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Abstract

To study the sub-structure in large galaxy clusters, we would like to probe the extent of galaxy haloes
and to constrain the parameters that define the properties of these haloes, namely the velocity dispersion
and the truncation radius. We analyse the weak lensing distortion by a foreground cluster of the images
of faint background galaxies, which provides a means to investigate how well we can constrain these two
parameters. We use simulated data in our analysis. We present a galaxy cluster model with a Navarro Frenk
& White profile dark matter halo, a mass to light ratio of 300M�/L� and cluster galaxies with a distribution
of luminosities described by a Schechter luminosity function. The cluster is located at a redshift of 0.15. We
use a plane of background galaxies at redshift z = 1 with a number density of 15 galaxies per arcmin2 and
derive the shear signal. By applying scaling relations for the velocity dispersion and the truncation radius of
the cluster, the total mass of the galaxies is determined and the mass dark matter halo is scaled in order keep
to total mass of the system at a constant mass of 5.4× 1014h−1M�. We use a maximum likelihood method
to determine the best fitting model and the uncertainties. We find that we need ∼ 100 galaxy clusters to
get a constraint on the values of the truncation parameter. The 1σ standard deviation is 2 kpc for a small
truncation radius of s∗ = 15 kpc/h (for an L∗ galaxy) and up to 8 kpc for a large truncation radius of
s∗ = 80 kpc/h, so the relative errors upon the parameter are similar for small and large values. When we
introduce the cluster mass as a third free parameter, we find slightly larger standard deviations, but the
truncation radius can still be well constrained. We can therefore conclude that it is possible to distinguish
between different values of the truncation radius, given enough available galaxy clusters.

1 Introduction

Currently the most popular theory to describe how the
Universe went from a smooth initial state to the lumpy
distribution of galaxies and galaxy cluster that we see
today, is the Cold Dark Matter (CDM) paradigm (Blu-
menthal et al. 1984, Davis et al., 1985). In the CDM
paradigm theory structures in the universe grow hier-
archically: small structures collapse onto each other
to form larger structures. On small scales stars are
organized in galaxies and most of these galaxies can
be found in groups and clusters of galaxies. On even
larger scales super clusters are observed, that contain
the smaller groups and clusters of galaxies. These clus-
ters are connected by filaments.

Most of the mass in the Universe consists of still
undiscovered particles, called Cold Dark Matter parti-
cles. This Cold Dark Matter (CDM) has no interac-
tion with other particles except very weakly through
the gravitational force. Therefore the only way to ob-
serve CDM is through its weak gravitational interac-
tion with baryonic matter. This Cold Dark matter has
not been directly observed, because it does not carry
any electric charge, which means that it does not emit
light. Only gravity has an effect on the distribution of

these particles. According to the paradigm Cold Dark
matter emerges from the early Universe with negligi-
ble thermal velocities and a scale-free distribution of
density fluctuations. This means that the dynamics of
the CDM is dominated by gravity and that its distri-
bution is almost uniform at early epochs (Guth 1981,
Hawking 1982, Bardeen Steinhardt & Turner 1983). In
the CDM paradigm quantum density fluctuations dur-
ing a very early period of cosmic inflation determine
the statistics of the dark matter distribution at early
epochs. These primordial density fluctuations are am-
plified by the gravitational instability in an expanding
Universe. Small overdensities collapse into dark mat-
ter haloes that merge with other haloes to form pro-
gressively larger haloes. Structures in the Universe are
therefore formed bottom-up, which means that small
structures form first. Inside the dark haloes galaxies
are formed due to condensation of gas in the center of
the haloes (White & Frenk 1991).

We know dark matter exists from studies of for in-
stance galaxy rotation curves (Albada & Sancisi 1986),
gravitational lensing in galaxy clusters and applica-
tions of the virial theorem to galaxy clusters (Zwicky,
1942). The contribution of dark matter to the total
mass-energy distribution is almost five times that of
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baryonic matter, according to observations as well as
simulations (Komatsu et al. 2008).

When the effects of baryons are neglected the CDM
paradigm becomes a n-body problem, which can be
tested with simulations (Davis et al. 1985, Wamb-
schans, Bode & Ostriker 2004, Springel et al. 2008).
These simulations have led to the discovery of a uni-
versal density profile of dark matter haloes for galaxies
(Navarro Frenk and White, 1997). They also confirm
the behaviour of CDM on large scales (Springel et al.
2005).

Though the predictions of the CDM paradigm are
generally in good agreement with observations, there
are some discrepancies with observations of galaxies
and galaxy clusters. On large scales the observations
and simulations follow the CDM paradigm fairly well,
but on galaxy scales there are three main problems.
The first problem is the cuspy halo problem (Navarro &
Steinmetz, 1999). The theory predicts density profiles
of galaxies that are much more peaked than what is ob-
served by investigating the rotation curves of galaxies
(Hayashi & Navarro 2006). The paradigm also pre-
dicts more small satellite galaxies than are currently
observed. The third problem is that there is more
low angular momentum material in galaxies due to the
Cold Dark matter, than is currently observed in disk
galaxies. The observed galaxies have a slower rota-
tion velocities than the simulated galaxies (Navarro &
Steinmetz, 1999). To solve these problems, we need to
learn more about the small scale sub-structure of dark
matter and in particular about the properties of dark
matter haloes of galaxies, their sizes and their interac-
tion with other dark matter haloes.

This can be done by simulating Milky Way sized
galaxy haloes as has been done in the Aquarius Project
(Springel et al. 2008). We can also observe and model
the behaviour of dark matter haloes of galaxies inside
galaxy clusters. Galaxy clusters are the densest large
scale structures in the Universe and according to hi-
erarchical structure formation they are the most re-
cent formed structures. Hence these cluster provide
a good environment to study structures on all scales.
Within the dark matter halo of the galaxy cluster a
lot of galaxies can be found, that are all embedded in
their own dark matter haloes. The two most important
physical parameters that characterize the galaxy dark
matter halo are its truncation radius, which is related
to the spatial extension of the halo and velocity dis-
persion, which is related to the depth of the potential
well (Limousin et al. 2007). Galaxy haloes are be-
lieved to be truncated, because due to tidal forces the
extended haloes of cluster galaxies can be stripped off
and become truncated during the formation of large
galaxy clusters. The cluster galaxies find themselves
in a very extreme environment, especially in the inner
part of the cluster, where the tidal forces of the cluster
potential are very strong (Limousin et al. 2009).

There are already good constraints on the velocity

dispersion. For early type galaxies-the type that dom-
inates galaxy clusters-values have been found of 200
km/s for a galaxy with a luminosity of L∗ (1010h−2L�)
by studies of the Fundamental plane (e.g. Van der
Marel & Van Dokkum, 2006). There are no observa-
tional constraints for the truncation radius of cluster
galaxies, though for field galaxies an upper bound on
the characteristic extension of the haloes has been
found at about 290 kpc (Hoekstra et al. 2003) and
185 kpc (Hoekstra et al. 2004) by using weak lensing.
Field galaxies are galaxies that can be found outside
the galaxy clusters and therefore we expect the haloes
of field galaxies to be more extended than those of
cluster galaxies, because the haloes of field galaxies
have not suffered tidal stripping in such a degree. In
this article we present a model that provides a way
to constrain the values of the velocity dispersion and
the truncation radius. We are mainly interested in the
latter parameter, because that sets the size of galaxy
haloes.

Weak gravitational lensing can be used as a tool
to provide constraints on the values of the truncation
radius and the velocity dispersion of galaxies. Gravi-
tational lensing is the deflection of light by mass. A
huge mass, such as a galaxy or a galaxy cluster can act
as a lens to deflect the light coming from more distant
sources. Objects behind the lens can get distorted in
shape and size. The advantage of gravitational lensing
is that it allows us to study the mass distribution of the
lens without having to rely on assumptions about the
nature of the matter of which the lens consists (Hoek-
stra et al., 2003). All the mass is observed, not only
the visible baryonic mass (Bonnet et al. 1993; Fort et
al. 1996).

In the case of weak lensing the distortion due to
the mass of the foreground galaxy cluster is very small.
These small distortions can be measured out to large
radii from the center of the lens. This is a huge ad-
vantage, because most techniques, such as the mea-
surements of the rotation curves of spiral galaxies, can
only provide constraints of the dark matter haloes of
galaxies at relatively small radii from the center. Only
satellite galaxies provide an alternative to probe the
outskirts of galaxy haloes, but this can not be done for
galaxies outside the Local Group (Zaritsky & White
1994).

In this paper we use weak lensing to examine how
well one can constrain the velocity dispersion and the
truncation radius of galaxies. To do this, we will model
a galaxy cluster and use background galaxies to calcu-
late the weak lensing signal, which we will regard as a
simulated observation. We will use a maximum likeli-
hood technique to fit a range of models to the initial
parameter values from our simulated observations.

The outline of the paper is as follows. Section 2 ex-
plains the most important aspects of the lensing theory
and spends a paragraph on weak lensing. In section 3
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we present a simulation of a galaxy cluster. Section 4
explains the effect of changing the value of the trun-
cation radius and the position of a galaxy within a
cluster. Section 5 describes the maximum likelihood
method to constrain the truncation radius and the ve-
locity dispersion of the galaxies. We will conclude in
section 6 with a short summary and a discussion of our
results.

2 Introduction to gravitational
lensing

Though the phenomenon was suspected long before the
development of the theory of General Relativity, it was
only after Einstein’s formulation of this theory that the
theory of gravitational lensing had a firm basis. It was
not until 1979 that gravitational lensing was confirmed
by an observation of a multiple lensed quasar (Walsh,
Carswell & Weymann, 1979). Since then many obser-
vations have been made and gravitational lensing has
become increasingly more important in a wide range of
studies.

Figure 1: Strong lensing in galaxy cluster SDSS
J1004+4112. The five star-like objects are the mutiple
images of a distant quasar. One can also observer arcs,
i.e. the images of background galaxies.(Image from Hub-
ble Space Telescope, ACS/WFC. Credit: ESA, NASA, K.
Sharon (Tel Aviv University) and E. Ofek (Caltech))

Gravitational lensing events can roughly be di-
vided into two groups, namely strong and weak lens-
ing. Strong lensing can be observed when the gravita-
tional lensing effect is strong enough to produce mul-
tiple images of the lensed object and highly magnified
and stretched images. This is for instance observed in
the close vicinity of massive galaxy clusters. We can
see the more distant background galaxies as giant arcs
around the cluster and often there is multiple imaging
of one background galaxy. A nice example of strong
lensing is provided in Fig 1. This is an observation of
galaxy cluster SDSS J1004+4112 (Sharon et al. 2005).
The five star-like objects are multiple images of a dis-

tant quasar. Furthermore we can see the images of
background galaxies as giant arcs.

In the case of weak lensing the distortion due to the
mass of the foreground galaxy or galaxy cluster is too
small to be identified in individual background galax-
ies. This means that a large number of background
galaxies is needed to measure a signal (Seitz & Schnei-
der, 1995).

The large number of background galaxies makes it
hard to detect a weak lensing signal. This is why weak
lensing was detected many years after the first detec-
tion of a strong lensing event. The first attempt to de-
tect the effect was made by Tyson et al. (1984) using
the galaxy galaxy lensing technique. This technique
makes use of single lensing foreground galaxy and mul-
tiple lensed background galaxies. The first successful
detection was made by Tyson, Wenk & Valdes in 1990.
Since then many successful measurements followed.
We can also observe weak lensing in galaxy clusters.
Weak lensing studies of galaxy clusters greatly bene-
fited by the development of wide field cameras with a
large number of pixel CCDs, that made it possible to
observe large galaxy clusters in one image with many
background galaxies. The distortion of the images of
background galaxies produced by massive galaxy clus-
ters are strong enough to allow a parameter free recon-
struction of the surface mass density of the cluster. De-
tections of weak lensing in galaxy clusters to map the
mass distribution in these clusters were made by e.g.
Hoekstra et al., 1998., Squires et al., 1996 and Luppino
and Kaiser, 1996. However, these maps of the surface
mass density are not detailed enough to reconstruct the
cluster galaxies individually. Therefore the effects of a
large number of galaxies has to be superposed in order
to obtain constraints on the galaxy halo properties in
clusters (Geiger & Schneider, 1998). For this purpose
a maximum likelihood techniques had been developed
by Schneider and Rix (1997), Natarajan & Kneib(1998)
and Geiger & Schneider (1998). Other applications of
weak lensing are for instance the measurements of cos-
mic shear, which describes weak lensing by by large
scale structure (Bacon et al. 2000, 2002; Hoekstra et
al., 2006) and the study of dark matter haloes of galax-
ies in clusters (Limousin et al. 2007).

This section contains a short introduction to grav-
itational lensing and weak lensing in particular. In
section 3.1 and 3.2 the most important equations to
describe gravitational lensing are summarized and ex-
plained. Section 3.3 describes the theory of weak lens-
ing. The summary of the gravitational lensing theory
in this section is based on the Saas Fee lectures 2003
(Saas Fee Advanced Course, Kochanek, Schneider &
Wambschans, Gravitational lensing: Strong, Weak &
Micro, 2003).
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2.1 Deflection of light and the lens
equation

We begin by considering a light ray that is deflected
by a mass M . Provided that the impact parameter ξ
of the light ray is much larger than the Schwarzschild
radius of the mass, General Relativity will predict that
the deflection angle α̂ is

α̂ =
4GM(ξ)
c2ξ

. (1)

When the gravitational field is weak the equations
of General Relativity can be linearised. This means
that when we have an extended mass distribution, we
can simply add up the contribution to the deflection of
each mass element dm in order to calculate the total
deflection angle α̂.

The spatial trajectory of the light ray can be de-
scribed by a three dimensional vector: (ξ1, ξ2, z). The
light ray propagates along the line of sight. We will
call this the z direction. ξ1 and ξ2 are vectors in the
lens plane. On its way to the observer, the light ray
will pass a mass distribution with volume density ρ(r).
This mass can be divided in small volume elements
with size dV and mass element dm = ρ(r)dV . The
deflection angle of Equation 1 of an ensemble of mass
points is the sum of all the deflections due to the in-
dividual mass elements. The impact parameter is a
two dimensional vector of ξ1 and ξ2. The impact vec-
tor of the light ray relative to a mass element dm at
r′ = (c, z′) is then (ξ− ξ′). This vector is independent
of z. This means that we can write the total deflection
angle as

α̂ =
4G
c2

∑
dm(ξ′1, ξ

′
2, z

′)
ξ − ξ′

|ξ − ξ′|2
(2)

=
4G
c2

∫
d2ξ′

∫
dz′ρ(ξ′1, ξ

′
2, z

′)
ξ − ξ′

|ξ − ξ′|2
(3)

=
4G
c2

∫
d2(ξ′)Σ(ξ′)

ξ − ξ′

|ξ − ξ′|2
. (4)

The last step is to integrate along the line of sight z.
This has been done by defining the surface mass den-
sity

∑
(ξ) =

∫
dzρ(ξ1, ξ2, z). Since the last factor in

Equation 4 is independent of z, it can easily be replaced
by the surface mass density.

The astronomical distances from the observer to the
lens mass M and from the observer to the source are
much larger than the impact parameter ξ. The mass
distribution can then be regarded as a geometrically-
thin lens, namely a thin mass sheet perpendicular to
the line of sight. This condition is satisfied in almost all
astrophysical massive objects (for example lensing by
galaxies and clusters of galaxies), the only exception is
when the lens extends all the way to the observer. The
deflection is visualized in Figure 2. We can see the lens
plane at distance Dd, which represents the thin mass
sheet. A light ray coming from the source plane at a

distance Ds is deflected at the lens plane. The distance
between the source and the lens plane is called Dds. In
reality the light ray will be smoothly curved near the
deflector, but it can be replaced by two straight rays
with a kink due to the thin lens approximation, pro-
vided that there are no other deflecting masses along
the line of sight.

Figure 2: This is a sketch of a gravitational lensing event
(Schneider introduction to gravitational lensing, 2003).Dd,
Ds and Dds are the distances from the observer to the lens
(in our case the galaxy cluster), from the observer to the
lensed sources and between the lens and the sources, re-
spectively. We assume in this case that there are no other
massive object on the line of sight.

η denotes the two dimensional angular positions of the
source or source plane and ξ denotes the angular dis-
tance from the line of sight to the kink in the lens plane.
The deflection angle α̂ describes the direction and the
magnitude of this kink. We can derive the following
relation from Figure 2:

η =
Ds

Dd
ξ −Ddsα̂(ξ), (5)

which is the lens equation. This equation relates
the position that source would have without lensing to
the position it has on the sky. The exact position of the
optical axis does not matter, because the angles that
are involved are very small. In Equation 5 we make use
of this small angle approach, so that sin α̂ ≈ α̂ ≈ tan α̂.
The lensing equation can be rewritten using angular
coordinates:

η = Dsβ and ξ = Ddθ (6)

β = θ − Dds

Ds
α̂(Ddθ) ≡ θ − α(θ). (7)

In the last step we defined the scaled deflection po-
tential α(ξ). According to the lens equation a source
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with true angular position β can be seen by the ob-
server at a position θ, as long as it satisfies equation.
The lens equation can have more than one solution. In
this case we find ourselves in the strong lensing regime.

2.2 Dimensionless Surface Mass Den-
sity, Shear and Image Distortion

We can specify the lensing signal by the dimensionless
surface mass density and the shear. The dimension-
less surface mass density is defined as the surface mass
density divided by the critical surface mass density.

κ(ξ) =
Σ(ξ)
Σcr

. (8)

Σcr is the critical surface mass density:

Σcr =
c2

4πG
Ds

DdDds
. (9)

In this equation G is the gravitational constant, c is the
speed of light and Dd, Ds and Dds are the distances as
mentioned in section 2.1.

We use the lens equation to describe a mapping
from the lens plane to the source plane, which can be
calculated for each Σ(ξ). The shapes of the images we
observe, will be different from the original shapes of the
sources. As can be seen in observations, the images are
magnified an distorted.

The scaled deflection angle α can be expressed in
terms of the dimensionless surface mass density:

α(θ) =
1
π

∫
d2θ′κ(θ′)

θ − θ′

|θ − θ′|2
. (10)

We can define the two-dimensional scalar deflection
potential ψ(θ) as a gradient of the deflection angle:

ψ(θ) =
1
π

∫
d2θ′κ(θ′) ln |θ − θ′|. (11)

If we make use of the identity 5 ln |θ| =
θ

|θ|2
, the

deflection angle can be expressed as

α = 5ψ. (12)

The deflection potential is the two dimensional
equivalent of the three dimensional Newtonian grav-
itational potential. It obeys the Poisson equation in
two dimensions

52ψ = 2κ. (13)

The observed surface brightness distribution in the
source plane (I(s)[β(θ)]) is equal to the surface bright-
ness distribution in the lens plane (I(θ)), because pho-
tons will neither be absorbed nor emitted when they
are gravitationally deflected. This conservation of sur-
face brightness is given in Equation 14.

I(θ) = I(s)[β(θ)] (14)

If a source is much smaller than the angular scale
on which the lens properties change, the lens mapping
can be linearised locally. The distortion of the images
is then described by the Jacobian matrix:

A(θ) =
∂β

∂θ
=
(
δij −

∂2ψ(θ)
∂θiθj

)
=(

1 − κ− γ1 −γ2

−γ2 1 − κ+ γ1

)
. (15)

Here we introduce the shear γ ≡ γ1 + iγ2 = |γ|e2iφ

and the two components of the shear:

γ1 =
1
2
(ψ,11 − ψ,22) and γ2 = ψ,12. (16)

κ is related to ψ through Poisson’s equation. In this
paper we will express the shear in the form of the re-
duced shear (Equation 17), because the distortion ef-
fects exerted by the lens on the images of background
galaxies do not depend on the parameters κ and γ in-
dividually, but only on the combined quantity (Geiger
& Schneider, 1998).

g =
γ

1 − κ
(17)

Using the Jacobi matrix, we can map a source point
β0 onto θ0 in the lens plane. Using the lens equation
we can write Equation 14 as

I(θ) = I(s)[β0 +A(θ0) · (θ − θ0)]. (18)

From this equation we can derive that the images
of a source with circular isophotes have an elliptical
shape. An intrinsically round source with radius R is
mapped onto an ellipse with major and minor semi-axis
of

a =
R

1 − κ− |γ|
and b =

R

1 − κ+ |γ|
. (19)

given by the inverse eigenvalues of A(θ0).
In Figure 3 we can see how a galaxy source with cir-

cular isophotes gets distorted by a lens. The reduced
shear describes the shape of the distortion image:

g = g1 + ig2 = |g|e2iφ. (20)

The amplitude |g| describes the degree of distortion
and the phase φ indicates the direction of distortion.
The factor 2 in the exponent signifies that the an ellipse
is invariant under a rotation by 180°. The major and
minor axis are a and b as described by Equation 19. In
absence of the shear the image would only be a magni-
fication of the source, as is shown by the dotted circle.
In short, the shape distortion is caused by tidal grav-
itational field described by the shear γ, whereas the
magnification is caused by both isotropic focusing due
to the local matter density κ and the anisotropic focus-
ing of the shear. In weak lensing magnifications of the
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images are unobservable, but for strong lensing these
magnifications can be of the order of 100 times the orig-
inal source. Due to the fact that strong magnifications
are a strong lensing feature, we will not go into all the
details of this lensing feature.

Figure 3: A circular source, shown at the left, is mapped
onto an ellipse by the local Jacobi matrix A. In the ab-
sence of shear, the resulting image is a dotted circle with
a modified radius depending on κ, which is shown in blue.
The shear causes the axis ratio to change. a and b are
the major and minor axis, respectively. The orientation of
the resulting ellipse depends on the phase φ of the shear.
Based on the image in the Saas Fee weak lensing lecture (P.
Schneider), page 5

(P. Schneider, Saas Fee lectures, 2003)

2.3 Weak lensing

In the vicinity of a massive galaxy cluster, we can ob-
serve highly distorted background galaxies. Here we
find ourselves in the strong lensing regime. Further
from the center of the lens the tidal gravitational forces
distort the source only slightly. This is the weak lens-
ing regime, where Jacoby matrix A mentioned above
is close to unity and the absolute value of the reduced
shear is g � 1. The distortion is in fact so weak that it
is unobservable for one single background object. We
need the statistics of many objects to measure a lens-
ing signal. Accurate measurements will depend on the
number of background objects around the lensing mass.

As mentioned above, intrinsically round sources are
transformed into ellipses. So if all galaxies would be in-
trinsically circular, it would be possible to directly es-
timate the shear from the shape of the observed galax-
ies. In reality the background galaxies are intrinsi-
cally elliptical, so the shear cannot be measured from
single galaxies. We can however assume that back-
ground galaxies have a random intrinsic orientation,
which means that the local shear can be estimated by
averaging over a large number of background galaxies.

Since gravitational lensing conserves the surface
brightness of the source, it is convenient to define the
ellipticity as the second-order brightness moments:

Qij =
∫

d2θθiθjI(θ)∫
d2θI(θ)

i, j ∈ {1, 2}, (21)

where I(θ) is the brightness distribution and θ is the
relative position of the galaxy.∫

d2θθI(θ) = 0 (22)

The shape of the galaxy is described by a complex
ellipticity:

ε = ε1 + iε2 =
Q11 −Q22 + 2iQ12

Q11 +Q22 + 2
√
Q11Q22 −Q2

12

. (23)

The modulus is given by

|ε| =
(1 − r)
(1 + r)

(24)

in the special case of elliptical isophotes with axial ratio
r ≤ 1. The transformation of an intrinsic galaxy ellip-
ticity εs to the observable image ellipticity ε is given
by (Seitz & Schneider, 1997)

ε(εs|g) =


εs + g

1 + g∗εs
for |g| ≤ 1

1 + gε∗s
ε∗s + g∗

for |g| > 1
. (25)

The asterisk denotes that the parameter is a com-
plex conjugate. The global mass distribution in the
cluster that we simulate will simulate in the the next
section is non critical. This means that |g| < 1 almost
everywhere except very close to the center of individual
cluster galaxies and the cluster itself.

In the weak lensing regime, where g � 1, we can ap-
proximate the ellipticity as ε = g+εs. If we assume that
the universe is statistically isotropic, we can assume
that the intrinsic ellipticities of the background galax-
ies have a random distribution and hence the expecta-
tion value of the source ellipticity is zero, < εs >= 0.
Hence in the weak lensing regime the expectation value
of the observed ellipticity is given by

< ε >= g =
γ

1 − κ
≈ γ. (26)

So the ellipticity of each galaxy is an unbiased, but
very noisy estimator of the local (reduced) shear.

3 Simulations

After this introduction, we would like to apply the the-
ory of gravitational lensing to constrain the parameters
that define the dark matter haloes of galaxies. In or-
der to do this we need models that simulate a lensing
signal. In section 3.1 we will model a galaxy cluster.
In section 3.2 we will model the mass distribution of
galaxies and calculate the lensing signal of the cluster.
We will regard one model of the lensing signal as an
observation and in section 5 we will compare it to a
range of models with different values of the truncation
radius and the velocity dispersion.
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3.1 simulation of a galaxy cluster

To make simulated observations of a (weak) lensing
signal in a galaxy cluster, it is necessary to simulate
a cluster that is as close to a real cluster as possible.
The ideal way to simulate a cluster is using n-body
simulations, because these simulations can probe the
dynamics of the cluster into more detail than when an
analytical approach is used. It is very time consuming
to simulate a galaxy cluster by using a n-body simula-
tion, so we like to simulate a galaxy cluster as realistic
as we can, without going into the detail of an n-body
simulation. Instead we will simulate a cluster using
density profiles and a luminosity function.

Galaxy clusters usually have masses larger than
1014M� (Frenk et al. 1990). The galaxy cluster in
our simulation has a total mass of 5.4 × 1014h−1M�,
which is equal to the mass Geiger and Schneider use in
their paper (Geiger and Schneider, 1998). The cluster
is located at a redshift of 0.15 and has a total mass
to light ratio of 300hM�/L�. This mass to light ratio
is a typical mass to light ratio for a large galaxy clus-
ter (Geiger and Schneider, 1998; Binney & Tremaine,
1987). We use a cosmology with Ω = 1, Λ = 0 and
H0 = 70hkms−1Mpc−1 and h = 0.70.

We assume that the cluster has a smooth dark mat-
ter halo. Simulations based on the CDM paradigm
have shown that these haloes are well described by a
Navarro Frenk and White (NFW) profile (1997):

ρ(r) =
ρs

(r/rs)(1 + r/rs)2
, (27)

where
rs = r200/c, (28)

and

ρs =
200
3
ρcrit

c3

ln(1 + c) − c/(1 + c)
. (29)

The halo is defined in such a way that it consists of
all matter inside the radius r200 also called the virial ra-
dius. For our simulated cluster the virial radius can be
found at approximately 1700 kpc. Within this radius
the internal density is 200 times larger than the criti-
cal density which is given by ρcrit = 3H2/8πG, where
H is the Hubble constant. In Equations 28 and 29 c
is the concentration parameter. This parameter is well
described by a function of the form (Duffy et al., 2008):

c = A(M/Mpivot)B(1 + z)C . (30)

In Equation 30 z is the redshift andM is the mass of
the cluster. The pivot mass (Mpivot = 2×1012h−1M�)
is the median halo mass. The values of the parameters
A, B, C and Mpivot are provided by Duffy et al. For a
dark matter halo with an NFW profile at a redshift of
0.15 A = 5.74, B = −0.097 and C = −0.47.

Figure 4: Luminosity function of the simulated galaxy
cluster using a Schechter luminosity function. The total
number of cluster galaxies is 283. The greater part of those
galaxies have luminosities below L∗. The function is cut off
at the faint end at a value of 0.1L�

We use a luminosity function to assign a luminosity
to each galaxy. We would like to reproduce a distribu-
tion of galaxies in cluster that is adequate for our sim-
ulation. It is observed from large galaxy surveys that
the number of galaxies drops monotonically with the
increase of luminosity. At high luminosities the num-
ber of galaxies cuts off after it reaches a certain value of
the luminosity (Binney & Merrifield, 1998). A conve-
nient parametrization that reproduces all these prop-
erties is the Schechter luminosity function (Schechter,
1976). The galaxy luminosities were drawn from this
distribution:

Φ(L) ∝ (L/L∗)αe(−(L/L∗))1/L∗ , (31)

with L∗ = 1010h−2L� and α = −1. The power-law
form of the Schechter function cuts off at L∗. At
faint luminosities the function drops almost (Binney
& Tremaine, 1987). This luminosity function is con-
firmed by observations and represents a distribution
of the luminosity of galaxies in clusters that is ade-
quate for our model. As can be seen in Figure 4 there
are more galaxies with a low luminosity. This means
that a lot of galaxies can be found at the limits of
detectability. Although the Schechter luminosity func-
tion predicts huge numbers of low luminosity galaxies,
the integrated contribution of all the galaxies to the
total luminosity density of the Universe remains finite.
In reality the divergent form of the galaxy luminosity
function breaks down at some point. We will set the
lower cut off at a value of 0.1L� (Geiger and Schnei-
der, 1998). Though galaxies fainter than this value do
exist, they will in reality be too faint to be detected.
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We draw from a probability distribution by using a
Schechter luminosity function as a probability density
function. We randomly draw galaxies from this distri-
bution until the total mass to light ratio of the cluster
(M/L=300hM�/L�) is satisfied. The total number of
galaxies we draw is 283.

Subsequently we use the NFW profile to create a
probability distribution from which we can determine
the positions of the galaxies in the cluster.

The center of the cluster is crowded with galax-
ies, because the NFW distribution makes it more likely
to find galaxies in the center. In real galaxy clusters
most of these very central galaxies will have merged
and formed one giant galaxy. This galaxy at the cen-
ter of the cluster is called the brightest cluster galaxy
(BCG) and it is the most luminous galaxy of the clus-
ter. They have a brightest cluster galaxy(BCG) close
to the center of the cluster instead of multiple smaller
and less luminous galaxies. We can replace the smaller
central cluster galaxies in our simulation by this BCG.
We replace all the galaxies with a radius of less than
40 kpc from the cluster center and add their luminosi-
ties. The position of the BCG is the average position
of the replaced cluster galaxies. The result can be seen
in Figure 5. After replacing these central galaxies for
the BCG we are left with 274 cluster galaxies.

Figure 5: This is the model of the galaxy cluster with the
BCG. The total number of galaxies in this figure is 274. The
axis indicate the distance from the center in kpc. Colors
indicate the luminosities in solar luminosities. The galaxies
are distributed according to the NFW density profile. Their
luminosities are given by a Schechter luminosity function.

3.2 Scaling relations and lens models

The smooth dark matter component and the galaxies
in the cluster all contribute to the shear. We can deter-
mine the contribution of the smooth dark matter halo
in the following way. We approximate the DM NFW
halo of the cluster with a simple lens model, namely a

singular isothermal sphere (SIS). This model is often
used as a mass model for gravitational lensing. The
surface mass density of a SIS is given by Equation 32.

Σ(ξ) =
σ2

2Gξ
(32)

This means that we can express the mass of the
halo inside a certain radius ξ as:

M(< ξ) =
∫ ξ

0

Σ(ξ′)2πξ′dξ′ =
σ2πξ

G
. (33)

M(< ξ) can also be expressed as the NWF density
profile times the volume inside ξ:

M(< ξ) = 4πρ3
s ln

(
1 + ξ/rs −

ξ/rs
1 + ξ/rs

)
. (34)

Now we can express σ2 as

σ2 =
πGM(< ξ)

ξ
. (35)

For a SIS the Einstein radius is given by:

ξE = 4π
(σ
c

)2 Dds

Ds
. (36)

The Einstein radius is the radius where the lens
equation equals 0. The absolute value of the shear is
defined as:

|γ| =
ξE
2ξ
. (37)

Which is equal to the dimensionless surface mass
density:

κ =
ξE
2ξ
. (38)

The mass distribution of every galaxy in the cluster
we simulated in 2.1 can be described by a simple trun-
cated isothermal sphere (Brainerd et al 1996). This
model is appropriate for the synthetic data used here,
one can argue that realistic galaxy haloes might rather
be flattened or completely irregular. However in this
analysis we aim to study the average properties of an
ensemble of galaxy, which can still be reasonably well
described by a simple model. For this model the sur-
face mass density is given by Equation 39.

κ(ξ) =
4πσ2

c2
DdDds

Ds

1
2ξ

(
1 − ξ√

s2 + ξ2

)
(39)

In this equation ξ is the projected radius from the
center of the galaxy. Dd, Ds and Dds are the distances
as described in section 2.1. These distances can also be
expressed in redshift. In reality the background galax-
ies will all have different redshifts, though of course
these redshifts will be larger than the redshift of the
lensing galaxy cluster. With the CFHTLS-Wide sur-
vey a mean value of the redshift distribution of back-
ground galaxies is found, namely z=0.81 (Benjamin et
al., 2007). Most theoretical studies use a mean value
of z=1 (Geiger and Schneider, 1998). For simplicity we
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will assume that all the galaxies lie on the same red-
shift plane, so zs = 1. In equation 39 σ is the velocity
dispersion of the galaxies and s is a measure for the
truncation radius (in other papers also called the cut
off radius of the galaxy). It is chosen is such a way
that half of the mass of the galaxy is contained within
a radius:

r =
3
4
s. (40)

The two parameters σ and s are chosen as functions
of the galaxy luminosity and scale in the following way:

σ = σ∗

(
L

L∗

)1/η

and s = s∗

(
L

L∗

)ν

. (41)

In this model we will assume that for an L∗ galaxy
the velocity dispersion σ∗ has a value of 200 km/s. This
is closer to the value of elliptical galaxies, because these
galaxies dominate the cluster. When the scaling index
η equals 4 the first scaling relation corresponds to the
observed Faber-Jackson/Tully-Fisher relation. For the
second scaling there are no observational constraints.
This means that we cannot put a constraint on the
value of s∗ and that there are several options for the
scaling of the truncation radius. In this paper ν is cho-
sen to be equal to 0.5. This yields a mass-to-light ratio
for the galaxies which is independent of the luminosity
(Geiger and Schneider, 1997).

The values for η, σ∗, ν and s∗ are the values that
are most used in lensing studies (Limousin et al., 2006).
We shall use several values of the truncation radius to
see its effect on the measured shear.

Another possible scaling relation for the truncation
radius would be to assume that the galaxy is truncated
at a fixed density of the dark matter halo. This means
that s ∝ σ. Furthermore also the case of s ∝ σ4 is
considered as possible scaling relation.

These other scaling relations can in principle be
tested with lensing, but in this paper we only use the
scaling relations mentioned in Equation 41, because
they are most commonly used.

The two parameters σ and s can be used to de-
scribe the total mass of a cluster galaxy inside a radius
ξ, which is given by Equation 42.

M(< ξ) =
πσ2

G
(ξ + s−

√
s2 + ξ2) (42)

We can assume the radius ξ is very large compared
to s. This means that we can approximate Equation 42
by:

Mgal =
πσ2

G
s. (43)

We can determine the total mass of all the galax-
ies in the cluster by adding the masses of each cluster
galaxy. This galaxy mass is added to the cluster mass.
In order to retain the total cluster mass we then rescale
the mass of the smooth dark matter component of the
cluster (in this paper also referred to as the DM halo

of the cluster). In Figure 6 can be seen how the total
mass of the galaxies and the total mass of the dark
matter halo change for a large range of values of s∗
when the total cluster mass remains fixed.

Figure 6: This figure shows the relation between the to-
tal mass of the galaxies divided by the total mass of the
cluster and the truncation parameter in kpc/h for values
of s∗ ranging from 0 to 100. The total mass of the cluster
remains fixed, namely 5.4 × 1014h−1M�. We can see that
when s∗ gets larger the amount of mass in the galaxies in-
creases. At a value ofs∗ = 100kpc/h almost 80% of all the
mass is in galaxies.

For the galaxy mass model the shear is given by
Equation 44.

|γ|(ξ) =
4πσ2

c2
DdDds

Ds

1
2ξ

(
1 +

2s
ξ

− 2s2 + ξ2

ξ
√
s2 + ξ2

)
(44)

The phase of the shear can be determined from the
position angle with respect to the galaxy center. With
the phase we can determine the components γ1 and
γ2 and together with the surface mass density one can
compute the reduced shear.

We can make a map of the combined tangential
shear of the galaxies and the DM halo of the cluster as
can be seen in Figures 7 and 8. The tangential shear
is defined as:

γt = −(γ1 cos(2φ) + γ2 sin(2φ)), (45)

Where γ can be replaced by g when we use the reduced
shear.

We assume a regular grid of background objects
where we can measure the shear. The separation be-
tween these grid points is 50 kpc. This separation dis-
tance gives us a detailed two dimensional overview of
the shear in the galaxy cluster. At every grid point we
can determine the components of the reduced shear.
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The components of the reduced shear can be rewritten
as:

g1 = |g| cos(2φ) and g2 = |g| sin(2φ). (46)

We will calculate the contribution of the the cluster
galaxies and the DM halo of the cluster separately and
then add g1 of the galaxies to g1 of the DM halo and
likewise we add g2 to get the total g1 and g2 at each
grid point.

We plot the absolute value of the total reduced
shear |g| as the length of a grid point and the angle
φ is the orientation of the shear, which is equal to:

φ = arctan
(
γ2

γ1

)
.

In the Figures 7 and 8 the separation between two
grid points, which is 50 kpc, resembles an absolute
value of the (reduced) shear of 0.015. The maximum
length of the reduced shear in the grid plot is three
times the separation between two grid points, thus 150
kpc resembles a shear of 0.045. This is still well below
the boundary between weak and strong lensing, but
with this scale we can see most of the details of both
the cluster dark matter halo and the galaxies.

We plot the maps of the shear for several values
of s∗: 15, 30, 50 and 80 kpc/h. In Figure 7 we show
the tangential shear of s∗: 15 and 30 kpc/h and in
Figure 8 we show the tangential shear of s∗: 50 and
80 kpc/h. The two top panels of Figure 7 show the
tangential shear of the smooth dark matter halo, for
two different values of the truncation radius. The mid-
dle row shows the signal of the cluster galaxies. The
tangential shear is clearly observed around the galaxies
and we can observe the NFW distribution of the clus-
ter galaxies through the tangential shear. The larger
the value of s∗ the higher the value of the tangential
shear of the galaxies becomes. The two bottom panels
show the combined tangential shear of the dark matter
halo and the galaxies. We can clearly see the distortion
of the NFW dark matter halo by the cluster galaxies,
but the signal is now more cluster centered in contrast
to the two middle panels. Figure 8 is build up in the
same way as Figure 7. The two values of the trunca-
tion parameter are now 50 and 80 kpc/h. The shear
signal is stronger in all the panels when compared to
Figure 7, because of the higher values of the truncation
parameter. If we compare the upper panels of Figure 7
and 8, we can see that the two panels of Figure 7 have
a stronger lensing signal for the dark matter halo of
the cluster than in Figure 8. This difference, though
it is very small, originates in the changing value of the
truncation parameter. When the truncation parame-
ter is high (for instance 80 kpc/h), more mass will be
stored in galaxies than when the truncation parameter
has a low value, like 15 kpc/h. This effect can also be
observed in Figure 6.

In Figure 9 the tangential shear of the cluster is
shown again, but this time as a function of the radius
of the cluster. The tangential shear is calculated by

binning up the grid points of the shear in radial bins
from the center of the lens outwards. An average value
of the shear is calculated by considering all the values
of the shear of each grid point that falls inside the bin.
The bins have sizes of 4 kpc up to a radius of 100 kpc.
After 100 kpc we use a larger bin size, namely 80 kpc
up to a radius of 2100 kpc, which is beyond the virial
radius of the cluster. The red line indicates the shear
of the smooth dark matter halo of the cluster. The
blue line represents the shear of the galaxies and the
black line is the combined shear of the galaxies and the
dark matter halo of the cluster. Very near the center
of the cluster the shear profile of the dark blue and the
black line is sharply peaked due to the BCG. The other
sharp peaks in these two lines are shears from the clus-
ter galaxies. We do not want to see all the details of
the galaxies, because, for this plot, we are mainly in-
terested whether the combined shear and the shear of
only the galaxies still follow the underlying dark matter
cluster profile. This is why we have chosen a slightly
bigger bin size after 100 kpc from the center of the clus-
ter. At larger radii more and more galaxies fall inside
the the bin. When we would choose a small bin size we
would see a lot of highly peaked shear signals coming
from individual galaxies. We chose a radius of 2100
kpc to see that at such large radii from the center the
combined shear profile follows the smooth dark matter
profile of the cluster again.

4 The truncation radius

The truncation radius of a galaxy is an interesting pa-
rameter in our models. It puts constraints on both the
mass and the radial extent of the dark matter haloes
of the cluster galaxies. As we have have seen in sec-
tion 3, half of the mass of a galaxy is contained within
a radius that is 3/4 of the size of the truncation ra-
dius (Equation 40). The truncation radius (eqn 41)
depends on the luminosity of the galaxy and the trun-
cation parameter s∗. To study the truncation radius
in more detail, we measure the extend to which we can
measure a lensing signal coming from a galaxy. Two
effects will play a role. The first is of course the value of
the truncation parameter. The second is the strength
of the dark matter halo of the cluster.

Far from the galaxy center the lensing signal of the
dark matter halo of the cluster will dominate over the
signal of the galaxy. The shear signal of the dark mat-
ter halo does not have the same strength in every part
of the cluster, because it follows the NFW profile. We
therefore expect that the measured shear profile of the
galaxy will depend on the position of the galaxy in
the galaxy cluster as well as on the truncation param-
eter. The signal of the dark matter halo will be much
stronger in the center of the cluster than on the out-
skirts. This means that we can measure the shear sig-
nal of the galaxy further outward when it is farther
from the center of the cluster.
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Figure 7: The two top panels show the tangential shear of the smooth dark matter halo of the cluster. The two panels
in the middle show the tangential shear of the galaxies and the two panels at the bottom show the combined shear of
both the galaxies and the smooth dark matter halo of the cluster. The left row has a value of s∗ = 15 kpc/h and and
the right row has a value of s∗ = 30 kpc/h. The distance between the grid points is 50 kpc, which resembles an absolute
value of the (reduced) shear of 0.015. of the reduced shear in the grid plot is three times the separation between two
grid points, thus 150 kpc resembles a shear of 0.045. Note the difference between the second and the third row of panels.
When the shear of the underlying dark matter profile is added to the shear of the galaxies, the total shear shows clear
features of the NFW distribution and the shear is less centered around the galaxies.
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Figure 8: The two top panels show the tangential shear of the smooth dark matter halo of the cluster. The two panels
in the middle show the tangential shear of the galaxies and the two panels at the bottom show the combined shear of
both the galaxies and the smooth dark matter halo of the cluster. The left row has a value of s∗ = 50 kpc/h and and the
right row has a value of s∗ = 80 kpc/h. In contrast to Figure 7 a large part of the mass is now stored in the galaxies,
due to the high values of the truncation parameter. This means that the shear in the two middle panels is much higher
than in Figure 7
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Figure 9: This figure shows the average tangential shear of the cluster versus the radius from the center of the cluster.
The red line is the smooth reduced tangential shear of the DM halo of the cluster. The dark blue line is the reduced
tangential shear caused only by the galaxies and the black line is the combined reduced tangential shear caused by both
the dark matter halo of the cluster and the galaxies. Clockwise we see the panels of the tangential shear for s∗ = 15
kpc/h, s∗ = 30 kpc/h, s∗ = 80 kpc/h and s∗ = 50 kpc/h. At large distances from the cluster center all the lines follow
the NFW profile of the dark matter halo.
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Because it is hard to distinguish between the con-
tribution of the dark matter halo of the cluster and
the truncation parameter, we simulate the lensing sig-
nal of just one galaxy in a cluster, that only contains
dark matter from its NFW halo, by shifting this galaxy
over the radius of the cluster. By simulating only one
galaxy we will not get any additional shear of galaxies
in the neighborhood. This means that we can see the
full extent of the shear signal, before it falls below that
of the cluster.

We first show the reduced shear versus the radius
from the center of the galaxy in Figure 10. A galaxy
lensing signal is measured at four positions in the clus-
ter, namely 170 kpc, 680 kpc, 1190 kpc and 1700 kpc.
This is indicated in each panel. Like in Figure 9 of
section 3.2 we make use of radial bins to calculate the
average shear on a radius from the center of the galaxy.
The colors indicate different values of the truncation
parameter, s∗. For s∗ we used 15, 30, 50 and 80 kpc/h,
which will be the standard example values is this pa-
per. The galaxy used to calculate the shear profile has
a luminosity of 8.5×109L�, which is close to the char-
acteristic luminosity L∗ (Schechter, 1976). More lumi-
nous galaxies will have a stronger shear profile, which
can be probed out to larger radii.

We can see that in all cases the shear follows the
galaxy shear profile given by equation 44 near the cen-
ter of the galaxy. The point where the shear of the DM
halo of the cluster dominates begins when the decrease
of the galaxy shear profile stops. When we compare
the top left panel to the bottom right panel we can
observe that the strength of the shear signal of the
cluster diminishes when the distance toward the cen-
ter increases. For the distances of 170 kpc and 680 kpc
from the center of the cluster, the cluster halo begins to
fall off like a SIS profile again. This is observed because

we are now far away from the galaxy and measure the
shear profile of the dark matter cluster halo. For the
lower panels we can see a slight increase of the shear at
a large distance from the galaxy. The reason for this is
that the galaxy is located so far from the center of the
cluster that it starts to pick up the shear signal of the
more central regions of the cluster when we measure
the shear far from the galaxy.

To determine at which point the dark matter halo
of the cluster begins to dominate the signal, we fit a
galaxy model to the measured shear. The point at
which the model deviates more than 10% from the data
will be the maximum extent of the shear signal of the
galaxy, where it can be measured reliably. This point
will be called the maximum radius and it can be mea-
sured for several values of the truncation parameter.
The result is shown in Figure 11. The maximum ra-
dius is plotted versus the truncation radius. The colors
indicate the distance from the centre of the cluster. We
chose 10 distances from 170 kpc to 1700 kpc which is
close to the virial radius of the cluster. We can clearly
see the influence of the dark matter halo of the cluster.
Very near the center the value of the truncation param-
eter does not make a large difference. The lensing sig-
nal of the DM halo of the cluster is so strong that it sets
the maximum radius of between 20 kpc and 45 kpc for
all the values of the truncation parameter shown in the
Figure. Far from the center of the cluster it is clearly
visible that when the truncation parameter increases
the maximum radius can reach up to values of 250 kpc
for the highest values of the truncation parameter. It is
therefore easier to constrain galaxies with a small value
of s∗ than with a large value of s∗. This result shows us
that when we want to constrain the truncation radius
of cluster galaxies, we must take their position within
the cluster into account.

14



Figure 10: This figure shows the reduced shear plotted versus the radius of an average cluster galaxy in kpc. Colors
indicate different values of the truncation parameter. The distance shown in each panel indicates the distance of the
galaxy from the center of the cluster. The points show the values of the measured shear around the cluster galaxy. This
signal is a combination of the tangential shear of the galaxy and that of the cluster. The lines are the fitted models
of the shear profile of the galaxy, given by equation 44. The plotted reduced shear follows the SIS shear profile of the
galaxy until it falls below the shear signal of the cluster DM halo. Near the center of the cluster this point is reached at
a smaller value of the radius than when we view a galaxy near the virial radius of the cluster at 1700 kpc.
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Figure 11: This figure shows the maximum radius of the galaxy halo versus the truncation parameter s∗. This maximum
radius is defined as the radius on which the lensing signal of the cluster does not dominate the lensing signal of the galaxy.
The colors indicate the distance to the center of the cluster. It can be observed that when the distance of the galaxy from
the cluster center gets larger, it becomes easier to distinguish between different values of the truncation radius. This
means that the position of a galaxy within the cluster plays an important role when one tries to measure the truncation
radius of the galaxies.

5 Maximum likelihood method

If we regard the modelled lensing signal of the clus-
ter from section 3 as an observation, we can try to
recover the input parameters of this modelled obser-
vation and investigate how well these parameters con-
strain by comparing the lensing signal to a set of mod-
els. The maximum likelihood method is suitable to
analyse the model set. It is a method of estimating the
parameters of a statistical model. Therefore we need
to calculate the probability distributions of the observ-
able quantities according to the model and maximize
the joint probability density for the actually observed
values by varying the model parameters. The maxi-
mum likelihood method described in this section fol-
lows in part the prescription of Geiger and Schneider
(1998). For every model in the model set the shear sig-
nal of the whole cluster will be derived using the same
method as in section 3.

The maximum likelihood has advantages over other
methods, such as the binning method we used in sec-
tion 3 and 4. The main advantage is that the max-
imum likelihood method can model azimuthal varia-
tion. By averaging the tangential shear in a radial
bin around each galaxy, these variations would be lost,
which means that we lose information of the shear pro-
file. In this section we will create a set of models and
explain how we use the maximum likelihood to con-
strain our model parameters.

5.1 Distortion of background galaxies

In reality the background galaxies will be randomly dis-
tributed. We can use these background galaxies to cal-
culate the shear. This gives us a very irregular field of
shear values. We generate a field of background galax-
ies, with a density of 15 galaxies per arcmin2. The
galaxies are randomly distributed over a field of 10 by
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10 arcmin, which is centered on the center of the galaxy
cluster. This field of view was chosen because a large
area of the cluster falls inside this surface and most
(wide-field) camera’s will be able to observe this field of
view. Many wide-field camera’s can cover even a larger
field of view, such as the wide-field imager MegaCam
at the Canada-France-Hawaii Telescope which covers
a full 1 degree × 1 degree. 1 The cluster galaxies
are extended sources and some of our modelled back-
ground galaxies will fall behind these galaxies. They
will be unobservable and we do not take them into
account. All the background galaxies within a radius
smaller than 10 kpc from the cluster galaxies are ob-
scured by these galaxies (this value is used by Hudson
et al., 1998). The minimum radius used in this paper
is 20 kpc. In this case we are almost always outside the
area of strong lensing (g > 0.3) and we are certain that
no background galaxy is obscured by a cluster galaxy,
because very large galaxies can have radii larger than
10 kpc. After this cut we have 1381 background galax-
ies.

As has been mentioned in section 2.3 the back-
ground galaxies all have their own intrinsic ellipticity
εs. We can assign an intrinsic ellipticity to each galaxy
using the following probability distribution:

pεs(εs) =
1

πσ2
εs

(1 − e−1/σ2
εs )
e−(|εs|/σεs )2 . (47)

We use a dispersion of σεs = 0.3.
We can construct our observed measurement by

adding the intrinsic ellipticity to the reduced shear in-
duced by the cluster. This can only be done in the
weak lensing regime, because the ellipticity transfor-
mation is ε ≈ εs + g only valid when |g| � 1. We
will use g = 0.3 as an upperlimit for weak lensing.
The same parameters as in section 3 are used to con-
struct four different observations, namely σ = 200 for
the velocity dispersion parameter and s∗ = 15kpc/h,
s∗ = 30kpc/h, s∗ = 50kpc/h, s∗ = 80kpc/h for the
truncation parameter. We do not change the value of
σ∗, because it is already close to the values observed in
most elliptical galaxies.

5.2 The Maximum likelihood method

After creating a model set with parameters for s∗ rang-
ing from 0 to 100 kpc/h and σ∗ ranging from 100 km/s
to 300 km/s, a maximum likelihood function can be
defined as the product of the probability densities of
the measured ellipticities of all the background galaxy
images.

An optional third free model parameter is the clus-
ter mass. It is not possible to determine the mass
of the DM halo of the cluster exact, there will al-
ways be a slight error. This is why we want to see
what the effect is of choosing the cluster mass as
free model parameter. From our input model we use

the following masses. A total mass of all the galax-
ies of: 1.79 × 1014M�. A total dark matter halo
mass of the cluster of: 5.22 × 1014M�. We will vary
the dark matter halo between 5.22 × 1012M� and
7.84 × 1014M�. The total mass in the galaxies can
vary between 1.31× 1012M� and 1.18× 1015M�. This
last variation is caused by changing the values of s∗
and σ∗. We will view the case where we have three
free parameters separately from the case were we have
only two free parameters (s∗ and σ∗).

We assume that all the background galaxies lie on
the same redshift plane (z = 1). The probability den-
sity for observing an image ellipticity ε can then be
given by

Pε(ε|g) = Pεs [εs(ε|g)]|
d2εs
d2ε

|. (48)

In the limit of |g| � 1, the ellipticity transforma-
tion reads ε ≈ εs + g and the Jacobian determinant
reduces to unity. The lensed probability density dis-
tribution is then approximately equal to the intrinsic
probability density distribution (eq 47) shifted in the
shear direction:

Pε(ε|g) ≈ Pεs(ε− g). (49)

This can then be written as:

Pεs(ε− g) =
1

πσ2
εs

(1 − e−1/σ2
εs

)
e(|ε−g|2/σ2

εs
). (50)

The likelihood L can now be described as the prod-
uct of all the probability densities of the measured el-
lipticities εi of the lensed background galaxies (eq 51).
It depends on the model parameters s∗ and σ∗. We
can also choose the mass of the dark matter halo as a
free parameter.

L(σ∗, s∗,MDM ) =
∏

i

pε(εi|gi)

=
∏

i

1

πσ2
εi

(1 − e−1/σ2
εi )

e
−|εi−g2

i |
2/σ

ε2
i (51)

For convenience equation 51 is now transformed
into the log likelihood:

l := lnL. (52)

When we substitute L (eq 51) this will give us

l = n·ln
(

1
πσ2

εs
(1 − e−1/σεs )

)
−
∑

i

(
εi − gi

σεs

)2

. (53)

The first element of equation 53 is just a constant.
The number of background galaxies is denoted by n.
The second part follows a χ2 distribution (Equation 54)
with the number of degrees of freedom equal to the
number of free model parameters.

1http://cfht.hawaii.edu/Instruments/Imaging/Megacam/
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Figure 12: This plot shows contours of 68%, 95% and 99% confidence intervals of the two parameters, σ∗ and s∗. The
contours are calculated using a χ2 distribution with two free parameters. Colors indicate the number of clusters used.
The top left panel is a contour plot with input values for s∗ and σ∗ of 200 km/s and 15 kpc/h respectively. The top
right panel has input values for s∗ and σ∗ of 200 km/s and 30 kpc/h. The bottom left panel has input values for s∗ and
σ∗ of 200 km/s and 50 kpc/h and the bottom right panel has input values for s∗ and σ∗ of 200 km/s and 80 kpc/h. The
diamond indicates the best fit in each panel. We can see that the parameters are better constrained when the information
of several clusters is combined.
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Figure 13: This plot shows contours of 68%, 95% and 99% confidence intervals of the two parameters, σ∗ and s∗, the
velocity dispersion in km/s and the truncation radius in kpc/h respectively. Colors indicate the number of clusters used.
The input values of these parameters are the same as in Figure 12. Unlike Figure 12 the cluster mass had been chosen
as a third free parameter. The effect of this third parameter can be seen by comparing these contours to the contours of
Figure 12. The contours in this figure are slightly wider. In each panel the diamond indicates the best fit.

19



χ2 =
∑

i

(
εi − gi

σ

)
(54)

For each set of model parameters we calculate the
χ2 value using equation 54. The model set contains a
model that exactly matches our observed value. This
model will give us the minimum χ2 value and thus the
best fit. The parameters of the best fit are the same
parameter as our input model.

The result can be seen in Figures 12 and 13. The
latter shows the contour plot of in the case where we
included the mass as a third free parameter. We plot
the 68%, 95% and 99% confidence intervals for the two
parameters jointly. The black contours show the result
for just one cluster. When we combine the informa-
tion of several clusters it is possible to get a better
constraint on the data. In our case we combined the
information of 10 and 100 of the same clusters. In real-
ity we will use cluster that differ from each other. The
result of the combination of the data of 10 clusters is
shown by the pink contour lines and the result of the
combination of the data of 100 clusters is shown by
the green contour lines. From this result we can derive
that we should need ∼ 100 galaxy clusters to get a good
constraints on the parameters σ∗ and s∗. Figure 13 is
built up in the same way as Figure 12. We can observe
that the contours are wider than in Figure 12. This
is due to the extra free parameter. It allows a larger
set of values for s∗ and σ∗ to fall inside the area of the
confidence intervals, making them wider.

Because we are mainly interested in the sizes of the
haloes, we will marginalize the velocity dispersion out,
by choosing the minimum value of the χ2 distribution
for each value of s∗. The results are given in the two ta-
bles. This is a good way to see the influence of varying

the mass of the dark matter component of the cluster.
Table 2 shows the 1,2 and 3 σ standard deviations of
the best fitting values for models with the dark mat-
ter halo mass of the cluster as a free parameter. Table
1 shows the 1,2 and 3 σ standard deviations of the
best fitting values for the models with just two free
parameters. The standard deviations of table 2 are
clearly larger than in table 1. This means that when
we do not know the mass of the dark matter halo of
the cluster we must take into account that the con-
straints on the data will be less accurate, though still
accurate enough to get a good constraint on the trun-
cation radius. The values that fall outside the range of
the models are derived by extrapolating the contours
of the confidence intervals. When the model fitted to
the data indicates that the standard deviation becomes
larger than 500 we assume that the fit is not accurate
enough any more. Furthermore when the truncation
radius becomes larger than 500 kpc/h, the galaxy halo
will be of the same size as the cluster. When the stan-
dard deviation is larger than 500 it is indicated in the
table as � 500. As we suspected in section 4, it is in-
deed harder to constrain truncation radii with a large
value of s∗. In Figure 14 we show a graphic of the
tables. The colors indicate the number of clusters used
to get the constraints on the value of s∗. The triangle
indicates the upper limit and the diamond the lower
limit of the standard deviation. We can see the differ-
ence between the two rows of panels immediately. The
left row, which has only two free parameters clearly
shows smaller standers deviations than the column on
the right, where the mass of the cluster is a free param-
eter. Also the difference between the upper and lower
standard deviations gets smaller when many clusters
are combined.

σ1 σ2 σ3

s∗ = 15 1 11.84 84.06 14.11 � 500 15.00 � 500
s∗ = 15 10 5.48 8.86 9.44 26.18 15.00 70.56
s∗ = 15 100 2.00 2.30 3.72 5.01 5.25 8.25
s∗ = 30 1 18.66 73.17 25.54 446.46 28.29 � 500
s∗ = 30 10 8.10 12.16 13.79 31.67 18.06 65.59
s∗ = 30 100 2.99 3.42 5.50 7.14 7.75 11.40
s∗ = 50 1 27.54 82.53 39.65 199.89 44.46 351.13
s∗ = 50 10 11.78 16.66 20.26 40.65 26.65 85.48
s∗ = 50 100 4.47 4.87 7.92 9.79 11.27 15.70
s∗ = 80 1 40.80 282.30 59.43 � 500 68.60 � 500
s∗ = 80 10 17.00 23.60 29.66 72.27 39.42 150.73
s∗ = 80 100 6.66 6.99 11.39 13.70 16.26 21.34

Table 1: 1,2 and 3 σ standard deviations of the best fitting value of the truncation parameter s∗ in kpc/h. The first
value in the first column indicates the value of the truncation radius in kpc/h and the second value indicates the number
of clusters used to obtain the standard deviations. The first value in each cell of the other columns indicates the lower
limit of the standard deviation and the second value indicates the upper limit.
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σ1 σ2 σ3

s∗ = 15 1 12.09 105.13 14.36 � 500 15.00 � 500
s∗ = 15 10 5.76 9.63 9.88 30.20 15.00 87.29
s∗ = 15 100 2.08 2.44 3.92 5.38 5.51 8.96
s∗ = 30 1 19.69 86.15 26.26 474.98 28.82 � 500
s∗ = 30 10 8.76 14.13 14.71 37.39 19.08 77.32
s∗ = 30 100 3.20 3.75 5.98 8.05 8.38 13.18
s∗ = 50 1 29.74 184.29 41.26 � 500 45.43 � 500
s∗ = 50 10 13.25 20.32 22.31 48.04 28.84 97.31
s∗ = 50 100 4.89 5.72 9.00 11.84 12.28 19.20
s∗ = 80 1 44.62 463.02 61.97 � 500 70.02 � 500
s∗ = 80 10 19.78 31.61 33.37 105.61 43.28 230.74
s∗ = 80 100 7.37 8.43 13.26 16.89 18.88 25.94

Table 2: 1,2 and 3 σ standard deviations of the best fitting value of the truncation parameter s∗ in kpc/h using the
mass as third free parameter. Like in table 1 the first value in the first column indicates the value of the truncation
radius in kpc/h and the second value indicates the number of clusters used to obtain the standard deviations. The first
value in each cell of the other columns indicates the lower limit of the standard deviation and the second value indicates
the upper limit.

6 Summary and Conclusion

Our goal is to investigate how well we can constrain the
two main parameters that define the haloes of cluster
galaxies and we explore how much data we need. The
two main parameters, namely the truncation radius of
cluster galaxies and their velocity dispersions can be
measured by observing cluster galaxies. We There al-
ready exist good constraints on the velocity dispersion,
which is ∼ 200 km/s for a galaxy with a luminosity
of L∗ (1010h−2L�). This situation is different for the
truncation radius, because there are no observational
constraints for cluster galaxies. As we are mainly in-
terested in the size of haloes we investigated how well
we could constrain the truncation parameter.

We have studied the weak lensing signals of a simu-
lated galaxy cluster and computed the truncation radii
and velocity dispersion of the galaxies inside the clus-
ter using scaling relations. Because the signal of one
cluster galaxy is not strong enough to constrain the
parameters, we need the statistics of all the clusters
galaxies. We used a maximum likelihood technique
to fit the measures shear signal to range of models.
The results show that the parameters are not well con-
strained when we use just one galaxy cluster. There-
fore we combine several clusters and find that the best
results can be found by using ∼ 100 clusters. This
number depends on the amount of background galaxies
available. In the case were we used two free parame-
ters (s∗ and σ∗) the one σ standard deviations range
from 2 kpc for s∗ = 15 kpc/h to 8 kpc for a s∗ = 80
kpc/h. When we add the mass of the dark matter halo
of the cluster as a third free parameter, the standard
deviations are slightly higher, but we can still put good
constraints on s∗ and σ∗.

We also investigated whether the position of the

galaxy within the cluster is of importance when we
measure the truncation parameter. From Figure 11
we can see that we need galaxies from several posi-
tions in the cluster to put correct constraints on the
truncation parameter. It also means that when the
truncation radius has a high value it will be harder to
constrain. This effect can also be seen in Figures 12
and 13 and tables 1 and 2. The standard deviations
become larger when the value of the truncation radius
increases. However, these errors are absolute errors.
For a truncation parameter of 80 kpc/h a 1σ standard
deviation of 8 kpc is just as good as a 1σ standard devi-
ation of 2 kpc for a truncation parameter of 15 kpc/h,
when we consider the relative errors. Expressed in per-
centages this means for s∗ = 80 kpc/h an error of 10%
and for s∗ = 15 kpc/h an error of 8%, so the relative
errors are similar. We can therefore conclude that we
can constraint the truncation parameter very well and
that we are able to distinguish between different values.

When the substructure of cluster galaxies consists
of a very complicated mass distribution, it will be hard
to observe the truncation radius. Tidal stripping of
galaxy haloes or merging of several haloes will affect
the shape of the galaxy dark matter haloes and thus the
constraints on the value of s∗. Nevertheless our analy-
sis is aimed on at determining the average properties of
cluster galaxy haloes, which might still be reasonably
well described by the simple galaxy model used in this
paper.

The modelled galaxy clusters in this paper repre-
sent an ideal situation. The only noise comes from
the uncertainty of the intrinsic ellipticity of these back-
ground galaxy. This situation will be different for real
observations. In reality there will be more noise due to
the point spread function, that smeared out the image.
We also assume that we can measure all the cluster
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Figure 14: Standard deviation versus the truncation radius. Values are taken from tables 1 and 2. Colors indicate the
number of clusters used to get constraints on the value of s∗. The triangle indicates the upper limit and the diamond
indicates the lower limit of the standard deviations. The left row of panels shows the standard deviations of the truncation
radius calculated with two free parameters in the models and the row of panels on the right shows the standard deviations
calculated with the cluster mass as a third free model parameter. The upper row shows the 1σ standard deviation, the
middle row the 2σ standard deviation and the bottom row the 3σ standard deviation, by σ1, σ2 and σ3 respectively.
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galaxies including the very faint. In reality it is much
harder to observe the galaxies and another difficulty
arises when we want to separate the cluster galaxies
from the background galaxies. The cluster is always
contaminated in some percentage by non cluster galax-
ies. Even with these observational constraints it is still
possible to constrain the truncation parameter given
enough galaxy clusters.

Observations will have to give a decisive answer to
what the value of the truncation parameter will be.
We know from the results in section 5 that when there
are enough galaxy clusters available it is possible to
measure this parameter.
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