
Formation of Disk Galaxies
(Part III) + Collisionless Stellar 

Dynamics

February 16



Layout of the Course

Feb 2:  Course Introduction, Overview, and Galaxy Formation Basics
Feb 9:  Disk Galaxies (I)
Feb 12:  Disk Galaxies (II)
Feb 16:  Disk Galaxies (III) / Collisionless Stellar Dynamics
Feb 23:  Collisionless Stellar Dynamics + Vlasov/Jeans Equations
Feb 26:  Vlasov/Jeans Equations / Elliptical Galaxies (I)
Mar 9:  Elliptical Galaxies (II)
Mar 23:  Elliptical Galaxies (III)
Mar 30:  Dark Matter Halos
Apr 13:  Large Scale Structure
Apr 20: Galaxy Stellar Populations
Apr 23: Lessons from Large Galaxy Samples at z<0.2
May 4: Evolution of Galaxies with Redshift
May 11: Galaxy Evolution at z>1.5 / Review for Final Exam

Lectures 



Problem Set 1
(Distributed last week, due on Feb 23)

Galaxies: Structure, Dynamics, and Evolution

Problem Set 1

Instructor: Dr. Bouwens

Here is problem set #1. The entire problem set will be due before class on

Monday, February 23 (email them to Wout and hand them before class).

Be sure to pay extra attention to problem 3, as your solution to that prob-

lem will be checked carefully and used in determining your homework grade.

1. Derive the potential from the density for a point-source mass M , uniform

density ⇢ sphere, and a singular isothermal sphere ⇢0/r
2
(where ⇢0 is the

density at radius 1 and r is the radius) using the following equation presented

in class:
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Show your work. As the potential for a singular isothermal sphere blows

up at radius 0, please derive an expression for the potential such that the

potential equals zero at r0.

2. The model given by ⇢ = 1/(1 + r
2
)
2.5

is a Plummer model. Derive the

potential of this model. What is the total mass?

3. Assume that the age of the universe is 13 Gyr and ⌦ = 1 and ⇠100% of

the mass-energy density of the universe is in the form of matter.

(a) Using the equation

✓
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3
⇡G⇢+ const/r

2
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where r is the scale factor of the universe and ⇢ = ⇢0/r
3
, show that r in-

creases with time as t
2/3

. What does const equal for a universe where ⌦ = 1?

(b) What is the Hubble constant H0 = (ṙ/r)0 that would yield a universe

with an age of 13 Gyr?

(c) Calculate the age of the universe at redshifts z of 1, 5, and 10. Note

that for redshifts z of 1, 5, and 10, the scale factor r for the universe was

(1 + z) smaller than it is today (i.e., r = r0/(1 + z) where r0 is the scale

factor today).

(d) How long has the light travelled which was emitted at z = 1?

4. (a) Consider that there was some overdense region in the universe which

had a density ⇢ which was 2⇢crit (the critical density) which otherwise had

1

This will be the graded problem
8
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spherical symmetry. What was the density of that sphere relative to ⇢crit

when that sphere was 10 times smaller?

(b) Imagine that the universe as a whole had an average density ⇢ equal

to 2⇢crit at the present time. How overdense was the universe when the

universe was 10 times smaller?

5. In lecture, we examined an arbitrary dynamical system and determined

how that dynamical system can be scaled in position, mass, and velocity

and still maintain the same qualitative form.

(a) Show explicitly that the virial theorem produces the same result for the

scaling relations.

(b) Derive Kepler’s Third Law using the scaling relations found in class.

(c) Do the same sort of scaling relations exist for stars? Is it possible to

scale the position, velocity, and mass for particles in a star in the same way

– and have a system with the same qualitative form? Which equilibrium is

retained and which is lost?

6. Prove that M / T
3/2

/n
1/2

. Use the fact that �
2 / T and n / M/R

3
.

Comment on the importance of this scaling relative to the T vs. n diagram

used to understand for which mass sources Tcool < Tdyn (i.e., where galaxy

formation is e�cient).

7. If you assume that the rotational speed of the Milky Way is constant as

a function of radius and has a value of 220 km/sec, what is the epicyclic

frequency at the sun (distance from the center = 8 kpc) ? How does this

compare to the orbital frequency ⌦?

2
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Why attend?

To prepare for final exam!   Exam will include ~1-2 homework problems!

20% of Homework Grade is from Attendance in Practical Classes
(5% of your final grade)

Helpful for learning the material!  Learn from your peers!

Problems 5 and 6 (to be discussed)

Note that there will be 6 more practical sessions.



First, let’s review the important 
material from last week



Grand design spiral 

Multiple arm spiral 

NGC 6946 

Flocculent spiral Most spiral arms are trailing 

How do the arms in spiral galaxies evolve with 
time?

Most spiral arms are 
found to be trailing. 

3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-3 3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-4
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3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-3 3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-4This could be determined by looking at 
reddening in globular clusters / novae

globular clusters seen around disk galaxy.  amount of 
reddening indicated by whether circles are solid or open

allows us to determine which way a spiral galaxy is 
tilted.



What is nature of the arms in spiral arms?

Winding problem

12

Do the spiral arms travel at the same speed as the stars?  If spiral 
arms did,one would predict that the spiral arms in a galaxy would wind up very quickly.

Winding problem

The problem: most spiral galaxies would be tightly wound by
now, which is inconsistent with observations.

Spiral arms cannot be a static structure (i.e. at di↵erent times,
arms must be made of di↵erent stars)

13

The predicted outcome is in contrast to what is observed!



Density Wave Theory

The spiral arms in disk galaxies are not fixed structures that rotate 
around the center of disk galaxies, but rather density waves.

Lin & Shu (1964-1966)

These density waves can move at a different speed than the stars 
within the galaxy itself.

The speed at which the spiral density waves propagate around the 
disk of a spiral galaxy is called the pattern speed Ωp.

How can we solve the winding problem?



Stars in Spiral Galaxies are on Epicyclic orbits

Epicycle Approximation IV
An important question is: “When is the epicycle approximation valid?”

First consider the z-motion: The equation of motion, z̈ = −ν2z implies a
constant density in the z-direction. Hence, the epicycle approximation is
valid as long as ρ(z) is roughly constant. This is only approximately true
very close to equatorial plane. In general, however, epicycle approx. is poor
for motion in z-direction.

In the radial direction, we have to realize that the Taylor expansion is only
accurate sufficiently close to R = Rg . Hence, the epicycle approximation is
only valid for small librations around the guiding center; i.e., for orbits with
an angular momentum that is close to that of the corresponding circular
orbit.

Epicyclic Motion

The motion can be approximately described as the combination of 
orbital motion around a disk galaxy and an epicyclic motion in radius:

Orbital Frequency 
around Disk Galaxy =  

2π/Ω
Frequency of epicyclic 

motion = 2π/κ

3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-7 3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-8

The orbital frequency of a star Ω(R) 
can be written as follows 

Meanwhile, the frequency of epicyclic 
motion κ(R) can be written as follows:

3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-7 3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-8

The frequency of epicycle motion is very similar to the orbital frequency:

In general, Ω < κ < 2 Ω
Near the solar system, the epicycle frequency κ ~ 1.3 Ω



Let’s consider snapshots in time where the star completes 
an entire epicyclic orbit.  Typically a star must complete 
70% of a revolution around a galaxy before this happens.

Corotation

Inner 
Lindblad 

Resonance

Outer 
Lindblad 

Resonance

star

spiral arm

spiral 
arm

one epicyclic orbit
time = 2π/κ

spiral pattern ~ 250 deg
star orbitted ~ 250 deg

spiral 
arm

two epicyclic orbits
time = 4π/κ

spiral pattern ~ 500 deg
star orbitted ~ 500 deg

three epicyclic orbits
time = 6π/κ

spiral pattern ~ 750 deg
star orbitted ~ 750 deg

spiral 
arm

St
ar

 m
ov

es
 a

t 
sa

m
e 

sp
ee

d 
as

 s
pi

ra
l a

rm

star

spiral arm

spiral 
arm

one epicyclic orbit
time = 2π/κ

spiral pattern ~ 70 deg
star orbitted ~ 250 deg

spiral 
arm

two epicyclic orbits
time = 4π/κ

spiral pattern ~ 140 deg
star orbitted ~ 500 deg

three epicyclic orbits
time = 6π/κ

spiral pattern ~ 210 deg
star orbitted ~ 750 deg

spiral 
arm

St
ar

 m
ov

es
 fa

st
er

 
th

an
 s

pi
ra

l a
rm

spiral pattern ~ 430 deg spiral pattern ~ 860 deg spiral pattern ~ 1290 deg

St
ar

 m
ov

es
 s

lo
w

er
 

th
an

 s
pi

ra
l a

rm



New Material



Galaxy Formation:  Major Steps

Virialized 
Overdensity

Gravitational 
Collapse

Overdense 
Region
In Early

Universe

Disk Galaxy 
(Supported by Angular 

Momentum)

Gas 
Cooling

Spheroid Galaxy 
(Random Motion 

Supported)

Merger
Violent 

Relaxation



Let’s consider snapshots in time where the star completes 
an entire epicyclic orbit.  Typically a star must complete 
70% of a revolution around a galaxy before this happens.
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To ensure that some arbitrary star can complete an epicyclic orbit 
in the same time it takes to move from one region in the spiral arm 

to another, the following condition must be satisfied:

m(Ωp - Ω) = nκ

# of Spiral Arms

Orbital 
Frequency of 
Spiral Arms

Epicyclic (or radial) 
Frequency

Orbital (or Azimuthal) 
Frequency of Stars on 

Circular Orbits

some integer

The only integers n for this relation that are interesting are 0, +1, -1.

Which resonances drive spiral density wave growth? 



This results in a number of well known resonances:

Ωp  = Ω − κ/m

In most cases, the only relevant case is that of two spiral arms, i.e., 
m = 2

Inner Lindblad resonance:

Outer Lindblad resonance:

Ωp  = Ω + κ/m

Corotational radius:
Ωp  = Ω

Ωp  = Ω − κ/2

Ωp  = Ω + κ/2

Ωp  = Ω

Most relevant cases:

Which resonances drive spiral density wave growth? 

And note that physics behind bar-like 
features in spiral galaxies is similar



Let us look at a few movies that illustrate these concepts rather 
directly:

Credit: Jo Bovy

Corotation

http://cosmo.nyu.edu/~jb2777/resonance.html

Which resonances drive spiral density wave growth? 

http://cosmo.nyu.edu/~jb2777/resonance.html


Let us look at a few movies that illustrate these concepts rather 
directly:

Credit: Jo Bovy

Inner Lindblad 
Resonance

Which resonances drive spiral density wave growth? 



Credit: Jo Bovy

Let us look at a few movies that illustrate these concepts rather 
directly:

Outer Lindblad 
Resonance

Which resonances drive spiral density wave growth? 



How does the resonant frequencies vary by radius?

At what orbital frequencies for the spiral arms are these resonances 
relevant?

Compute Ωp = Ω − κ/2, Ω, Ω + κ/2
3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-9 3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-10

Ωp

Radius

Orbital 
frequency for 
spiral arms at 
which these 
resonances 

become 
important

isochrone 
potential

One thing you should note 
is the extended range in 

radius where the rotational 
frequency for one of these 
resonances, i.e., Ω − κ/2 is 
approximately constant.



Ωp

Radius

Rotational 
frequency for 
spiral arms at 
which these 
resonances 

become 
important

model 1 for 
our Galaxy
from BT 2.7

3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-9 3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-10

Again Ω − κ/2 is 
almost 

independent of 
radius!

How does the resonant frequencies vary by radius?

At what orbital frequencies for the spiral arms are these resonances 
relevant?

Compute Ωp = Ω − κ/2, Ω, Ω + κ/2



What are the typical physical radii where these resonances 
apply?Lindblad Resonances III

Ωp

Fr
eq
ue
nc
y

Ω+κ/2

Ω
Ω−κ/2

RadiusOLRCRIILR OILR

Lindblad Resonances play important role for orbits in barred potentials.

Rotational 
frequency for 
spiral arms

Outer Lindblad 
Resonance

Corotation 
Radius

Inner Lindblad 
Resonances

(Can be more 
than one)

Let’s zoom in on this plot and look at it more closely at 
the highly relevant m = 2 case 

(typically ~20 kpc in 
a spiral galaxy like 

our own)

(typically 
~3 kpc)

(typically 
~14 kpc)

(typical pattern 
speed for spiral 

arms Ωp 
~15 km/s / kpc)



Spiral density waves can only survive and grow between the inner 
Lindblad resonance and outer Lindblad resonance.

These waves cannot pass through the inner Lindblad resonance 
(they are damped inside this radius)

Additional Properties of Spiral Density Waves

Spiral density waves generally begin their growth at the corotation 
radius where overdensities can readily grow and collapse

In general the waves follow the following WKB (Wentzel–
Kramers–Brillouin) relation:

where ω is the angular frequency of a perturbation, σR is the 

radial velocity dispersion, k gives the radial wavenumber, and F is 
the reduction factor.

for perturbations of the form



What conditions are important for gas in spiral 
galaxies for material to collapse gravitationally, 

feeding spiral density waves?



Jeans Instability

Consider homogeneous fluid that is in equilibrium, with density ρ, 
pressure p, with no internal motion.

Assume that the fluid is spherically symmetric.  We shall consider 
the fluid is the matter inside some sphere with radius r.

Suppose that we compress the fluid element so that it now has a 
radius r(1-α/3) where α is much smaller than 1.

What will be the force acting on the surface of the sphere after 
this small compression?

To first order, the density 
perturbation is ρ1 = αρ

To first order, the pressure perturbation is 
p1 = (dp/dρ)αρ = αρvs2  where vs is the 

sound speed.



Jeans Instability
The pressure force per unit mass is

Fp = ∇p / ρ

The additional gravitational force per 
unit mass is 

dFg = αGM/r2

dFp = ∇(αρvs2)/ρ

The additional pressure force per unit 
mass is 

dFp = αvs2/r

If the additional force on the surface of the sphere from the pressure 
of the fluid, i.e., dFp, is greater than the additional force on the surface of 
the sphere from gravity, i.e., dFg, then the pressure force resists the radial 

perturbation.

However, if the additional force from the gas pressure dFp is less than 
the additional force from gravity dFg, then the force of gravity will only 

accelerate the collapse.

The gravitational force per unit mass is 

Fg = ρGM/r2/ρ



Jeans Instability

In summary, for dFp > dFg ==> fluid pressure resists gravitational 
collapse

However, for dFp < dFg ==> system undergoes gravitational 
collapse

dFp = dFg represents a specific physical scale.

dFp = αvs2/r = αGM/r2 = dFg

Using M = ρ 4/3 π r3,

vs2/r = Gρ 4/3 π r

rJ~ (3 vs2 / (4π Gρ))1/2

We find:

Perturbations on a larger scale than the Jeans scale rJ will result 
in a gravitational collapse.



Toomre Instability Criterion
In spiral/disk galaxies, the stability criterion is more complex, due to the shearing type motion

3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-13

classic instability: Jeans mass

For a stellar system, we simply need to replace vs with

3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-14

σ to derive the Jeans mass. Hence, if the system is
sufficiently large, it will become unstable and fragment
into smaller pieces.
Similar, for a disk one can obtain stability criteria.
For a cold (fluid) disk, any perturbations with wave-
length larger than λcrit will be unstable

λcrit = 2π/kcrit = 4π2GΣ/κ2

(BT6.65 page 495)
However, random stellar motions will tend to stabilize
the disk (just like in the case of the Jeans equation).
Disks with stellar motions are unstable if

Q =
σRκ

3.36 G Σ
< 1

This is the Toomre criterion. It assumes that the disk
is very thin, and that the unstable modes have wave-
length substantially smaller than the size of the disk.
Again, if the dispersion σR is high enough, it will stabi-
lize the disk.
For our galaxy, κ = (37 ± 3)km/sec/kpc

old stars: σr = 38 ± 2km/sec

Σ∗ = 36 ± 5M⊙/pc−2

Hence Q∗ = 2.7 ± 0.4

Including interstellar gas: 13M⊙/pc2, 7 km/sec − >
Q=1.5

combined effect of gas and stars is worse − > nearly
unstable

Similarly for a disk galaxies, there is also a stability criterion.   Any perturbations with 
wavelength larger than λcrit are unstable.

3-4-12see http://www.strw.leidenuniv.nl/˜ franx/college/galaxies12 12-c02-13

classic instability: Jeans mass

For a stellar system, we simply need to replace vs with
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σ to derive the Jeans mass. Hence, if the system is
sufficiently large, it will become unstable and fragment
into smaller pieces.
Similar, for a disk one can obtain stability criteria.
For a cold (fluid) disk, any perturbations with wave-
length larger than λcrit will be unstable

λcrit = 2π/kcrit = 4π2GΣ/κ2

(BT6.65 page 495)
However, random stellar motions will tend to stabilize
the disk (just like in the case of the Jeans equation).
Disks with stellar motions are unstable if

Q =
σRκ

3.36 G Σ
< 1

This is the Toomre criterion. It assumes that the disk
is very thin, and that the unstable modes have wave-
length substantially smaller than the size of the disk.
Again, if the dispersion σR is high enough, it will stabi-
lize the disk.
For our galaxy, κ = (37 ± 3)km/sec/kpc

old stars: σr = 38 ± 2km/sec

Σ∗ = 36 ± 5M⊙/pc−2

Hence Q∗ = 2.7 ± 0.4

Including interstellar gas: 13M⊙/pc2, 7 km/sec − >
Q=1.5

combined effect of gas and stars is worse − > nearly
unstable

Random motions by stars tend to stabilize disks.  Disks with stellar motions 
are unstable if 

This is the Toomre criterion.  It assume that the disk is thin and unstable 
modes are much smaller than the size of the galaxy.  Again, significant 

dispersion in the velocities of stars will stabilize the disk.

where κ is again the epicyclic frequency and Σ is the surface 
density of stars 



What is Q for our galaxy?
For our disk where κ = 37±3 km/s/kpc, σR = 38±2 km/s, Σ = 

36±5 M⦿ / pc2, Q* = 2.7±0.4.

Including interstellar gas 13 M⦿ / pc2, Q = 1.5.

What happens if Q < 1?
14.3. DISPERSION RELATIONS & THE Q PARAMETER 103

Figure 14.1: Unstable disk simulation. Initially, this disk has Q 0 63, producing the violent,
essentially local instability seen here. The galaxy model includes a bulge and a halo (not shown);
the disk is 15% of the total mass, and a version with a higher Q value is stable (Fig. 15.2). Each
frame is 15 disk scale lengths on a side; times are given in units of the rotation period at 3 disk
scale lengths.

for a stable gas disk, and
Qstars

κσR
3 36GΣ

1 (14.25)

for a stable stellar disk (Toomre 1964).
It’s worth comparing (14.25), the product of a WKB analysis, with (14.13), which was derived

by simple physical considerations. The conditionQstars 1 may be rearranged to give

σR 3 36
GΣ
κ

(14.26)

This is very similar to (14.13); apart from the numerical factor, the only difference is that the
epicyclic frequency κ replaces the Oort constant B in the denominator.

This is an illustration of 
how the disk becomes 
clumpy because of a 

Toomre-like instability.

Credit: Barnes



WKB Dispersion relation

The value of Q determines the relative size of the terms in the 
WKB dispersion relation (governing propaganda and stability of 

wave-like perturbations in a disk):

if Q small, this term 
large

if Q large, this term 
large

If Q is small, gravitational collapse results in star formation and 
injects energy and Q increases

If Q is large, eventually gas cools and increases in surface density, 
resulting in a decrease of Q.

This self regulation drives the Q parameter towards ~1-2



What impact does the measured Q value have on 
the growth of spiral density waves?

For lower values of the Q parameter — as high as Q <~ 2 — 
gravitational instabilities can feed the growth of spiral 

structure. 

This is particularly relevant at the corotation radius, given the 
similar speed of the material (stars, gas) and spiral density 

waves.



Now let’s return to spiral density waves in spiral 
galaxies



What astrophysical processes drive these spiral density 
waves as they rotate around a spiral disk?

Why are there Spiral Arms? 

It only takes a few orbits for arms to become completely wound up 
and lose spiral structure!  This is the “winding problem”. 

Density wave theory: 

•! We think that spiral arms are caused by a density 

perturbation that moves along at a speed different from 

the speed of the objects within it.  The density wave 
resists the spiral’s tendency to wind up and causes a 

rigidly rotating spiral pattern 

•! Think about what happens when there is a slow-moving 

car on a freeway … 

•! The spiral pattern is a density wave rotating through the 

galaxy at a fixed angular speed, called the pattern speed 

Spiral Density Waves 

•! There are initial “seed” perturbations in the 
spiral disk.  These come from either initial 
asymmetries in the disk and/or halo (galaxy 
formation processes), or induced via galaxy 
encounters (like the M51 system) 

•! Thus there are regions of slightly higher 

density than their surroundings.  The 

higher density accelerates matter into the 
wave.    

•! In the inner disk, stars move faster than the 

pattern speed and overtake the density 

wave; in the outer disk, the density wave 
overtakes the stars.  Either way, material 

will encounter the wave. 

Spiral Density Waves 

•! When infalling gas collides with gas in the 

density wave, stars formed, either due to 

simple Jeans criteria collapse, or induced 
through shocks. 

•! Material will continue to drift through the 

density wave, though the local gravity 

will cause a slight deceleration to the 
motion.   

•! The high-mass stars don’t go far before 

they go supernova or otherwise die.  This 

enhances the visibility of the density wave 

at bluer wavelengths.    

When the gas in the spiral density wave is compressed, 
it results in the formation of stars (due to the high gas 

densities induced by these compression waves)

After the stars form, they will approximately move at 
the circular velocity of the spiral galaxy -- which is often 

faster than the pattern speed of the spiral arm

The high mass stars formed in the spiral density 
compression waves die (SNe explosions or otherwise) 
shortly after leaving the spiral arm compression wave, 
but the lower mass (redder) stars continue to rotate 

around the disk.



Outline

Spiral structure

Stellar kinematics

Density wave theory

Stochastic star formation model

The strongest confirmation came from studies of the interstellar
medium.

Piet van der Kruit, Kapteyn Astronomical Institute Stellar kinematics and spiral structure

Credit: van der Kruit 

at inner radii in spiral 
galaxies, stars travel 
faster than the spiral 

density wave.

it is only the old (low 
mass) stars that can 

travel far enough to get 
ahead of the spiral wave

hot (massive) stars do 
not travel much beyond 
the spiral density wave 

in which they are 
formed

gas and dust lanes 
(formed from the metal 

output of the 
supernovae explosions) 
indicate the position of 
the high density spiral 

density wave

the hot stars are somewhat ahead of the gas/
dust lane, since there is some time lag between 
when gravitational collapse begins and when the 
stars finally form (i.e., are on the main sequence)

What astrophysical processes drive these spiral density 
waves as they rotate around a spiral disk?



Where is the spiral structure most evident?

Because of the hot blue stars being predominantly formed in the 
spiral density waves in disk galaxies and living for a very short

time, we would expect the spiral structure to be much clearer at 
bluer or ultraviolet wavelengths where we just see the hot blue 

stars.

Spiral Density Waves 

Since the brightest (bluest) stars die 

before leaving the spiral arm, the spiral 

density waves must show up better at 

ultraviolet wavelengths.  

Grand design spiral – M51 

Density wave theory: 

•! Spiral arm pattern is amplified by resonances between the epicyclic 

frequencies of the stars (deviations from circular orbits) and the 

angular frequency of the spiral pattern 

–! Spiral waves can only grow between the inner and outer 

Lindblad resonances ((p = (  - )/m ; (p = ( + )/m )  where ) is 

the epicyclic frequency and m is an integer  (the # of spiral 

arms) 

–! Stars outside this region find that the periodic pull of the spiral is 

faster than their epicyclic frequency, they don’t respond to the 

spiral and the wave dies out 

–! Resonance can explain why 2 arm spirals are more prominent  
•! We observe resonance patterns in spirals 

NGC 3351, inner ring 



Besides high gas densities, what else can drive 
spiral density waves?

What else can drive spiral density waves in disk galaxies?

Asymmetries in the dark and/or halo (galaxy formation 
processes)

Or from interactions with a nearby neighbor (as in the case 
of spiral galaxy M51)



Next topic is elliptical galaxies...

Elliptical galaxies consist of large numbers of stars 
on diverse orbits.

While spiral galaxies are rotation supported, 
elliptical galaxies are supported by the random 

motions of stars they contain

Their behavior can largely be described using 
collisionless dynamics.



Galaxy Formation:  Major Steps

Virialized 
Overdensity

Gravitational 
Collapse

Overdense 
Region
In Early

Universe

Disk Galaxy 
(Supported by Angular 

Momentum)

Gas 
Cooling

Spheroid Galaxy 
(Random Motion 

Supported)

Merger
Violent 

Relaxation



We will therefore be reviewing some 
concepts from collisionless dynamics 

from the Leiden Bachelor course

(this will require ~1 to ~1.5 lectures)

We will discuss how to model the dynamics 
of >1010 stars that form a self-gravitating 

system.



Let’s quantify this by estimating the time scale for collisions:

radius (galaxy) ~ 5 kpc
# of stars (galaxy) ~ 1 x 1010 stars
star diameter ~ 1.4 x 106 km
all stars have a mass equal to the sun

Let’s assume:

In 6 x 107 years, a typical star crosses pathes with N stars:

N = (Distance Covered)(# stars / size3) 

Collisions per crossing time = N πr2 

= (10 kpc)(1 x 1010 stars/(5 kpc)3)π(1.4 x 106 km)2 = 5 x 10-12 per crossing time

= 5 x 10-12 / 6 x 107 ~ 8 x 10-20 / year

Hence stars collide with each other very rarely!

REVIEW Point from Bachelor Course:  Collisions between individual 
stars are a non-issue in modeling galaxies - given the typical density, 

velocity, and cross section of stars.   The main challenge is modeling their 
collective gravitational potential.



2-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c3b-1

Galactic Dynamics - Continued

3.6 Time scales (BT 4 to start 4.1)

dynamical timescale, particle interaction timescale

Is gravitational force dominated by short or long range
encounters? (N.B. in a gas, only short range forces are
relevant).

In a galaxy, the situation is different.
Consider force with which stars in cone attract star in
apex of cone.

Force ∼ 1/r2, with r the distance from apex. If ρ is
almost constant, then the mass in a shell with width dr
increases as r2dr.

Hence differential force is constant at each r, and we
have to integrate all the way out to obtain the total
force.

2-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c3b-2

Realistic densities decrease after some radius, so that
the force will be determined by the density distribu-
tion on a galactic scale (characterized by the half mass
radius).

3.7 Relaxation time

Short range encounters do not dominate →
Approximate force field with a smooth density ρ(x)
instead of point masses.

• Contrary of situation in gas: only consider long
range encounters (long range ∼ scale of the galaxy)

Assume all stars have mass m. Analyze perturbations
due to the fact that density is not smooth, but consists
of individual stars. Simplify, and look first at single
star-star encounter.

What is effect of a single encounter with point mass on
motion of star?
• Exact: BT §7.1: hyperbolic Keplerian encounter
• Estimate: straight line trajectory past stationary

perturber

Force from region of galaxy on a star 

= Gm(ρr2drdΩ)/r2

= GmρdrdΩ

Force is independent of r!   This 
means that a given star in a galaxy 

feels essentially the same force from 
stars at 1 kpc and stars at 4 kpc.

This is very different from 
hydrodynamics where short range 

pressure forces dominate!

BT4: pages 187

REVIEW Point from Bachelor Course:  In contrast to situations with 
fluids, the force on individual stars does not come primarily from its 

immediate neighbors, but from stars at all distances in the galaxy



First let’s look at velocity perturbation created by one 
star passing by another.

2-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c3b-1

Galactic Dynamics - Continued

3.6 Time scales (BT 4 to start 4.1)

dynamical timescale, particle interaction timescale

Is gravitational force dominated by short or long range
encounters? (N.B. in a gas, only short range forces are
relevant).

In a galaxy, the situation is different.
Consider force with which stars in cone attract star in
apex of cone.

Force ∼ 1/r2, with r the distance from apex. If ρ is
almost constant, then the mass in a shell with width dr
increases as r2dr.

Hence differential force is constant at each r, and we
have to integrate all the way out to obtain the total
force.

2-10-07 see http://www.strw.leidenuniv.nl/˜ franx/college/ mf-sts-07-c3b-2

Realistic densities decrease after some radius, so that
the force will be determined by the density distribu-
tion on a galactic scale (characterized by the half mass
radius).

3.7 Relaxation time

Short range encounters do not dominate →
Approximate force field with a smooth density ρ(x)
instead of point masses.

• Contrary of situation in gas: only consider long
range encounters (long range ∼ scale of the galaxy)

Assume all stars have mass m. Analyze perturbations
due to the fact that density is not smooth, but consists
of individual stars. Simplify, and look first at single
star-star encounter.

What is effect of a single encounter with point mass on
motion of star?
• Exact: BT §7.1: hyperbolic Keplerian encounter
• Estimate: straight line trajectory past stationary

perturber

BT4: pages 187-190

REVIEW Point from Bachelor Course:  The time scale for the relaxation 
time of individual stars to collisions will other stars is very high, i.e., 1016 

years, and thus can be ignored in modeling the dynamics of stars in a 
galaxy.   Consequently, it is possible to model the potential and phase 

space as smoothly varying.


