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1 HI - Solution

I. Population ratio:
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2. Neutral atomic gas

1 HI – population ratio

Using the given Boltzmann relation and Ts = TK , we find for Nu/Nl:
TK = 3K: 2.932
TK = 100K: 2.998
TK = 104K: 2.99998
TK = 106K: 3.00
The difference in relative population between 3 K and 106 K is only 2.3%.

2 Emission or absorption

(a) The basic equation of radiative transfer that is valid here (in the RJ-limit) is

TL = Tconte
−τ + Ts(1 − e−τ )

and
∆TL = TL − Tcont = (Ts − Tcont)(1 − e−τ ).

The only contribution to the continuum temperature is the 2.73 K cosmic background radiation, thus
Tcont = TBG = 2.73 K. We can assume that Ts = TK . Thus, the temperatures cancel and we will see
no line at all.

(b) TL = −0.17 K, the line will appear in absorption.

(c) TL = 0.48 K, the line will appear in emission.

3 Spin temperature

How to measure TS?
First the optical depth must be measured by means of the HI-emission-absorption procedure de-

scribed in the lecture. The spin temperature is then given by the ratio of emission and absorption either
at the blank position or at the sky. From the lecture we have in the case of a source-measurement:

Ton(source) = Tsrce
−τ + TS(1 − e−τ ).

Tsrc is given by Toff (source). Thus for TS we get:

TS =
Ton(source) − Toff (source) · e−τ

1 − e−τ
.

4 Position-velocity diagram

Describe the diagram.

• There are four quadrants based on two general distinctions: the radius of trajectories can be
smaller or larger than the radius of the trajectory of the Sun (for each Galactic Longitude) + the
relative radial velocities of material within the Sun radius can be positive or negative, depending
on whether we are looking ahead or back relative to the Sun’s movement.

• For each Galactic Longitude there is one radius (and thus radial velocity) within the Sun’s
radius where the line of sight is tangential to the circular movement of the gas. This condition
constitutes the terminal velocity. It is maximal near the Galactic center and goes to zero in
the vicinity of the Sun.

II. Emission or absorbtion:
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2 Position-velocity diagram

See lecture notes.

3 J vs. C

See lecture notes.

4 After a supernova explosion

We need to compute the fraction ,x, of total energy radiated by free-free emissions, Eff , during a
period of 104 yr. The assumptions we need to do are :

• The electron density, ne, is constant and is equal to the post shock value in the expanding bubble
and it is equal to the gas density.



The Intersterllar Medium : Fall 2010 2

• As a first approximation, we assume µ = 1 ( we justify this later ).

Eff =

∫ 104

0

4

3
πR3(t)Λ(t)dt (1)

where

Λ(t) = 1.4 × 10−40T (t)−1/2n2e [J m−3 s−1] (2)

T (t) = (2300 K)
µ

mh

(
v(t)

10 km s−1

)2

(3)

v(t) = (120 km s−1)

(
E0

1051 ergs

)(
nH
cm−3

)−1/5 ( t

105yr

)2/5

(4)

R(t) = (32 pc)

(
E0

1051 ergs

)(
nH
cm−3

)−1/5 ( t

105yr

)2/5

(5)

Since E0 = 1044 J = 1051 erg and nH = ne = 106 m−3 = 1 cm−3, we can simplify and re-write the
last two equations as :

Λ(t) = 1.4 × 10−40T−1/2n2e [J m−3 s−1] (6)

T (t) = 3.31 × 105
((

t

105yr

)−3/5
)2

(7)

v(t) = (120 km s−1)

(
t

105yr

)−3/5

(8)

R(t) = (32 pc)

(
t

105yr

)2/5

(9)

Since we now have everything in terms of t only, we can replace them in Eq-1 and evaluate the
integral. ( BE CAREFUL WITH THE UNITS ). After replacing all the numbers, we get Eff =
4× 1042 erg, thus x ∼ 10−8. Changing the value of µ to 1.5 or 2.7 will still keep x << 1, which is still
insignificant compared to the amount of the energy of the blast.

5 Hot gas – cooling time

Cooling timescale due to bremsstrahlung is given by τ1 :

τ1 = 8.5 × 1010
(

ne
10−3cm−3

)−1 ( Te
108K

)−1/2

[yr] (10)

Whereas the synchrotron cooling time (the half-life time of the particles) is :

τ2 = 824 × 109
(
B

µG

)−2 ( E

GeV

)−1

[yr] (11)

For the hot coronal gas of the Milky Way, ne = 0.05 cm−3 and T = 106K. Replacing in Eq-10,
we get τ1 = 17 Gyr. In computing τ2, the magnetic field strength is B = 5 µG, and the energy of
the electrons is E = 3 GeV , thus τ2 = 11 Gyr. Although both processes are of the same order of
magnitude, since τ1 > τ2 we can say that the cooling due to synchrotron emissions is slightly faster.
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6 Short exercises from the lectures
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7. Heating/cooling/energy balance

1 The cooling phases of the ISM

1. Take Λ from the cooling curve, they are given in erg
s cm

3, so multiply by the according density
to obtain the cooling rate per atom.

2. To get the total luminosity, devide by the mass of a single atom (m = 1.7 ·10−27 kg) and multiply
with the total mass. For HIM, no total mass is given, but one can try to estimate taking into
account scale height, filling factor, density (all given in the table) and size of the Milky Way
(assume a diameter of 50 kpc). You should get something of the order 108M�.

Phase n0[cm
−3] T [K] M [109M�] Λ[ ergs cm

3] Λ[ ergs ] L = n0Λ
M
m [ ergs ] L[108L�]

HIM 0.003 106 0.22 5 · 10−23 1.5 · 10−25 3.88 · 1041 1.02
WNM 0.5 8000 2.8 3 · 10−26 1.5 · 10−26 4.9 · 1041 1.29
CNM 50.0 80 2.2 2 · 10−27 10−25 2.5 · 1042 6.58

3. The different phases have different features, so a high luminosity in one phase doesn’t keep
you from seeing things in other phases. In the CNM you find [CII]158µm, [OI]63µm and
[SiII]35µm lines, but in the WNM the latter two are much more prominent, while in the HIM
you find Bremsstrahlung and Fe lines.

2 Short exercises from the lectures

1. The equilibrium temperature is a function of the density, as one can see in the given figure for
HI regions. For HII regions, the plot looks like the right figure (data points obtained from the
left figure):

2.
tfade = 1.87 · 106 yrE0.32

51 n−0.37
0 (10−5css/cm)−7/5

Rfade = 2.07 · 1020 cmE0.32
51 n−0.37

0 (10−5css/cm)−2/5

4π

3
R3

fadetfade = 2.36 · 1012E1.28
51 n−1.48

0 c−2.6
5 pc3yr


