvlos/c. Hence δL = vlos/c.



In reality, one cannot describe the velocity distribution as a perfect 
Gaussian, so one allows for a third or fourth moment in the distribution.

h3: Gauss-Hermite information (2w3-3w)/31/2

measures “skewness” or deviation from symmetry.   
Large h3 represents a secondary bump at v > <v>,

so the peak of the line is at v < <v>

h4: Gauss-Hermite information (4w4-12w2+1)/241/2

measures “kurtosis” or symmetric departures from a 
Gaussian.   Large h4 indicates a boxy profile centered 

on <v>.

Make use a complete orthogonal polynomial series (“Gauss 
Hermite”) multiplied by an exponential:

Stellar Kinematics continued 
  LOSVD 

  Assume a Gaussian  velocity distribution function (F) to this 
makes things easier. 

  F  exp[-(<vlos>-vlos)2/2
los
2] e-b 

  b = (1/2)w2,  w = (<vlos>-vlos)/
los
 

  This all yields a symmetric line profile.  
  Remember we’re sampling a specific absorption feature (e.g. a 

Mg II line) 

  But reality isn’t all that symmetric, so we need some 
way to describe deviations from Gaussian  
  “Gauss-Hermite” series which combines a Gaussian with an 

orthogonal set of polynomials 
  F goes as:  e-k [1 + �k=3,n hk Hk (w)]  

  this is a polynomial of order k, with some coefficient h 

We can determine the mean line of sight velocity and the dispersion of 
a galaxy (and other higher order velocity components) by taking a high 

signal to noise spectrum of this galaxy and then comparing its 
spectrum with a star.

Deriving Kinematic Information
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Model(L) = convolved star spectrum(L) =

=

∫

S(L − vlos/c)F (vlos)dvlos

This is a simple convolution which can be carried out
fast on the computer. The best fitting value for the
dispersion and average velocity is derived by minimizing

χ2 = Σ

(

(G(L) − Model(L))2

error(L)2

)

The fit can be done either in real space, or in Fourier
space (In Fourier space the convolution is simply a
multiplication).
By minimizing the residuals from the fit, we can select
the best-fitting stellar spectrum, and obtain the aver-
age velocity, and velocity dispersion of the stars.
In practice, the stellar continuum is never fitting well,

and is subtracted from both the galaxy spectrum
and the stellar spectrum. A scaling factor γ is al-
lowed in the fit (i.e., using γS instead of S ) to
compensate for the fact that the stellar absorption
lines often have different strengths, due to different
temperatures and metallicities of the stars and the
galaxies.

Using correlation function

Another method of deriving velocities is by using the
correlation function. Assume that the galaxy has spec-
trum G(L), the star spectrum S(L). The correlation
function is
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Corr(s) =

∫

G(L)S(L + s)dL

By finding the peak of the correlation function, one
finds the value of the average line-of-sight velocity
speak = vlos/c

why ?

This can be easily derived from the minimization we
did earlier. We minimize

χ2 = Σ

(

(G(L) − Model(L))2

error(L)2

)

Write out:

Σ

(

(G(L) − Model(L))2

error(L)2

)

=

Σ[G(L)2/error(L)2 + Model(L)2/error(L)2

−2(G(L)Model(L))/error(L)2]

Since the first two terms in the last expression are con-
stant as a function of the line-of-sight velocity, it is
clear that χ2 is minimized if the last term is maxi-
mized. At the best fitting velocity, this is exactly the
peak of the correlation function. This assumes that the
error(L) is a constant.
Some examples of results

Model Spectral Energy Distribution:

where S is the spectrum of the stars that dominate the light in a 
galaxy.

The integral is over the many different velocities vlos that stars in a 
galaxy could have.

Velocity Dispersion MeasurementsFitting the Velocity Dispersion

Find the model that gives the minimum Χ2 with respect to the 
observed spectrum:
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Some examples of results

In practice, the model spectrum never fits the observed spectral 
energy distribution exactly (due to the fact that the stars in the 

model never have exactly the same distribution of metallicities or 
temperatures as in the observations), so one needs to include 

some freedom in the models to overcome this effect.

Deriving Kinematic Information



Kinematics of ellipticals (NGC 1399) Kinematics of Ellipticals:

•  Vrot/) correlates with luminosity
– Lower luminosity ellipticals have higher Vrot/) -- rotationally

supported

– Higher luminosity ellipticals have lower Vrot/) -- pressure supported

• Vrot/) correlates with boxy/diskiness
– Disky  ellipticals have higher Vrot/) -- rotationally supported

– Boxy ellipticals have lower Vrot/) -- pressure supported

• Rotation implies that ellipticals are not relaxed

systems
– Some have kinematically decoupled cores, or rotation along their

minor axis (implies triaxiality)

Vrot/) vs luminosity Vrot/) & minor axis rotation vs a4/a

disky

boxy

Notice that the amplitude of the dispersion in the velocity is much 
higher in general than the rotational velocities in these galaxies.

How does the mean line of sight velocity and velocity dispersion 
depend on the radius of an elliptical galaxy?

One Example:

Kinematic and structural parameters 

skew

kurtosis

Can also attempt to quantify to the skew and the kurtosis of the 
velocity distribution as a function of radius in galaxies
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1) major and minor axis rotation and disper-
sion curves
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2) full 2D resultsOther examples of results for individual galaxies:
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1) major and minor axis rotation and disper-
sion curves
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2) full 2D results

Other examples of results for individual galaxies:
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1) major and minor axis rotation and disper-
sion curves
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2) full 2D results

Other examples of results for individual galaxies:20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-7

1) major and minor axis rotation and disper-
sion curves
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2) full 2D results

Can also measure the velocity distribution of galaxies 
as a function of both coordinates on the sky:

Surface 
Brightness

Average 
velocity
(line of 
sight)

Dipole-like structure indicates a net 
rotation about the center

(this work done with an IFU: Integrated Field Unit)
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1) major and minor axis rotation and disper-
sion curves
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2) full 2D results

Velocity 
Dispersion

“Skew” in 
Velocity 

Distribution

“Kurtosis” 
in Velocity 

Distribution

Can also measure the velocity distribution of galaxies 
as a function of both coordinates on the sky:

Elliptical Galaxies Have Dispersions between 100 and 300 km/s

General Conclusions from Kinematic Studies

Rotation Velocity of galaxies is smaller ~50 km/s

Most of Rotation on Major Axis, but also on Minor Axis

Most of the Stellar Motion is Random, not Systematic

Ratio of Rotation Velocity v to velocity dispersion σ, i.e., v/σ, is 
generally between 0 and 1

From examples we have just given -- NGC7144, NGC7145, IC1459, NGC7619, 
NGC821, NGC1023 show more rotation along major axis

From examples we have just given -- NGC7507 shows more rotation along minor axis



One possibility = rotational flattening

Why do Ellipticals Have an 
Elliptical Morphology?

rotating objects tend to 
be elongated away from 

axis of rotation

this mechanism has an 
impact on the shape of 
the planets in the solar 

system, especially Jupiter 
and Saturn

Why do Ellipticals Have an 
Elliptical Morphology?

Second possibility = anisotropy in the velocity dispersion

consider the formation of elliptical galaxies from the 
merger of two smaller galaxies

Is the Flattening of  Elliptical Galaxies 
Due to Rotation?

20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-9

general results

• Ellipticals have dispersions around 100-300 km/s
(with exceptions)

• Ellipticals rotate gently, with v/sigma from 0 to 1,
1.5

• Most of the rotation on the major axis, but also
rotation along the minor axis

• Most of the stellar motions are random, and NOT
systematic
• Elliptical Galaxies are supported by random mo-

tions, not rotation

Why are elliptical galaxies flattened ?

Is it just because of rotation ?
Assume that the galaxies are axisymmetric and rotate
around the z-axis.

We can extend virial theorem to 3D virial theorem
(BTold 4-78/BTnew 4.8.3)

1/2
d2Ij,k

dt2
= 2Tjk + Πjk + Wjk

where

Tjk = 1/2

∫

ρ vj vk d3x

Πjk = 1/2

∫

ρσ2
jkd3x

vj =

∫

vjf(x, v)d3v/ρ
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σjk =

∫

(vj − vj )(vk − vk )f(x, v)d3v/ρ

and W is the potential energy tensor

Wjk = −

∫

ρ(x)xj
δΨ

δxk
d3x

For a stationary system, Ijk is zero, and the tensors on
the right hand side are zero when added.
We have assumed that the rotation is along the z-axis,
and symmetrical. Hence

Wxx = Wyy; Wij = 0 fori ̸= j

and similar for Π and T . Hence we are left with the
equations

2Txx + Πxx + Wxx = 0; 2Tzz + Πzz + Wzz = 0

Dividing the first by the second equation:

2Txx + Πxx

2Tzz + Πzz
=

Wxx

Wzz

Notice that the Txx and Tzz are due to streaming mo-
tions (they are an integral over the average velocities
vx , vy vz ). We are assuming that the galaxy is ax-
isummetric around the z-axis. Streaming motion in the
direction of the z-axis is not allowed, hence Tzz = 0,
and

2Txx = 1/2

∫

ρ vφ
2d3x = 1/2Mv2

0

Make use of 3D virial theorem:
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(vj − vj )(vk − vk )f(x, v)d3v/ρ

and W is the potential energy tensor

Wjk = −

∫

ρ(x)xj
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d3x

For a stationary system, Ijk is zero, and the tensors on
the right hand side are zero when added.
We have assumed that the rotation is along the z-axis,
and symmetrical. Hence

Wxx = Wyy; Wij = 0 fori ̸= j

and similar for Π and T . Hence we are left with the
equations

2Txx + Πxx + Wxx = 0; 2Tzz + Πzz + Wzz = 0

Dividing the first by the second equation:

2Txx + Πxx

2Tzz + Πzz
=

Wxx

Wzz

Notice that the Txx and Tzz are due to streaming mo-
tions (they are an integral over the average velocities
vx , vy vz ). We are assuming that the galaxy is ax-
isummetric around the z-axis. Streaming motion in the
direction of the z-axis is not allowed, hence Tzz = 0,
and

2Txx = 1/2

∫

ρ vφ
2d3x = 1/2Mv2

0

where
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0

(potential energy 
tensor)

moment of 
inertia tensor

NOTE:
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0

This expression is very similar to the expression for the virial theorem:

moment of 
inertia tensor

d2I/dt2 = 2K + W

2Kjk = 2Tjk + Πjk

if we make the following association

where Kjk is defined to equal



Why are Elliptical Galaxies Flattened?

For a stationary system, the second time derivative of the moment of 
inertia tensor is 0.

Also, let assume that any rotation in the elliptical galaxy is along the z axis 
and that the galaxy is axisymmetric (i.e., assume elliptical galaxy is

oblate)

By definition then, Wxx = Wyy, and Wij = 0 for i ≠ j
Also,  Πxx = Πyy, and Πij = 0 for i ≠ j

Also, Txx = Tyy, and Tij = 0 for i ≠ j

This results in the two equations

Tzz = 0,   by definition
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general results

• Ellipticals have dispersions around 100-300 km/s
(with exceptions)

• Ellipticals rotate gently, with v/sigma from 0 to 1,
1.5

• Most of the rotation on the major axis, but also
rotation along the minor axis

• Most of the stellar motions are random, and NOT
systematic
• Elliptical Galaxies are supported by random mo-

tions, not rotation

Why are elliptical galaxies flattened ?

Is it just because of rotation ?
Assume that the galaxies are axisymmetric and rotate
around the z-axis.

We can extend virial theorem to 3D virial theorem
(BTold 4-78/BTnew 4.8.3)

1/2
d2Ij,k

dt2
= 2Tjk + Πjk + Wjk

where

Tjk = 1/2

∫

ρ vj vk d3x

Πjk = 1/2

∫

ρσ2
jkd3x

vj =

∫

vjf(x, v)d3v/ρ
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σjk =

∫

(vj − vj )(vk − vk )f(x, v)d3v/ρ

and W is the potential energy tensor

Wjk = −

∫

ρ(x)xj
δΨ

δxk
d3x

For a stationary system, Ijk is zero, and the tensors on
the right hand side are zero when added.
We have assumed that the rotation is along the z-axis,
and symmetrical. Hence

Wxx = Wyy; Wij = 0 fori ̸= j

and similar for Π and T . Hence we are left with the
equations

2Txx + Πxx + Wxx = 0; 2Tzz + Πzz + Wzz = 0

Dividing the first by the second equation:

2Txx + Πxx

2Tzz + Πzz
=

Wxx

Wzz

Notice that the Txx and Tzz are due to streaming mo-
tions (they are an integral over the average velocities
vx , vy vz ). We are assuming that the galaxy is ax-
isummetric around the z-axis. Streaming motion in the
direction of the z-axis is not allowed, hence Tzz = 0,
and

2Txx = 1/2

∫

ρ vφ
2d3x = 1/2Mv2

0

Oblate vs. Prolate vs. Triaxial

triaxial 
spheroid

oblate

Why are Elliptical Galaxies Flattened?

Expressing the Txx and Πxx in terms of some rotational velocity 
and velocity dispersion
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∫

(vj − vj )(vk − vk )f(x, v)d3v/ρ

and W is the potential energy tensor

Wjk = −

∫

ρ(x)xj
δΨ
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For a stationary system, Ijk is zero, and the tensors on
the right hand side are zero when added.
We have assumed that the rotation is along the z-axis,
and symmetrical. Hence

Wxx = Wyy; Wij = 0 fori ̸= j

and similar for Π and T . Hence we are left with the
equations

2Txx + Πxx + Wxx = 0; 2Tzz + Πzz + Wzz = 0

Dividing the first by the second equation:

2Txx + Πxx

2Tzz + Πzz
=

Wxx

Wzz

Notice that the Txx and Tzz are due to streaming mo-
tions (they are an integral over the average velocities
vx , vy vz ). We are assuming that the galaxy is ax-
isummetric around the z-axis. Streaming motion in the
direction of the z-axis is not allowed, hence Tzz = 0,
and

2Txx = 1/2

∫

ρ vφ
2d3x = 1/2Mv2

0
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where M is the mass of the system and v2
0 is the mass-

weighted mean square rotation speed. In the same way

Πxx = Mσ2
0 ,

where σ2
0 is the mass weighted mean square velocity

along the line of sight to the galaxy. We parametrize
the dispersion in the z direction by δ

Πzz = (1 − δ)Πxx = (1 − δ)Mσ2
0 .

δ < 1 measures the anisotropy of the velocity-dispersion
tensor. At δ = 0, the velocity dispersion in the z and
x direction is the same, and the system is “isotropic”.
For other δ, the system is “anisotropic”. We can write

v2
0

σ2
0

= 2(1 − δ)
Wxx

Wzz
− 2

As it turns out, for galaxies with isodensity surfaces
which are similar ellipsoids, the term Wxx

Wzz
depends

only on the ellipticity of the ellipsoids. Hence v0
σ0

is a
function of ϵ and δ only. If the model is isotropic, v/σ
should depend in a very simple way on the observed
ellipticity. The deviation of the observations from this
relation tells us how anisotropic the galaxies are.
In practice, we also have to take into account projec-
tion effects: the observer measures not the intrinsic
motions, but only the motions along the line-of-sight.
The figure below shows the model predictions.

20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-12

The observations indicate that many galaxies are not
isotropic - i.e., not flattened by rotation:

Bright elliptical galaxies rotate very slowly, and hence
must be anisotropic to generate their shapes. Fainter
ellipticals generally rotate faster - and are more or less
consistent with being isotropic.
The conclusion is that the bright elliptical galaxies

where δ is implicitly defined from the following relation:

δ indicates the anisotropy in the velocity-dispersion tensor

20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-11
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relation tells us how anisotropic the galaxies are.
In practice, we also have to take into account projec-
tion effects: the observer measures not the intrinsic
motions, but only the motions along the line-of-sight.
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The observations indicate that many galaxies are not
isotropic - i.e., not flattened by rotation:

Bright elliptical galaxies rotate very slowly, and hence
must be anisotropic to generate their shapes. Fainter
ellipticals generally rotate faster - and are more or less
consistent with being isotropic.
The conclusion is that the bright elliptical galaxies
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The observations indicate that many galaxies are not
isotropic - i.e., not flattened by rotation:

Bright elliptical galaxies rotate very slowly, and hence
must be anisotropic to generate their shapes. Fainter
ellipticals generally rotate faster - and are more or less
consistent with being isotropic.
The conclusion is that the bright elliptical galaxies

the following can be shown:
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motions, but only the motions along the line-of-sight.
The figure below shows the model predictions.

20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-12

The observations indicate that many galaxies are not
isotropic - i.e., not flattened by rotation:

Bright elliptical galaxies rotate very slowly, and hence
must be anisotropic to generate their shapes. Fainter
ellipticals generally rotate faster - and are more or less
consistent with being isotropic.
The conclusion is that the bright elliptical galaxies

From the following relation
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The observations indicate that many galaxies are not
isotropic - i.e., not flattened by rotation:

Bright elliptical galaxies rotate very slowly, and hence
must be anisotropic to generate their shapes. Fainter
ellipticals generally rotate faster - and are more or less
consistent with being isotropic.
The conclusion is that the bright elliptical galaxies

we can predict how the ratio of the rotation velocity to velocity dispersion 
would depend on the ellipticity of the galaxy for an oblate isotropic rotator...

ellipticity (ε)

v / σ

curves for different δ’s
Wxx/Wzz ~ (1-ε)−0.9

It can be shown that

Does not depend on the density 
profile

Oblate isotropic 
rotator



ellipticity (ε)
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The observations indicate that many galaxies are not
isotropic - i.e., not flattened by rotation:

Bright elliptical galaxies rotate very slowly, and hence
must be anisotropic to generate their shapes. Fainter
ellipticals generally rotate faster - and are more or less
consistent with being isotropic.
The conclusion is that the bright elliptical galaxies

v / σ

curves for different δ’s

Oblate isotropic rotatorEffect of observing elliptical 
galaxy from other viewing 

angles

What if we view a galaxy from some angle other than edge on?
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The observations indicate that many galaxies are not
isotropic - i.e., not flattened by rotation:

Bright elliptical galaxies rotate very slowly, and hence
must be anisotropic to generate their shapes. Fainter
ellipticals generally rotate faster - and are more or less
consistent with being isotropic.
The conclusion is that the bright elliptical galaxies

Lower Luminosity Spheroids More Luminous Spheroids

How does the predicted relationship between v/σ and ellipticity (ε) compare to 
that found for elliptical galaxies observed in the real universe?
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It depends on the luminosity of the elliptical galaxy.

From the observed v/σ versus ellipticity (ε) relationship, it seems clear that 
there is a qualitative difference between the most luminous elliptical galaxies 

and lower luminosity elliptical galaxies:

This dichotomy is seen in many of the other properties of elliptical 
galaxies as well:

Luminosity

Physical 
Mechanism for 

Flattening

Isophotes

Shape

Profile

X-ray/radio

    High            Low

Anisotropy    Rotation

    Boxy           Disky

   Triaxial        Oblate

    Core/        Cuspy/
    Break      Power-Law

    Loud          Quiet

This suggests that higher luminosity and lower luminosity elliptical galaxies may 
form in different ways!

How the apparent rotational flattening of elliptical galaxies depend upon its 
isophotal structure (boxy vs. disky)

Kinematics of ellipticals (NGC 1399) Kinematics of Ellipticals:

•  Vrot/) correlates with luminosity
– Lower luminosity ellipticals have higher Vrot/) -- rotationally

supported

– Higher luminosity ellipticals have lower Vrot/) -- pressure supported

• Vrot/) correlates with boxy/diskiness
– Disky  ellipticals have higher Vrot/) -- rotationally supported

– Boxy ellipticals have lower Vrot/) -- pressure supported

• Rotation implies that ellipticals are not relaxed

systems
– Some have kinematically decoupled cores, or rotation along their

minor axis (implies triaxiality)

Vrot/) vs luminosity Vrot/) & minor axis rotation vs a4/a

disky

boxy

a4 parameter defining “boxiness”
or “diskiness”

(v / σ)*

relative to that
required for 

rotational support



Disky and boxy elliptical isophotes Shape of Ellipticals – disky/boxy

• Disky/boxy correlates with other galaxy

parameters:

– Boxy galaxies more likely to show isophotal twists

(and hence be triaxial)

– Boxy galaxies tend to be more luminous

– Boxy galaxies have strong radio and x-ray

emission

– Boxy galaxies are slow rotators

– In contrast – disky galaxies are midsized ellipticals,

oblate, faster rotators, less luminous x-ray gas

Radio power and x-ray luminosity vs a4/a Kinematics of Ellipticals:

• Measured via the integrated absorption

spectra

• ) is the velocity dispersion (random

motion) observed via width of absorption

line compared to template spectra

• Vr is the mean radial velocity

– Rotation is evident as a gradient in Vr

across the face of the system

How the radio power and x-ray luminosity of elliptical galaxies depend 
upon its isophotal structure (boxy vs. disky)

Part of the above trend may be due to the fact that boxy galaxies are more 
luminous overall -- and larger galaxies are also expected to brighter at x-

ray and radio wavelengths

We can also see this dichotomy between the properties luminous 
ellipticals and lower luminosity ellipticals 

in the radius vs. luminosity relation:

Elliptical galaxies: 

•! There are other correlations 

–! Brighter ellipticals are bigger 

–! Brighter ellipticals have lower average surface brightness 

–! Can put the above two together to form the Kormendy 

relation – larger galaxies have lower surface brightnesses -- 

µB,e = 3.02 log re + 19.74 

–! Brighter ellipticals have lower central surface brightness 

–! Brighter ellipticals have larger core radii -- the core radius is 

the radius where the SB drops to ! that of the central SB, 

I(r=0) 

Effective radius vs Absolute magnitude 

Average surface brightness vs Absolute magnitude Kormendy relation (1977) 

Optical Luminosity 
BrightFaint

Half-Light
Radius

How might these two classes of elliptical galaxies arise?

Case #1: “Wet” Mergers

Galaxy
(with gas)

Galaxy
(with gas)

Resulting in Disky Ellipticals?

(tends to occur more frequently for lower 
mass galaxies, when galaxy evolution less 

advanced)

Case #2: “Dry” Mergers

Galaxy
(without gas)

Galaxy
(without gas)

Resulting in Boxy Ellipticals?

(frequently occurs after many previous 
mergers, when mass is higher)(e.g., between two elliptical galaxies)

(e.g., between two spiral galaxies)

Due to the impact of dynamical friction, halos of galaxies efficiently merge 
with one another to build larger systems.

Barnes & Hernquist

REVIEW point from Bachelor course.   Dark matter halos 
grow in mass as a result of merging with smaller halos.   

Merging is very efficient in the universe, due to the fact that 
halos are extended.



Due to the impact of dynamical friction, halos of galaxies efficiently merge 
with one another to build larger systems.

Even galaxies on hyperbolic orbits, i.e., formally unbound, can merge!

What is dynamical friction?

It is drag force that collisionless gravitationally bound systems 
experience as they pass by each other.

REVIEW point from Bachelor course.   Dark matter halos 
grow in mass as a result of merging with smaller halos.   

Merging is very efficient in the universe, due to the fact that 
halos are extended.

What is dynamical friction?

Consider a system with high mass passing through a sea of particles 
with lower mass m.

The wake of lower mass particles is an overdensity and will impose 
a gravitational pull on high mass system, slowing it down.

The amplitude of the wake is proportional to GM, which means the gravitational force on 
high mass system is proportional to (GM)2

3-12-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c9-7

or

f = 5

Hence, a cooling gas cloud will settle into a disk when
it has contracted by about a factor of 5 or so.

Ellipticals and bulges can be made out of pre-existing
disks when galaxies merge, or during mergers

Homework assignment:
2) Our Milky Way galaxy has a mass which is typical
for galaxies. It likely has an isothermal dark matter
halo. Calculate the temperature of isothermal gas in
the halo of our galaxy if it has a density proportional to
r−2, where r is the radius from the center.
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Why do halos/ galaxies merge so easily ?

BT 7.1 abbreviated

• dynamical friction slows down two galaxies meeting
each other

• even galaxies with hyperbolic orbits can merge !

Dynamical friction

consider massive point mass M , moving in sea of small
point masses m
• the motion of the massive object will produce a

wake behind it
• the wake is an overdensity, and will exert a force

which slows down the moving massive object
• the wake is proportional to GM , hence the grav-

itational force on the object is proportional to
G2M2

the friction can be estimated effectively by considering
individual interactions between the massive object,
and the small point masses

The motion of the high mass system creates a wake of smaller mass 
particles behind it.

V0
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The motion of the pointmass and the massive object is
simply given by the solution for the two-body problem.

m is the mass of small pointmass.
M is the mass of big pointmass.
V0 is velocity difference at the start. V⃗0 = V⃗m − V⃗M
b is impact parameter.
The deviations in velocity are

|∆vM,⊥| =
2mbV 3

0

G(M + m)2

[

1 +
b2V 4

0

G2(M + m)2

]−1

|∆vM,||| =
2mV0

(M + m)

[

1 +
b2V 4

0

G2(M + m)2

]−1

the parallel deviation ∆vM,|| will always be in the same
direction, whereas the perpendicular component will
be in a random direction.

Hence, as a result, when the contributions from all par-
ticles are taken (by integration), the perpendicular
component can be ignored to first order, and the
parallel component will dominate.

This will slow down the moving mass M .
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Assume that phase-space density of stars is f(v⃗). M
encounters stars with velocities in volume dv⃗m at
impact parameters between b and b + db

rate = 2πb db × V0 × f(vm)dv⃗m

Integrate over impact parameters b, then the change in
v⃗M is

dv⃗M

dt
= V⃗0f(v⃗m)dv⃗m

∫ bmax

0

2mV0

M + m
×

[

1 +
b2V 4

0

G2(M + m)2

]−1

2πbdb

where bmax is the largest impact parameter that needs
to be considered.
Now calculate the integral, using V⃗0 = v⃗m − v⃗M . We
get:

dv⃗M

dt
= 2π ln(1+Λ2)G2m(M+m)f(v⃗m)dv⃗m

(v⃗m − v⃗M )

|v⃗m − v⃗M |3

where

Λ ≡
bmaxV 2

0

G(M + m)

Usually Λ very large. Globular cluster in Milky Way:
M = 106 , V0 ≈ 100 km/s. Λ = 4.6 103, ln(1 +
Λ2) ≈ 17. In the following we use ln(1 + Λ2) ≈ 2 ln Λ.
We ignore the variations of Λ with the velocities vm of
the background stars. We assume that the galaxy is
isotropic.

By explicitly considering a Keplerian orbit and conserving angular momentum, one can 
show that the perturbations to the velocity of the high mass particle are as follows:

The impact of dynamical friction can be quantified by considering a similar 
two body “collision” as we considered earlier:
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The motion of the pointmass and the massive object is
simply given by the solution for the two-body problem.

m is the mass of small pointmass.
M is the mass of big pointmass.
V0 is velocity difference at the start. V⃗0 = V⃗m − V⃗M
b is impact parameter.
The deviations in velocity are

|∆vM,⊥| =
2mbV 3

0

G(M + m)2

[

1 +
b2V 4

0

G2(M + m)2

]−1

|∆vM,||| =
2mV0

(M + m)

[

1 +
b2V 4

0

G2(M + m)2

]−1

the parallel deviation ∆vM,|| will always be in the same
direction, whereas the perpendicular component will
be in a random direction.

Hence, as a result, when the contributions from all par-
ticles are taken (by integration), the perpendicular
component can be ignored to first order, and the
parallel component will dominate.

This will slow down the moving mass M .
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Assume that phase-space density of stars is f(v⃗). M
encounters stars with velocities in volume dv⃗m at
impact parameters between b and b + db

rate = 2πb db × V0 × f(vm)dv⃗m

Integrate over impact parameters b, then the change in
v⃗M is

dv⃗M

dt
= V⃗0f(v⃗m)dv⃗m

∫ bmax

0

2mV0

M + m
×

[

1 +
b2V 4

0

G2(M + m)2

]−1

2πbdb

where bmax is the largest impact parameter that needs
to be considered.
Now calculate the integral, using V⃗0 = v⃗m − v⃗M . We
get:

dv⃗M

dt
= 2π ln(1+Λ2)G2m(M+m)f(v⃗m)dv⃗m

(v⃗m − v⃗M )

|v⃗m − v⃗M |3

where

Λ ≡
bmaxV 2

0

G(M + m)

Usually Λ very large. Globular cluster in Milky Way:
M = 106 , V0 ≈ 100 km/s. Λ = 4.6 103, ln(1 +
Λ2) ≈ 17. In the following we use ln(1 + Λ2) ≈ 2 ln Λ.
We ignore the variations of Λ with the velocities vm of
the background stars. We assume that the galaxy is
isotropic.

high mass 
particle

low mass 
particle

V0

(M)

(m)

On average, perturbations in the perpendicular direction will cancel.  However, 
perturbations in the horizontal direction will add.

As before, we can integrate over all impact parameters b and considering the 
phase-space density of small mass particles f(v) that the high mass system M is 

encountering.
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Assume that phase-space density of stars is f(v⃗). M
encounters stars with velocities in volume dv⃗m at
impact parameters between b and b + db

rate = 2πb db × V0 × f(vm)dv⃗m

Integrate over impact parameters b, then the change in
v⃗M is

dv⃗M

dt
= V⃗0f(v⃗m)dv⃗m

∫ bmax

0

2mV0

M + m
×

[

1 +
b2V 4

0

G2(M + m)2

]−1

2πbdb
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|v⃗m − v⃗M |3

where
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Usually Λ very large. Globular cluster in Milky Way:
M = 106 , V0 ≈ 100 km/s. Λ = 4.6 103, ln(1 +
Λ2) ≈ 17. In the following we use ln(1 + Λ2) ≈ 2 ln Λ.
We ignore the variations of Λ with the velocities vm of
the background stars. We assume that the galaxy is
isotropic.

Note that the impact of dynamical friction becomes more important as the mass of 
the systems increase

Also note that dynamical friction depends on the density of particles in the systems 
under collision, not the mass of the individual particles.
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The resulting integral is valid for encounters with stars
in volume element dv⃗m. We have to integrate over all
v⃗m to get the total force on M . Notice that the force
depends on v⃗m only through the terms. Hence we have
to integrate

∫

f(v⃗m)
(v⃗m − v⃗M )

|v⃗m − v⃗M |3
dv⃗m

The equation simplifies if the distribution function is
isotropic. Notice that the equation is equivalent to
the equation for the gravitational force at a location
r = vM for a density denstribution ρ = f . New-
tons theorem states that this is equivalent to the force
caused by a pointmass M with mass equivalent to the
mass inside r.
Hence

∫

f(v⃗m)
(v⃗m − v⃗M )

|v⃗m − v⃗M |3
dv⃗m =

∫ vM

0
f(vm)4πv2

mdvm

v3
M

v⃗M

Use ln(1 + Λ2) ≈ 2 ln Λ to obtain

dv⃗M

dt
= −16π2 ln(Λ)G2m(M+m)

∫ vM

0
f(vm)v2

mdvm

v3
M

v⃗M

Only stars moving slower than vM contribute to the
force. The drag always opposes the motion.
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This is the CHANDRASEKHAR DYNAMICAL FRIC-
TION FORMULA (BT 7.1)

for very large vM , one derives approximately

dvM

dt
= −

4π ln(Λ)G2(M + m)ρm

v2
M

Two interesting points:
• the drag depends on ρm, but not m itself
• the larger M , the stonger the deceleration

big objects fall in faster than small objects

Dynamical friction for object with mass M in
isothermal halo

For mass M in orbit in isothermal halo one derives
the following. The density in the halo is given by ρ
= σ2/(2πGr2) = v2

c/(4πGr2).
Fill this in the equation above to derive:

dvM

dt
= −0.428 lnΛ

GM

r2

Application to Magellanic Clouds (BT 7.1
1(b)

The LMC and SMC have distances of 50 and 63 kpc,
and masses of 2e10 and 2e9 solar masses.

If our galaxy has a massive halo extending to the clouds,
then the friction time can be estimated in the following
way:

For relative velocities between the systems vM,  we can show that

where ρm is the mass density in the cloud of particles against which the high 
mass system is colliding.



Due to the impact of dynamical friction, halos of galaxies efficiently merge 
with one another to build larger systems.

What happens with the baryonic matter inside halos as their host halos 
merge?   It depends.   

For sufficiently low mass halos of similar masses, mergers between the 
baryonic matter at their centers can occur quite quickly.

However, for very high mass halos (galaxy clusters) or halos where one galaxy 
is substantially lower mass than the other (e.g., a dwarf galaxy merging with 

the Milky Way halo), the eventual merger of two systems can take a very long 
time.

Why do Elliptical Galaxies 
Look So Similar?

Why do Elliptical Galaxies All Look So Much Alike?

i.e., why do their surface brightness profiles approximately satisfy
a de-Vaucouleur law?

As we have seen from the first few lectures, there is a huge 
freedom in constructing collisionless systems that are in 

equilibrium.

So, these profiles must arise in some other way!

Violent Relaxation

One way to set up the equilibrium phase-space structure in 
elliptical galaxies is through violent relaxation! 

Under normal conditions, for equilibrium systems, we would 
expect minimal changes in phase space structure of galaxies

However, what would happen if there was a collision between two 
galaxies?

In this case, individual stars would experience a rapidly 
changing gravitational potential. 



How would the time-varying gravitational potential affect 
individual particles?Violent Relaxation II

Particle gaines energy

Particle looses energy

No Relaxation

time

Individual particles can gain or lose energy (due to the changing 
potential)

Credit: van den Bosch

As a result, while the total energy of the colliding galaxies 
does not change, there is a considerable energy exchange 

between individual stars in the colliding galaxies.

The redistribution of energy between particles rapidly moves 
the phase space distribution to being more Maxwellian in form 

(and its density profile more like an isothermal sphere)

The time scale for violent relaxation is equal to

Violent Relaxation III
A few remarks regarding Violent Relaxation:

• During the collapse of a collisionless system the CBE is still valid, i.e., the
fine-grained DF does not evolve (df/dt = 0). However, unlike for a
‘steady-state’ system, ∂f/∂t ̸= 0.

• A time-varying potential does not guarantee violent relaxation. One can
construct oscillating models that exhibit no tendency to relax: although the
energies of the individual particles change as function of time, the relative
distribution of energies is invariant (cf. Sridhar 1989).

Although fairly artificial, this demonstrates that violent relaxation requires
both a time-varying potential and mixing to occur simultaneous.

• The time-scale for violent relaxation is

tvr =
〈

(dE/dt)2

E2

〉−1/2
=

〈
(∂Φ/∂t)2

E2

〉−1/2
= 3

4
⟨Φ̇2/Φ2⟩−1/2

where the last step follows from the time-dependent virial theorem (see
Lynden-Bell 1967).

Note that tvr is thus of the order of the time-scale on which the potential
changes by its own amount, which is basically the collapse time. ◃ the
relaxation mechanism is very fast. Hence the name ‘violent relaxation’

where the last equation comes from the time-dependent virial 
theorem (Lynden-Bell 1967)

As such, the time scale for violent relaxation is basically the 
time scale for the merger itself -- which is a few dynamical 

times.  It is fast!

The redistribution of energy between particles proceeds in 
such a way as to be independent of the mass of stars in 

galaxies (since it only occurs due to time variations in the 
potential). 

It therefore very different from what happens during 
collisional relaxation where there is a dependence on the 

mass of the colliding stars (e.g., as in globular clusters where 
the most massive stars tend to collect in the center).

Let us consider one concrete example of a 
system undergoing violent relaxation

One such system is a cloud of particles that 
start out locally at rest.

How does this system evolve with time?

Gravity will cause this cloud of particles to 
collapse onto the center of the cloud...

This problem was initially considered by van 
Albada while working in Groningen (1982)



Outline

Range of timescales

Two-body relaxation time

Violent relaxation

Dynamical friction

Piet van der Kruit, Kapteyn Astronomical Institute Galactic dynamics: Timescales

How does such a system evolve with time?

van Albada (1982)

Here is a short movie illustrating such a 
collapsing cloud:

Note that the flow is initially very uniform and ordered!   
After collapse, individual stars have a wide range of 

velocities and energies!

How does this re-distribution of energy look for this collapsing cloud?
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Furthermore, such distributions are also naturally triax-
ial.

Interestingly, mergers also produce profiles which are
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rather similar. This is maybe not too surprising (the
profiles are already a bit similar at the start) - and ap-
parently there is enough violent relaxation during the
merger to smooth things out. Here are the profiles
as derived by Hopkins et al (2008) from a large set of
merger simulations

Intrinsic correlations

We have seen that ellipticals can be scaled up and
down as far as the equilibrium laws are concerned. In

Initial Distribution

At intermediate 
time

At late 
time

(energy)

# of 
stars

Remarkably, it was found that the final density profile of the 
equilibrium system that formed from the collapsing cloud 

followed a R1/4 law.

density
initial

after collapse

R1/4 relation

What is the final density profile for this collapsing cloud?



Such density distributions that result from such a collapse 
are also naturally triaxial in form.
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rather similar. This is maybe not too surprising (the
profiles are already a bit similar at the start) - and ap-
parently there is enough violent relaxation during the
merger to smooth things out. Here are the profiles
as derived by Hopkins et al (2008) from a large set of
merger simulations

Intrinsic correlations

We have seen that ellipticals can be scaled up and
down as far as the equilibrium laws are concerned. In

Here are projections of the density distribution of stars in 
the xy, xz, and yz planes.

Additional smoothing out of the phase space distribution is 
provided by the process of phase mixing:Phase Mixing I

Consider circular motion in a disk with Vc(R) = V0 = constant. The
frequency of a circular orbit at radius R is then

ω = 1
T

= V0

2πR

Thus, points in the disk that are initially close will separate according to

∆φ(t) = ∆
(

V0

R
t
)

= 2π∆ωt

We thus see that the timescale on which the points are mixed over their
accessible volume in phase-space is of the order of

tmix ≃ 1
∆ω

where due to differences in the oscillation frequencies for 
different stars in a collisionless system, stars spread out to 

more completely fill phase space.
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profiles are already a bit similar at the start) - and ap-
parently there is enough violent relaxation during the
merger to smooth things out. Here are the profiles
as derived by Hopkins et al (2008) from a large set of
merger simulations
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down as far as the equilibrium laws are concerned. In

What about the merger between two galaxies?

Amazingly, one finds very similar density profiles to what 
one finds for the collapsing clouds.   Here are some results 

from Hopkins et al. (2008):

These merging galaxies also largely follow R1/4 density profiles.

surface 
brightness
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one finds for the collapsing clouds.   Here are some results 
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Intrinsic Correlations between Galaxy Properties

20-3-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-7

reality, they span a relatively narrow range in proper-
ties. The figure below shows the distribution.

The figure on the top right shows the relation between
absolute magnitude and velocity dispersion. This is
the Faber Jackson relation, the equivalent of the Tully-
Fisher relation for spirals.
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The other figures show the additional relations between
size (Re), surface brightness (< µe >), and velocity
dispersion (σ). If we combine these 3 properties op-
timally, we find a very tight relation (at the bottom
right).

R ∝ σ1.4µ−0.9
e

This relation is called the Fundamental Plane (there
is not too much fundamental about it). It is much
tighter than the Faber Jackson relation. What causes
such a relation ?

Origin of the Fundamental Plane

The fundamental plane can best be understood as a
relation between the mass-to-light ratio and the mass
of the galaxy. Use the fundamental plane to remove
the “light” term in the mass-to-light ratio:

M

L
∝

M

R2
eµe

∝

M

R−1.1
e σ1.5R2

e

∝

M

M0.75R0.15
e

∝

∝ M0.25R−0.15
e

Here we used M ∝ Reσ2 . We see that the mass-
to-light ratio is a function of mass (and a tiny bit of
effective radius). This is probably due to the stellar
populations in early-type galaxies: the metallicity, and
possibly the age of the galaxies are a function of its
mass. If so, one would automatically expect that the
mass-to-light ratio is a function of the mass.

Some people also think that more aspects play a role
than just the stellar populations. It could be, for ex-
ample, that the profiles of the galaxies vary systemat-
ically with mass - so that the simple equations which

Strong correlations are observed between the masses, sizes, 
and velocity dispersions of elliptical galaxies.

average surface 
brightness

half-light 
radius

i.e., radius 
containing 
half of the 

light

As we noted earlier, such correlations would not need to be present 
for a generic collisionless system and tell us something fundamental 

about the formation of galaxies themselves.
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effective radius). This is probably due to the stellar
populations in early-type galaxies: the metallicity, and
possibly the age of the galaxies are a function of its
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Strong correlations are observed between the masses, sizes, 
and velocity dispersions of elliptical galaxies.
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Notice how much tighter 
the relationship can become 

if one combines the 
quantities in the appropriate 

fashion!



Intrinsic Correlations between Galaxy Properties

These correlations are such that galaxies populate a fundamental plane in 
these parameters, so that if you know two of the following three 

variables for a galaxy, you can determine the third.
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tighter than the Faber Jackson relation. What causes
such a relation ?

Origin of the Fundamental Plane

The fundamental plane can best be understood as a
relation between the mass-to-light ratio and the mass
of the galaxy. Use the fundamental plane to remove
the “light” term in the mass-to-light ratio:

M

L
∝

M

R2
eµe

∝

M

R−1.1
e σ1.5R2

e

∝

M

M0.75R0.15
e

∝

∝ M0.25R−0.15
e

Here we used M ∝ Reσ2 . We see that the mass-
to-light ratio is a function of mass (and a tiny bit of
effective radius). This is probably due to the stellar
populations in early-type galaxies: the metallicity, and
possibly the age of the galaxies are a function of its
mass. If so, one would automatically expect that the
mass-to-light ratio is a function of the mass.

Some people also think that more aspects play a role
than just the stellar populations. It could be, for ex-
ample, that the profiles of the galaxies vary systemat-
ically with mass - so that the simple equations which

where R is the size (radius), σ is the velocity dispersion, and μ is the 
galaxy surface brightness.

The properties of galaxies occupy a two dimensional plane 
in the three dimensional parameter space.

Fundamental Plane (3-D) 

Here is an illustration of such a two-
dimensional  surface embedded in a 

three-dimensional space.

How shall we interpret this fundamental plane relation?

Let us interpret in terms of the mass to light ratio of 
galaxies:

M

L
=

M

µeRe2

µe ~ σ1.5 Re−1.1

=
M

σ1.5 Re−1.1 Re2

M ~ σ2 Re

M0.75 ~ σ1.5 Re0.75

=
M

M0.75 Re−0.75Re−1.1 Re2
= M0.25Re−0.15

From virial relation:

The fundamental plane relation implies that the mass-to-light ratio 
scales as M0.25 Re−0.15.        

It is unclear what causes this mass dependence.   It could be due to 
the stellar populations (i.e., that the baryonic component in massive 

galaxies have higher mass-to-light ratios) or due to dark matter 
playing a larger dynamical role in more massive galaxies

What about Baryonic Gas in Ellipticals?   Do they have any?

Yes -- lots of hot ionized gas!

Luminosity of the hot 
ionized gas scales 

approximately as the 
optical luminosity 

squared!

Hot ionized gas appears to 
originate partially from mass 

loss from AGB stars.

Heating is from SNe and 
movement of stars through 

gas

Total gas mass ranges 
from 109 to 1011 

solar masses

Hot Gas in Ellipticals 

  LX goes as LB
1.6-2.3 

(empirical relation) 
  ρ goes as r-3/2 

  Mgas~ 109–1011M 

  Origin of hot gas 
  Reservoir 
  External 
  Internal: 

  Mass return from AGB stars 
~1.5 x 1011Myr-1L

-1 

  Heated by Sne (what kind?), 
thermal motion of stars at 
200-300 km s-1 

Radial distribution 
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What about Baryonic Gas in Ellipticals?   Do they have any?

Occasionally there is cool gas

However, most of the time it is outside the center of a gas.

It is expected to be rare, since elliptical galaxies do not
undergo much star formation.


