
Collisionless Stellar Dynamics 
+ Vlasov / Jeans Equation

February 23

Layout of the Course

Feb 2:  Course Introduction, Overview, and Galaxy Formation Basics
Feb 9:  Disk Galaxies (I)
Feb 12:  Disk Galaxies (II)
Feb 16:  Disk Galaxies (III) / Collisionless Stellar Dynamics
Feb 23:  Collisionless Stellar Dynamics + Vlasov/Jeans Equations
Feb 26:  Vlasov/Jeans Equations / Elliptical Galaxies (I)
Mar 9:  Elliptical Galaxies (II)
Mar 23:  Elliptical Galaxies (III)
Mar 30:  Dark Matter Halos
Apr 13:  Large Scale Structure
Apr 20: Galaxy Stellar Populations
Apr 23: Lessons from Large Galaxy Samples at z<0.2
May 4: Evolution of Galaxies with Redshift
May 11: Galaxy Evolution at z>1.5 / Review for Final Exam

Lectures 

Problem Set 1
(Distributed last week, due today before class)

This will be the graded problem

8

Problem Set 2
(To be distributed today, due on March 16)

Galaxies: Structure, Dynamics, and Evolution

Problem Set 1

Instructor: Dr. Bouwens

Here is problem set #1. The entire problem set will be due before class on

Monday, February 23 (email them to Wout and hand them before class).

Be sure to pay extra attention to problem 3, as your solution to that prob-

lem will be checked carefully and used in determining your homework grade.

1. Derive the potential from the density for a point-source mass M , uniform

density ⇢ sphere, and a singular isothermal sphere ⇢0/r
2
(where ⇢0 is the

density at radius 1 and r is the radius) using the following equation presented

in class:
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Show your work. As the potential for a singular isothermal sphere blows

up at radius 0, please derive an expression for the potential such that the

potential equals zero at r0.

2. The model given by ⇢ = 1/(1 + r
2
)
2.5

is a Plummer model. Derive the

potential of this model. What is the total mass?

3. Assume that the age of the universe is 13 Gyr and ⌦ = 1 and ⇠100% of

the mass-energy density of the universe is in the form of matter.

(a) Using the equation
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where r is the scale factor of the universe and ⇢ = ⇢0/r
3
, show that r in-

creases with time as t
2/3

. What does const equal for a universe where ⌦ = 1?

(b) What is the Hubble constant H0 = (ṙ/r)0 that would yield a universe

with an age of 13 Gyr?

(c) Calculate the age of the universe at redshifts z of 1, 5, and 10. Note

that for redshifts z of 1, 5, and 10, the scale factor r for the universe was

(1 + z) smaller than it is today (i.e., r = r0/(1 + z) where r0 is the scale

factor today).

(d) How long has the light travelled which was emitted at z = 1?

4. (a) Consider that there was some overdense region in the universe which

had a density ⇢ which was 2⇢crit (the critical density) which otherwise had

1

8

Layout of the Course

Feb 2:  Course Introduction, Overview, and Galaxy Formation Basics
Feb 9:  Disk Galaxies (I)
Feb 12:  Disk Galaxies (II)
Feb 16:  Disk Galaxies (III) / Collisionless Stellar Dynamics
Feb 23:  Collisionless Stellar Dynamics + Vlasov/Jeans Equations
Feb 26:  Vlasov/Jeans Equations / Elliptical Galaxies (I)
Mar 9:  Elliptical Galaxies (II)
Mar 23:  Elliptical Galaxies (III)
Mar 30:  Dark Matter Halos
Apr 13:  Large Scale Structure
Apr 20: Galaxy Stellar Populations
Apr 23: Lessons from Large Galaxy Samples at z<0.2
May 4: Evolution of Galaxies with Redshift
May 11: Galaxy Evolution at z>1.5 / Review for Final Exam

Lectures 
Note lecture this Thursday at 15:15

No lecture or 
practical classes the 

following week!!!



First, let’s review the important 
material from last week

Galaxy Formation:  Major Steps
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Relaxation

Stars in Spiral Galaxies are on Epicyclic orbits

Epicycle Approximation IV
An important question is: “When is the epicycle approximation valid?”

First consider the z-motion: The equation of motion, z̈ = −ν2z implies a
constant density in the z-direction. Hence, the epicycle approximation is
valid as long as ρ(z) is roughly constant. This is only approximately true
very close to equatorial plane. In general, however, epicycle approx. is poor
for motion in z-direction.

In the radial direction, we have to realize that the Taylor expansion is only
accurate sufficiently close to R = Rg . Hence, the epicycle approximation is
only valid for small librations around the guiding center; i.e., for orbits with
an angular momentum that is close to that of the corresponding circular
orbit.

Epicyclic Motion

The motion can be approximately described as the combination of 
orbital motion around a disk galaxy and an epicyclic motion in radius:

Orbital Frequency 
around Disk Galaxy =  

2π/Ω
Frequency of epicyclic 

motion = 2π/κ

3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-7 3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-8

The orbital frequency of a star Ω(R) 
can be written as follows 

Meanwhile, the frequency of epicyclic 
motion κ(R) can be written as follows:

3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-7 3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-8

The frequency of epicycle motion is very similar to the orbital frequency:

In general, Ω < κ < 2 Ω
Near the solar system, the epicycle frequency κ ~ 1.3 Ω

Resonances can occur to reinforce structure in spiral arms 
of galaxies, if the epicyclic frequency of a stellar orbit is 
similar to the frequency at which a star orbitting around 

the galaxy encounters a spiral arm.

nκ = m(Ωp - Ω)

# of Spiral Arms
Orbital 

Frequency of 
Spiral Arms

Epicyclic 
Frequency Orbital 

Frequency of 
Stars on Circular 

Orbits

some integer
frequency at which orbiting stars 

encounter spiral arms

The only integers n for this relation that are interesting are 0, +1, -1.



Let’s consider snapshots in time where the star completes 
an entire epicyclic orbit.  Typically a star must complete 
70% of a revolution around a galaxy before this happens.
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Density Wave Theory

This results in a number of well known resonances:

Ωp  = Ω − κ/m

In most cases, the only relevant case is that of two spiral arms, i.e., 
m = 2

Inner Lindblad resonance:

Outer Lindblad resonance:

Ωp  = Ω + κ/m

Corotational radius:
Ωp  = Ω

Ωp  = Ω − κ/2

Ωp  = Ω + κ/2

Ωp  = Ω

Most relevant cases:

At what rotational frequencies for the spiral arms are these resonances 
relevant?

Compute Ωp = Ω − κ/2, Ω, Ω + κ/2

3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-9 3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-10

Ωp

Radius

Orbital 
frequency for 
spiral arms at 
which these 
resonances 

become 
important

isochrone 
potential

One thing you should note 
is the extended range in 

radius where the rotational 
frequency for one of these 
resonances, i.e., Ω − κ/2 is 
approximately constant.

Density Wave Theory

The Toomre Q parameter indicates the 
relative size of terms in WKB dispersion 

relation

if Q large, this 
term large

if Q small, 
this term 

largeIf Q is small, gravitational collapse results in star formation and injects energy and Q 
increases

If Q is large, eventually gas cools and increases in surface density, resulting in a 
decrease of Q.

This self regulation drives the Q parameter towards ~1-2

Do disk galaxies tend to self regulate and what is impact on Q?

What are the typical physical radii where 
these resonances apply?

Lindblad Resonances III

Ωp
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Lindblad Resonances play important role for orbits in barred potentials.

Rotational 
frequency for 
spiral arms

Outer Lindblad 
Resonance

Corotation 
Radius

Inner Lindblad 
Resonances

(Can be more than one)

highly relevant m = 2 case 

(typically ~20 kpc in a 
spiral galaxy like our 

own)

(typically 
~3 kpc)

(typically 
~14 kpc)

(pattern 
speed for 

spiral arms 
Ωp 

~15 km/s / 
kpc)

Regime where 
spiral density 

waves propagate

What is necessary for instabilities to grow 
in disk galaxies?

3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-13

classic instability: Jeans mass

For a stellar system, we simply need to replace vs with

3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-14

σ to derive the Jeans mass. Hence, if the system is
sufficiently large, it will become unstable and fragment
into smaller pieces.
Similar, for a disk one can obtain stability criteria.
For a cold (fluid) disk, any perturbations with wave-
length larger than λcrit will be unstable

λcrit = 2π/kcrit = 4π2GΣ/κ2

(BT6.65 page 495)
However, random stellar motions will tend to stabilize
the disk (just like in the case of the Jeans equation).
Disks with stellar motions are unstable if

Q =
σRκ

3.36 G Σ
< 1

This is the Toomre criterion. It assumes that the disk
is very thin, and that the unstable modes have wave-
length substantially smaller than the size of the disk.
Again, if the dispersion σR is high enough, it will stabi-
lize the disk.
For our galaxy, κ = (37 ± 3)km/sec/kpc

old stars: σr = 38 ± 2km/sec

Σ∗ = 36 ± 5M⊙/pc−2

Hence Q∗ = 2.7 ± 0.4

Including interstellar gas: 13M⊙/pc2, 7 km/sec − >
Q=1.5

combined effect of gas and stars is worse − > nearly
unstable

Disks are unstable if Toomre Q 
parameter < 1

Q parameter > 1 and < 2: best spiral structure

Density Wave Theory



Next topic is elliptical galaxies...

Elliptical galaxies consist of large numbers of stars 
on diverse orbits.

While spiral galaxies are rotation supported, 
elliptical galaxies are supported by the random 

motions of stars they contain

Their behavior can largely be described using 
collisionless dynamics.

Galaxy Formation:  Major Steps
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Relaxation

New Material

First let’s look at velocity perturbation created by one 
star passing by another.

2-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c3b-1

Galactic Dynamics - Continued

3.6 Time scales (BT 4 to start 4.1)

dynamical timescale, particle interaction timescale

Is gravitational force dominated by short or long range
encounters? (N.B. in a gas, only short range forces are
relevant).

In a galaxy, the situation is different.
Consider force with which stars in cone attract star in
apex of cone.

Force ∼ 1/r2, with r the distance from apex. If ρ is
almost constant, then the mass in a shell with width dr
increases as r2dr.

Hence differential force is constant at each r, and we
have to integrate all the way out to obtain the total
force.

2-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c3b-2

Realistic densities decrease after some radius, so that
the force will be determined by the density distribu-
tion on a galactic scale (characterized by the half mass
radius).

3.7 Relaxation time

Short range encounters do not dominate →
Approximate force field with a smooth density ρ(x)
instead of point masses.

• Contrary of situation in gas: only consider long
range encounters (long range ∼ scale of the galaxy)

Assume all stars have mass m. Analyze perturbations
due to the fact that density is not smooth, but consists
of individual stars. Simplify, and look first at single
star-star encounter.

What is effect of a single encounter with point mass on
motion of star?
• Exact: BT §7.1: hyperbolic Keplerian encounter
• Estimate: straight line trajectory past stationary

perturber

BT4: pages 187-190

REVIEW Point from Bachelor Course:  The time scale for the relaxation 
time of individual stars to collisions will other stars is very high, i.e., 1016 

years, and thus can be ignored in modeling the dynamics of stars in a 
galaxy.   Consequently, it is possible to model the potential and phase 

space as smoothly varying.

Relevant variables:

m = mass of “stationary” star        b = impact parameter
v = velocity of moving star           v⊥ = velocity perturbation



We begin by showing that the velocity perturbation is 
the following:

Δv⊥ = 2Gm / bv

In this problem, we make the assumption that the 
impact parameter undergoes no meaningful change 

during the encounter.

However, this will not be true if the velocity kick is on 
order of the original velocity of the star.

bmin = Gm / v2

So, we can show that our derivation 
breaks down if Δv= Gm / v

Which is equivalent to

But, each star is perturbed by not just one star, but 
many stars along the line of sight.   Each perturbation 

is in a random direction.

While on average the perturbations cancel each other 
out, 

<v⊥> = 0

the many perturbations introduces a spread in the 
overall distribution through a random walk

<v⊥2> > 0

In calculating the dispersion in the velocity distribution 
caused by perturbations by other stars, we add velocity 

kicks in quadrature

Let’s first considering the effect from an interaction with 
some random star in a star and then let’s consider all N 

stars in a galaxy.

Fraction of Stars with impact parameter b = 2πbdb/πR2

During derivation, we make use of the virial theorem

Total mass v2 = GM/R = (GNm)/R

N = # of stars per galaxy

<v⊥2> / v2 = 8 (ln N) / N

Here is the result, i.e., dispersion in velocity kicks divided by typical 
velocity in system is just a function of the number of particles in a 

dynamical system....

(per crossing time)

Radius of 
galaxy

Number of times star must cross galaxies such that the 
dispersion in its velocity kick equals the typical velocity 

gives us the relaxation time.

trelax = tcross ncross,relax = tcross(N / (8 ln N))

ncross,relax <v⊥2> = v2

Example of Time Scales
System Mass Radius Velocity N tcross trelax

M⊙ kpc km s−1 yr yr
Galaxy 1010 10 100 1010 108 > 1015

DM Halo 1012 200 200 > 1050 109 > 1060

Cluster 1014 1000 1000 103 109 ∼ 1010

Globular 104 0.01 2 104 5 × 106 5 × 108

• Dark Matter Haloes and Galaxies are collisionless
• Collisions may or may not be important in clusters of galaxies
• Relaxation is expected to have occured in (some) globular clusters

NOTE: For a self-gravitating system, the typical velocities are v ≃
√

GM
R

For the crossing time this implies: tcross = R
v

=
√

R3

GM
=

√
3

4πGρ

Useful to remember: 1 km/ s ≃ 1 kpc/ Gyr
1 yr ≃ π × 107 s
1 M⊙ ≃ 2 × 1030 kg
1 pc ≃ 3.1 × 1013 km

Credit: van den Bosch



Before even thinking about how to solve it, how shall 
we even try to model it?

MOTIVATION:

Ignore the fact that stars are discrete sources and 
assume that we treat them as a fluid with each star 

individually having an infinitesimal mass.

We will use a 7-dimension distribution function to 
describe where they are in 6-dimensional phase 

space at some time t.

We have this very complicated situation: 
how can we  model the orbits of all the stars in a galaxy 

simultaneously

Seems difficult!
At any time t, one can describe the collective positions and velocities 

for stars in a dynamical system by a distribution function f(x,v,t) 

To describe the time evolution, we define a six dimensional vector 
w = (x,v)

The flow of stars in the six dimensional phase can be described 
as dw/dt = (v,-∇Φ)

The flow dw/dt conserves stars...

REVIEW point from Bachelor course:  The time evolution of the 
distribution function is defined by the distribution function at that time, 
spatial derivatives, and the gradients of the potential (Vlasov-Equation).   

This follows directly from a conservation equation on the stars.

At any time t, one can describe the collective positions and velocities 
for stars in a dynamical system by a distribution function f(x,v,t) 
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Collisionless Boltzmann Equation f(j}\ci ^Oy^ <
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Consider a system with a large nunber of stars
At any t define the distribution function f(x,v,t)dxdv
= # of stars in volume dx with velocities in range dv
(centered on x, v).

/(xjV^t) is called the distribution function or the phase
space density

a t a l l X j v : />0

We now have reduced QN functions Xi,Vi into one 7-
DIMENSIONAL FUNCTION.

If we derive the time evolution of /, we can completely
ignore individual particles !

(Notice that we can always rewrite f(x,v,t) as a sum
mation of S functions. We would then get back our
"original" particles. It shows that in some sense, one
7-dimentional function is "more complex" than 6N 1-
dimensional functions. But if we take smooth distri
bution functions, they are much simpler than the 6N
1-dimensional functions.)

In order to derive the time evolution, first define a new
coordinate w:

W = (x,v) = (W1,«72,...W6)

where w\ = x\, W2 = #2, ■•■ w* = vi, etc. Hence the
star has coordinate w in phase-space. The flow of the

W e L ^ r v ^ a ^ ^15-10-07 see ht tp: / /www.strw. le idenuniv.n l / " f ranx/col lege/ mf-sts-07-c5-2

star is given by

w = (2?, v) = (v, — V$)

The flow w conserves stars.

Hence we have the continuity equation:

__/at + £
a = l

d(fWg)
dwa

= 0

Why is this ? Integrate over any volume. The first
term gives the increase in number of stars in the vol
ume. The second term is equal to:

/ v-(/<iJ)= f{fi»)-d2sJ v J s
This is the surface integral over the flow out of the
volume. Hence the equation guarantees that stars are
conserved (the density can only increase if stars move
into the volume).

A special property of w is

dw (dvi . dvi+ dvi

Notice that by definition dvi/dxi = 0 because x* and
Vi are independent coordinates. The second term is
equal to

A d /d$ \
c c = l dvi \ dx.

= −
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Hence we have the continuity equation:

__/at + £
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= 0

Why is this ? Integrate over any volume. The first
term gives the increase in number of stars in the vol
ume. The second term is equal to:

/ v-(/<iJ)= f{fi»)-d2sJ v J s
This is the surface integral over the flow out of the
volume. Hence the equation guarantees that stars are
conserved (the density can only increase if stars move
into the volume).
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dw (dvi . dvi+ dvi

Notice that by definition dvi/dxi = 0 because x* and
Vi are independent coordinates. The second term is
equal to

A d /d$ \
c c = l dvi \ dx.

“stars moving in and out 
of volume through 

some surface”

“change in the total 
number of stars in 

volume”
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=   0

At any time t, one can describe the collective positions and velocities 
for stars in a dynamical system by a distribution function f(x,v,t) 
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This is also equal to zero because the potential does
not depend on vi.

Hence we can now write

∂f

∂t
+

6
∑

α=1

∂fẇα

wα
= 0

or
∂f

∂t
+

6
∑

α=1

[

∂f

∂wα
.ẇα + f

∂ẇα

∂wα

]

= 0

The last term on the right is zero, as we have seen
above. Hence

∂f

∂t
+

6
∑

α=1

ẇα
∂f

∂wα
= 0

Or we write this as

∂f

∂t
+

3
∑

i=1

vi
∂f

∂xi
−

∂Φ

∂xi

∂f

∂vi
= 0

or
∂f

∂t
+ v⃗.∇⃗f − ∇⃗Φ.

∂f

∂v⃗
= 0

These equations are the Collisionless Boltzmann Equa-
tion (CBE).
The CBE is sufficient to calculate the evolution of any
f with time.
A different description of the same equation: consider
the evolution of f if one moves along with a particle
(this is the Lagrangian derivative):

15-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c5-4

df

dt
=

∂f

∂t
+

6
∑

α=1

dwα

dt

∂f

∂wα
=

∂f

∂t
+

6
∑

α=1

ẇα
∂f

∂wα
= 0

Hence the CBE can be written as

df

dt
= 0

If you move along with the particles, their mass is con-
served. If you move along with the particles, the den-
sity is conserved. Hence the flow in phase-space is in-
compressible (the density remains conserved along a
flow-line).
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Integrals of motion can be a very useful concept for characterizing 
the orbits of stars in a galaxy.

They are useful in the case that they are isolating integrals of motion 
since the reduce the dimensionality of the phase space in which a 

star travels during its orbit.

There can be no more than 6 integrals of motion.   Typically there is 
at least one integral of motion (energy).

REVIEW Point from Bachelor Course:  Integrals of motion are functions 
of x and v which are constant along an orbit.  They are not explicit 
functions of time.  Examples: energy, angular momentum.   Most 3D 

densities allow for 3 integrals of motion, 2 of which are non-classical.

- Energy is always an integral of motion for a star in a static potential.

The energy per unit mass for a star remains constant 
throughout its orbit:  E(x,v) = (1/2) v2 + Φ(x) 

What are some examples of isolating integrals of motion?

- Lz: angular momentum in the z direction (for an axisymmetric 
potential)

- L: all three components of the angular momentum in spherically 
symmetric potential

Integrals of motion tend to arise from some symmetry in the system.

However, dynamical systems can also have other isolating integrals of 
motion outside of the classical ones (i.e., energy, angular momentum)

How can integrals of motion reduce the phase space explored by an 
orbit?

Consider a spherically symmetric potential:

12-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c4-5

4.2 Constants and Integrals of motion
(BT 3.1 p 110-113)

First, we define the 6 dimensional “phase space” coor-
dinates (x⃗, v⃗). They are conveniently used to describe
the motions of stars. Now we introduce:

• Constant of motion: a function C(x⃗, v⃗, t) which is
constant along any orbit:

C(x⃗(t1), v⃗(t1), t1) = C(x⃗(t2), v⃗(t2), t2)

C is a function of x⃗, v⃗, and time t.

• Integral of motion: a function I(x, v) which is
constant along any orbit:

I[x⃗(t1), v⃗(t1)] = I[x⃗(t2), v⃗(t2)]

I is not a function of time ! Thus: integrals of motion
are constants of motion,
but constants of motion are not always integrals of
motion!
E.g.: for a circular orbit ψ = Ω t + ψo, so that C =
t − ψ/Ω.
C is constant of motion, but not an integral as it de-
pends on t.

Constants of motion
6 for any arbitrary orbit:

Initial position (x⃗0, v⃗0) at time t = t0. Can always
be calculated back from x⃗, v⃗, t.

12-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c4-6

Integrals
Much harder to define. E.g.:

Energy (all static potentials): E(x⃗, v⃗) = 1

2
v2 + Φ

Lz (axisymmetric potentials)

L⃗ (spherical potentials)

• Integrals constrain geometry of orbits.
examples:

• 1. Spherical potentials:
E, Lx, Ly, Lz are integrals of motion, but also E, |L|

and the direction of L⃗ (given by the unit vector n⃗,
which is defined by two independent numbers). n⃗ de-
fines the plane in which x⃗ and v⃗ must lie. Define coor-
dinate system with z axis along n⃗

x⃗ = (x1, x2, 0)

v⃗ = (v1, v2, 0)

→ x⃗ and v⃗ constrained to 4D region of the 6D phase
space. In this 4 dimensional space, |L| and E are con-
served. This constrains the orbit to a 2 dimensional
space. Hence the velocity is uniquely defined for a
given x⃗

vr = ±
√

2(E − Φ) − L2/r2

vψ = ±L/r

12-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c4-3

Typical orbit in a spherical potential is a planar rosette

Angle ∆ψ between successive apocenter passages de-
pends on mass distribution:

π < ∆ψ < 2π

homogeneous sphere point mass

Special cases

rmin = rmax circular orbit
v2
⊥

r
=

dΦ

dr
=

GM(r)

r2

L = 0 ⇒ radial orbit 1

2
ṙ2 = E − Φ(R)

Homogeneous sphere

Φ(r) = 1

2
Ω2r2 + Constant

In radial coordinates

12-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c4-4

¨⃗r = −Ω2r⃗

or in cartesian coordinates x, y

ẍ = −Ω2x ÿ = −Ω2y

Hence solutions are

x = X cos(Ωt + cx) y = Y cos(Ωt + cy)

where X, Y, cx and cy are arbitracy constants. Hence,
even though energy and angular momentum restrict
orbit to a “rosetta”, these orbits are even more special:
they do not fill the area between the minimum and
maximum radius, but are always closed !
The same holds for Kepler potential. But beware, for
the homogeneous sphere the particle does two radial
excursions per cycle around the center, for the Kepler
potential, it does one radial excursion per angular cy-
cle.
We now wish to “classify” orbits and their density dis-
tribution in a systematic way. For that we use Integrals
of motion.

>=4 integrals of motion:
Energy

Lx

Ly

Lz

x3 = 0

v3 = 0

Energy

because of Lz

conservation

One alternate way of determining how restricted the orbital 
manifold of galaxies are is to construct poincare surfaces of section:

Surfaces of Section I
Consider a system with n = 2 degrees of freedom (e.g., planar motion), and
with a Hamiltonian

H(x⃗, p⃗) = 1
2
(p2

x + p2
y) + Φ(x, y)

Conservation of energy, E = H, restricts the motion to a three-dimensional
hyper-surfaceM3 in four-dimensional phase-space.

To investigate whether the orbits admit any additional (hidden) isolating
integrals of motion, Poincaré introduced the surface-of-section (SOS)

Consider the intersection of M3 with the surface y = 0. Integrate the orbit,
and everytime it crosses the surface y = 0 with ẏ > 0, record the position
in the (x, px)-plane. After many orbital periods. the accumulated points
begin to show some topology that allows one to discriminate between
regular, irregular and resonance orbits.

Given (x, px) and the condition y = 0, we can determine py from

py = +
√

2[E − Φ(x, 0)] − p2
x

where the+-sign is chosen because ẏ > 0.

To get insight, and relate orbits to their SOSs, see JAVA-Applet at:
http://burro.astr.cwru.edu/JavaLab/SOSweb/backgrnd.html

Surfaces of Section II
px

x

= periodic (resonance) orbit

= energy surface

= regular loop orbit
= regular box orbit

NOTE: Each resonance orbit creates a
             family of regular orbits.

Loop orbit: has fixed sense of rotation
                   about the center; never has x−0

Box orbit: no fixed sense of rotation 
                 about the center. Orbit comes
                 arbitrarily close to center.

= irregular (stochastic) orbit

This figure is only an illustration of the topology of various orbits in a SOS. It
does not correspond to an existing Hamiltonian.

Example surface of section

Credit: van den Bosch



We must set up a self-consistent system whereby each of the 
following steps imply the next:

(1) given density distribution ρ(r), calculate the potential Φ(r) the 
density distribution would imply

(2) given some potential Φ, determine the set of orbits that stars 
would undergo

(3) calculate the density distribution that would result from the 
collective orbits of all the stars in a system

Collisionless Dynamics in a Nutshell

ρ(x⃗) =
∫

f(x⃗, v⃗) d3v⃗

∇2Φ(x⃗) = 4πGρ(x⃗)
df
dt

= 0

The self-consistency problem of finding the orbits that reproduce ρ(x⃗) is
equivalent to finding the DF f(x⃗, v⃗) which yields ρ(x⃗).

Problem: For most systems we only have constraints on a 3D projection of
the 6D distribution function.

Recall: L(x, y, vz) =
∫ ∫ ∫

f(x⃗, v⃗, t) dz dvx dvy

The relevant equations are:

The Self-Consistency Problem
Given a density distribution ρ(x⃗), the Poisson equation yields the
gravitational potentialΦ(x⃗). In this potential I can integrate orbits using
Newton’s equations of motion. The self-consistency problem is the problem
of finding that combination of orbits that reproduces ρ(x⃗).

PotentialDensity

Orbits
?

Poisson Eq.

New
ton

’s 
2n

d l
aw

Think of self-consistency problem as follows: GivenΦ(x⃗), integrate all
possible orbits Oi(x⃗), and find the orbital weightswi such that
ρ(x⃗) =

∑
wiOi(x⃗). HereOi(x⃗) is the density contributed to x⃗ by orbit i.

Setting up equilibrium models for a collisionless system.  

It is not necessarily an easy thing to do

The Density Distribution derived in step #3 must be the same 
as assumed in step #1

What is the Schwarzschild method for constructing equilibrium 
models?

1.  Define density
2.  Derive gravitational potential
3.  Derive orbit families for this gravitational potential

Determine the densities that result from different orbits
4.  Combine the different orbital families in such a way 

to produce the defined density.

REVIEW Point from Bachelor Studies.  Another way of constructing equilibrium 
models is the Schwardschild method.  It involves making a library of orbits, 

calculate their spatial densities, and calculate the weight function which 
reproduces the density distribution for which the orbits were calculated.

The Self-Consistency Problem
Given a density distribution ρ(x⃗), the Poisson equation yields the
gravitational potentialΦ(x⃗). In this potential I can integrate orbits using
Newton’s equations of motion. The self-consistency problem is the problem
of finding that combination of orbits that reproduces ρ(x⃗).

PotentialDensity

Orbits
?

Poisson Eq.

New
ton

’s 
2n

d l
aw

Think of self-consistency problem as follows: GivenΦ(x⃗), integrate all
possible orbits Oi(x⃗), and find the orbital weightswi such that
ρ(x⃗) =

∑
wiOi(x⃗). HereOi(x⃗) is the density contributed to x⃗ by orbit i.

We can illustrate the Schwarzschild Method using the following diagram 
illustrating the basic problem we must solve in setting up an

a stable equilibrium system in stellar dynamics:

Step #1: 
Choose 
Density 
Profile

Step #2: 
Derive gravitational 
potential for Chosen 

Density Profile

It is clear that there are many equilibrium solutions 
to Collisionless Boltzmann Equations

Step #3: Consider a 
wide variety of 

starting positions/
velocities for particles 
and determine their 

orbits

Step #4: Find the right linear 
combination of different 

orbital paths to produce the 
original density profile

In considering different starting positions 
in phase space (spatial position and 
velocities), can get a wide variety of 

different orbits, e.g.,

12-10-07see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c4-17

A general 3-dimensional potential

Stäckel potential( ρ = 1/(1 + m2)2)

12-10-07see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c4-18

A Simple recipe to build galaxies
Schwarzschild’s method:
• Define density ρ
• Calculate potential, forces
• Integrate orbits, find orbital densities ρi

• Calculate weights wi > 0 such that

ρ =
∑

ρiwi

Examples: build a 2D galaxy in a logarithmic potential
Φ = ln(1 + x2 + y2/a).

• As we saw, box orbits void the outer x-axis
• As we saw, loop orbits void the inner x-axis

→ both box and loop orbits are needed.

Suppose we have constructed a model.
• What kind of rotation can we expect ?

box orbits: no net rotation
loop orbits: can rotate either way: positive, nega-
tive, or “neutral”.

Hence: a maximum rotation is defined if all loop
orbits rotate the same way. The rotation can vary
between zero, and this maximum rotation

BT 3.4: page 155
It is clear that one would need 
to include a contribution from 
particles on a wide variety of 
different orbits to construct a 

density profile with no 
significant holes!

Using the Schwarzschild 
method, these are 
analogous to basis 

functions
in linear algebra



REVIEW (from Bachelor course)

JEANS EQUATIONS

Jeans Equations build on the material just presented 
and provide us with another means to estimate the 

masses and mass profiles in galaxies...

The Jeans equations are derived by taking 
various velocity moments of the Collision 

Boltzmann Equation.

This is a useful approach because velocity 
moments of the stars are straightforward to 

derive from the observations.

REVIEW point from Bachelor course.  An important method 
for deriving the total mass of individual galaxy involves the 

Jeans equations and moments of the stellar velocity.
Integrate distribution function f(~x,~v) over

velocities. This gives three velocity

moments:

0. Spatial density of stars / 0th moment:

⌫(~x) =

Z
f(~x,~v) d3~v

1. Mean stellar velocity / first moment:

vi (~x) ⌘
1

⌫

Z
vif(~x,~v) d

3~v, i = 1,2,3

2. Second moments:

vivj (~x) ⌘
1

⌫

Z
vivjf(~x,~v) d

3~v, j = 1,2,3

Plus:

Velocity dispersion tensor:

�2ij ⌘ (vi � vi )(vj � vj ) = vivj � vi vj

2

First define several velocity moments of the distribution function:

0.  Spatial density of stars (0th moment):

1.  Mean velocity of stars (1st moment):

Integrate distribution function f(~x,~v) over

velocities. This gives three velocity

moments:

0. Spatial density of stars / 0th moment:

⌫(~x) =

Z
f(~x,~v) d3~v

1. Mean stellar velocity / first moment:

vi (~x) ⌘
1

⌫

Z
vif(~x,~v) d

3~v, i = 1,2,3

2. Second moments:

vivj (~x) ⌘
1

⌫

Z
vivjf(~x,~v) d

3~v, j = 1,2,3

Plus:

Velocity dispersion tensor:

�2ij ⌘ (vi � vi )(vj � vj ) = vivj � vi vj

2

2.  Second moment of stars (2nd moment):

Integrate distribution function f(~x,~v) over

velocities. This gives three velocity

moments:

0. Spatial density of stars / 0th moment:

⌫(~x) =

Z
f(~x,~v) d3~v

1. Mean stellar velocity / first moment:

vi (~x) ⌘
1

⌫

Z
vif(~x,~v) d

3~v, i = 1,2,3

2. Second moments:

vivj (~x) ⌘
1

⌫

Z
vivjf(~x,~v) d

3~v, j = 1,2,3

Plus:

Velocity dispersion tensor:

�2ij ⌘ (vi � vi )(vj � vj ) = vivj � vi vj

2

Integrate distribution function f(~x,~v) over

velocities. This gives three velocity

moments:

0. Spatial density of stars / 0th moment:

⌫(~x) =

Z
f(~x,~v) d3~v

1. Mean stellar velocity / first moment:

vi (~x) ⌘
1
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Z
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3~v, i = 1,2,3

2. Second moments:
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Plus:
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Velocity Dispersion Tensor:
Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):

@⌫
@t +

P
3
i=1

@
@xi

⌫ vi = 0

Jeans equation 2 (the Force equation):

@(⌫ vj )
@t +

P
3
i=1

@
@xi

(⌫ vivj ) + ⌫ @�
@xj

= 0

Jeans equation 3 (a common rewrite of

Jeans-2):

⌫
@ vj
@t +

P
3
i=1

⌫ vi
@ vj
@xi

= �⌫ @�
@xj

� P
3
i=1

@
@xi

⌫�2ij

3

Jeans Equation 1 (Continuity equation):

Jeans Equation 3 (Rewrite of Equation 2)

Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):

@⌫
@t +

P
3
i=1

@
@xi

⌫ vi = 0

Jeans equation 2 (the Force equation):

@(⌫ vj )
@t +

P
3
i=1

@
@xi

(⌫ vivj ) + ⌫ @�
@xj

= 0

Jeans equation 3 (a common rewrite of

Jeans-2):

⌫
@ vj
@t +

P
3
i=1

⌫ vi
@ vj
@xi

= �⌫ @�
@xj

� P
3
i=1

@
@xi

⌫�2ij

3

Jeans Equation 2 (The Force Equation):

Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):

@⌫
@t +

P
3
i=1

@
@xi

⌫ vi = 0

Jeans equation 2 (the Force equation):

@(⌫ vj )
@t +

P
3
i=1

@
@xi

(⌫ vivj ) + ⌫ @�
@xj

= 0

Jeans equation 3 (a common rewrite of

Jeans-2):

⌫
@ vj
@t +

P
3
i=1

⌫ vi
@ vj
@xi

= �⌫ @�
@xj

� P
3
i=1

@
@xi

⌫�2ij
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Let us start out by deriving the first Jeans Equation from the collisionless 
Boltzmann Equation:

15-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c5-3

This is also equal to zero because the potential does
not depend on vi.

Hence we can now write

∂f

∂t
+

6
∑

α=1

∂fẇα

wα
= 0

or
∂f

∂t
+

6
∑

α=1

[

∂f

∂wα
.ẇα + f

∂ẇα

∂wα

]

= 0

The last term on the right is zero, as we have seen
above. Hence

∂f

∂t
+

6
∑

α=1

ẇα
∂f

∂wα
= 0

Or we write this as

∂f

∂t
+

3
∑

i=1

vi
∂f

∂xi
−

∂Φ

∂xi

∂f

∂vi
= 0

or
∂f

∂t
+ v⃗.∇⃗f − ∇⃗Φ.

∂f

∂v⃗
= 0

These equations are the Collisionless Boltzmann Equa-
tion (CBE).
The CBE is sufficient to calculate the evolution of any
f with time.
A different description of the same equation: consider
the evolution of f if one moves along with a particle
(this is the Lagrangian derivative):

15-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c5-4

df

dt
=

∂f

∂t
+

6
∑

α=1

dwα

dt

∂f

∂wα
=

∂f

∂t
+

6
∑

α=1

ẇα
∂f

∂wα
= 0

Hence the CBE can be written as

df

dt
= 0

If you move along with the particles, their mass is con-
served. If you move along with the particles, the den-
sity is conserved. Hence the flow in phase-space is in-
compressible (the density remains conserved along a
flow-line).

Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):

@⌫
@t +

P
3
i=1

@
@xi

⌫ vi = 0

Jeans equation 2 (the Force equation):

@(⌫ vj )
@t +

P
3
i=1

@
@xi

(⌫ vivj ) + ⌫ @�
@xj

= 0

Jeans equation 3 (a common rewrite of

Jeans-2):

⌫
@ vj
@t +

P
3
i=1

⌫ vi
@ vj
@xi

= �⌫ @�
@xj

� P
3
i=1

@
@xi

⌫�2ij

3

Derive

This is the continuity equation and is anologous to the following expression from 
fluid mechanics:

The second term can be simplified by

moving the derivative outside the integral:

@⌫
@t +

P
3
i=1

@
@xi

⌫ vi = 0 Jeans� 1

or:

@⌫

@t
+r · (⌫ ~v ) = 0

This is a continuity equation for the mean

streaming motion ~v of the stars in

configuration space

Note the similarity with the the continuity

equations for fluid mechanics:

@⇢

@t
+ ~r · (⇢~v) = 0
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Let us start out by deriving the second Jeans Equation from the collisionless 
Boltzmann Equation:

15-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c5-3

This is also equal to zero because the potential does
not depend on vi.

Hence we can now write

∂f

∂t
+

6
∑

α=1

∂fẇα

wα
= 0

or
∂f

∂t
+

6
∑

α=1

[

∂f

∂wα
.ẇα + f

∂ẇα

∂wα

]

= 0

The last term on the right is zero, as we have seen
above. Hence

∂f

∂t
+

6
∑

α=1

ẇα
∂f

∂wα
= 0

Or we write this as

∂f

∂t
+

3
∑

i=1

vi
∂f

∂xi
−

∂Φ

∂xi

∂f

∂vi
= 0

or
∂f

∂t
+ v⃗.∇⃗f − ∇⃗Φ.

∂f

∂v⃗
= 0

These equations are the Collisionless Boltzmann Equa-
tion (CBE).
The CBE is sufficient to calculate the evolution of any
f with time.
A different description of the same equation: consider
the evolution of f if one moves along with a particle
(this is the Lagrangian derivative):

15-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c5-4

df

dt
=

∂f

∂t
+

6
∑

α=1

dwα

dt

∂f

∂wα
=

∂f

∂t
+

6
∑

α=1

ẇα
∂f

∂wα
= 0

Hence the CBE can be written as

df

dt
= 0

If you move along with the particles, their mass is con-
served. If you move along with the particles, the den-
sity is conserved. Hence the flow in phase-space is in-
compressible (the density remains conserved along a
flow-line).

Derive

Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):

@⌫
@t +

P
3
i=1

@
@xi

⌫ vi = 0

Jeans equation 2 (the Force equation):

@(⌫ vj )
@t +

P
3
i=1

@
@xi

(⌫ vivj ) + ⌫ @�
@xj

= 0

Jeans equation 3 (a common rewrite of

Jeans-2):

⌫
@ vj
@t +

P
3
i=1

⌫ vi
@ vj
@xi

= �⌫ @�
@xj

� P
3
i=1

@
@xi

⌫�2ij

3

Finally let us derive the third Jeans Equation from the first two Jeans Equations:

Derive

Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):

@⌫
@t +

P
3
i=1

@
@xi

⌫ vi = 0

Jeans equation 2 (the Force equation):

@(⌫ vj )
@t +

P
3
i=1

@
@xi

(⌫ vivj ) + ⌫ @�
@xj

= 0

Jeans equation 3 (a common rewrite of

Jeans-2):

⌫
@ vj
@t +

P
3
i=1

⌫ vi
@ vj
@xi

= �⌫ @�
@xj

� P
3
i=1

@
@xi

⌫�2ij

3

Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):

@⌫
@t +

P
3
i=1

@
@xi

⌫ vi = 0

Jeans equation 2 (the Force equation):

@(⌫ vj )
@t +

P
3
i=1

@
@xi

(⌫ vivj ) + ⌫ @�
@xj

= 0

Jeans equation 3 (a common rewrite of

Jeans-2):

⌫
@ vj
@t +

P
3
i=1

⌫ vi
@ vj
@xi

= �⌫ @�
@xj

� P
3
i=1

@
@xi

⌫�2ij

3

Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):

@⌫
@t +

P
3
i=1

@
@xi

⌫ vi = 0

Jeans equation 2 (the Force equation):

@(⌫ vj )
@t +

P
3
i=1

@
@xi

(⌫ vivj ) + ⌫ @�
@xj

= 0

Jeans equation 3 (a common rewrite of

Jeans-2):

⌫
@ vj
@t +

P
3
i=1

⌫ vi
@ vj
@xi

= �⌫ @�
@xj

� P
3
i=1

@
@xi

⌫�2ij

3

We obtain the more frequently used variant

of Jeans-2, Jeans equations 3:

⌫
@ vj
@t +

P
3
i=1

⌫ vi
@ vj
@xi

= �⌫ @�
@xj

� P
3
i=1

@
@xi

⌫�2ij

(Jeans� 3)

Hence we obtain the analogue of the Euler

equation:

⇢@~v

@t
+ ⇢(~v · ~r)~v = �⇢~r�� ~rp = 0

• Almost the same as Euler equations for

fluid, but instead of ~rp we have the

summation over the stress tensor @⌫�2ij@xi.
For a stationary model the left terms

disappear completely, and the velocity

dispersion tensor counter-acts gravity, just

like for a star made of gas. Note that the

pressure in a galaxy is anisotropic ! But

notice: no equation of state for our “gas”

in a galaxy, in contrast to stars !

• Generally 3 equations for 6 unknowns:

many solutions!

8

This is the “force” equation and is analogous to the Euler equation 
from fluid mechanics:

- These are the Jeans Equations.   There are three equations and six unknowns.  
Possible to find many solutions to these equations.

Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):

@⌫
@t +

P
3
i=1

@
@xi

⌫ vi = 0

Jeans equation 2 (the Force equation):

@(⌫ vj )
@t +

P
3
i=1

@
@xi

(⌫ vivj ) + ⌫ @�
@xj

= 0

Jeans equation 3 (a common rewrite of

Jeans-2):

⌫
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@t +

P
3
i=1

⌫ vi
@ vj
@xi

= �⌫ @�
@xj

� P
3
i=1

@
@xi

⌫�2ij

3

Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):
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Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):
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P
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@
@xi

⌫ vi = 0

Jeans equation 2 (the Force equation):

@(⌫ vj )
@t +
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@xj

= 0

Jeans equation 3 (a common rewrite of

Jeans-2):

⌫
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@t +
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@ vj
@xi
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@xj

� P
3
i=1

@
@xi

⌫�2ij
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- For a stationary problem (where the time derivatives are zero and net 
streaming motion is zero, i.e.,      = 0), the left terms disappear completely.

We then have the stellar velocity dispersion counteracting the force of 
gravity, in the same way that gas pressure counteracts the force of gravity 

in a star.    Note however that there is no equation of state.

Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):
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P
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⌫ vi = 0

Jeans equation 2 (the Force equation):

@(⌫ vj )
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3
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@xj
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Jeans equation 3 (a common rewrite of

Jeans-2):

⌫
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@t +

P
3
i=1

⌫ vi
@ vj
@xi

= �⌫ @�
@xj

� P
3
i=1

@
@xi

⌫�2ij

3

- Velocity dispersion tensor       is symmetric and so an orthogonal 
coordinate system can be found where it is diagonal, i.e.,       = 0 if i does 

not equal j.

Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):
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Jeans equation 2 (the Force equation):
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@
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Jeans equation 3 (a common rewrite of

Jeans-2):

⌫
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P
3
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@ vj
@xi
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3
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@xi

⌫�2ij
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Much like fluid dynamics, the three

moments and the velocity dispersion tensor

are constrained by 3 equations: the Jeans

equations. These three equations are:

Jeans equation 1 (the Continuity equation):
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3
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@
@xi

⌫ vi = 0

Jeans equation 2 (the Force equation):

@(⌫ vj )
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Jeans-2):
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Jeans Equations for Spherically Symmetric Models
Jeans equations for spherical models

BT 4.2d, page 203-209

Assume a coordinate system (r, ✓,�). We

assume the system is invariant under

rotations about the center. Hence we have

vr = v✓ = v� = 0

vrv✓ = vrv� = v✓v� = 0

v2✓ = v2�

so that velocity ellipsoid is everywhere

aligned with (r, ✓,�) coordinates.

Now the Jeans equation(-2/3) in the

stationary case reduces to:

d(⌫ v2r )

dr
+

⌫

r


2 v2r � 2 v2✓

�
= �⌫

d�

dr

Define the anisotropy function:

�(r) = 1� v2✓ / v2r .
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Adopt a spherical coordinate system (r, θ, φ).  Assume 
invariant under rotations about center and there are no 

streaming motions.  Hence,

Jeans equations for spherical models

BT 4.2d, page 203-209
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The second Jeans equation (in spherical coordinates) 
reduces to the following:

Jeans equations for spherical models

BT 4.2d, page 203-209
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Define anisotropy function



Clearly �  1. We obtain one non-trivial

Jeans equation:

1
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dr
⌫ v2r +2

�

r
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d�

dr

Given �(r), v2r and ⌫(r) we can derive the

potential and mass distribution. Full

knowledge of the full distribution function is

not necessary to interpret observable

parameters such as the velocity dispersion.

11

Clearly, β <= 1.   Manipulating the previous expression, 
we find

Jeans Equations for Spherically Symmetric Models Total Enclosed Mass and Rotation Curve
Total enclosed mass and rotation curve

For a circular orbit with velocity vc(r) we

have:
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Assuming a particle is on a circular orbit at radius r, there is a relationship 
between the circular velocity vc  and

Total enclosed mass and rotation curve
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Using this relation, the Jeans Equation can be written as 

Total enclosed mass and rotation curve

For a circular orbit with velocity vc(r) we
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From this expression, we see that if we can measure the density of 
stars ν, the velocity dispersion in the radial direction, and anisotropy 

function, we can determine the enclosed mass inside some radius

What other applications do the Jeans Equations have?

1.   Estimating the surface mass density of our own Milky Way Galaxy 
based on the velocities of stars perpendicular to the plane.

A few examples:

2.   Understanding quantitatively why stars in spiral galaxies have 
lower tangential velocities than gas (i.e., why their tangential velocities 

are less than the circular velocity)

3.   Understanding quantitatively the small epicyclical motion that 
stars rotating around a spiral galaxy experience.

Epicycle Approximation IV
An important question is: “When is the epicycle approximation valid?”

First consider the z-motion: The equation of motion, z̈ = −ν2z implies a
constant density in the z-direction. Hence, the epicycle approximation is
valid as long as ρ(z) is roughly constant. This is only approximately true
very close to equatorial plane. In general, however, epicycle approx. is poor
for motion in z-direction.

In the radial direction, we have to realize that the Taylor expansion is only
accurate sufficiently close to R = Rg . Hence, the epicycle approximation is
only valid for small librations around the guiding center; i.e., for orbits with
an angular momentum that is close to that of the corresponding circular
orbit.

Epicyclic Motion

What is the nature of elliptical 
galaxies?

While progenitors to elliptical galaxies experienced 
lots of star formation, elliptical galaxies themselves 

experience almost no star formation

End state of galaxy formation!

Dominated by the random motions 
of its component parts (stars, 

hot gas, dark matter)

Only way for an elliptical galaxy to transform into 
another type of galaxy (e.g., spiral) is if lots of cold gas 

cools onto it (but this may not happen!)


