
Problem set 3, due in Wednesday 28/10/09
NOTE: for this problem, due to the long hiatus in homeworks, no extension

is allowed.
You will derive the freeze-out abundance of neutrons, and hence the approx-

imate abundance of 4He nuclei. Please proceed as follows:
In class we have derived the follwing expression:

dδxn

dt
+ R(T )δxn = −

dXeq
n

dt
, (1)

where Xeq
n = exp(−Q/T )/[1+exp(−Q/T )] is the equilibrium neutron abundance,

δxn = Xn−Xeq
n is the deviation of neutron abundance from its equilibrium value,

the total conversion rate

R(T ) = λn−p + λp−n = λn−p[1 + exp(−Q/T )]. (2)

and Q = (mn − mp)c
2 = 1.293MeV. The rate coefficient is given approximately

by
λn−p = 3.26(T/Q)3[(T/Q) + 0.25]2sec−1. (3)

(a) For radiation-dominated universe where only photons are present (no
neutrinos), derive relationship between the time tsec (i.e., age of the universe)
measured in seconds, and the temperature TMev measured in Mev.

In the presence of neutrinos, this relationship is

tsec = 1.39κ−1/2T−2
Mev, (4)

where κ ≃ 3.54 for the case of the 3 types of neutrinos. Using this value, please

(b) Solve equation (1) numerically and make plots of Xn as a function of
temperature and time. Mark Xeq

n on the same plots.

(c) Solve equation (1) quasi-analytically, as follows:
(i) prove

δxn(t) = −

∫ t

0
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n (t̃)
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exp
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−

∫ t
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)

. (5)

(ii) Introduce the new integration variable y = T/Q and re-write all the integrals
in terms of y’s. Write an expression for δxn(t = ∞) (i.e., at y = 0) by using the
fact that δxn = 0 at high temperatures y = ∞. You should get the following:

Xn(t = ∞) =
∫

∞

0

dy

2y2(1 + cosh(1/y))
exp

(

−5.44κ−1/2

∫ y

0
dx(x + 0.25)2(1 + e−1/x)

)

(6)
Evaluate the integral numerically and compare with the previous result.

(d) The Deuterium bottleneck is overcome after about 206 seconds after the
freezeout, so the number of the free neutrons decays by exp(−206/886) by then.
After the bottleneck is overcome, almost all neutrons end up in 4He. Estimate
its mass abundance.


