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1 Introduction

Primary mirrors of the next generation of extremely large telescopes will be highly segmented. Since
these telescopes will be equipped with adaptive optics (AO), telescope aberrations will be partly cor-
rected, therefore, when designing both the telescope and the client AO system(s), this telescope/AO
interaction needs to be taken into account. For example, availability of AO correction might help in
relaxing somewhat the telescope aberration specifications, but reversely, unavoidable residual aberra-
tions, after active optics (aO) correction, will be corrected by the client AO system, capturing some
deformable mirror (DM) actuators stroke resources and wavefront sensor (WFS) dynamical range.

To study this interaction, two kind of models are needed: (1) models that allow analysis of the
interaction between the main parameters of the system, by a quick exploration of the system’s parameter
space; (2) detailed physical models of the telescope optics and structure, linked with the AO system
model, for detailed analysis. Generally, models of the first type are analytic, in a sense that they
can give an estimate of a given metric as a function of a given parameter by using a single formula,
hence the possibility to quickly explore the parameter space and get trends in parameters relationship.
Models of the second type are generally integrated models, where every single component of the system
is simulated as an input/output independent module, connected with the other sub-systems modules.
The accuracy of the modeling is virtually not limited with this approach, and relies on the accuracy
of each sub-system modeling, and availability of computing time. These type of models are useful to
concentrate on highly non-linear behavior that are difficult or impossible to model analytically (for
instance pupil and WFS misregistration).

To summarize, it can be said that analytical models are useful to have a general view and under-
standing of the behavior and limits of the system, while integrated models are useful to study very
specific, non-linear or complex interactions between the system’s components. We assert here that both
approaches are required to have a good understanding of the system and its very detailed behavior.

In this document, we report on our development of a first type, analytic model of the optical
performance of the system telescope plus AO. It has been developed as a support to the determination
of the Thirty Meter Telescope project budget error. The model is build around three main components:
(1) the static point spread function (PSF) modeling, (2) the dynamic aberrations optical transfer
function (OTF) modeling - and here we must give credit to Brent Ellerbroek for initiating the approach



that we have developed further here, and (3) the model for AO correction of both static and dynamic
aberrations.

Fourier optics, as described by Goodman [1], is the central tool on which the construction of the
model relies: indeed, in general, optical quantities do have an analytical representation in the spatial
frequency space, and operations like AO filtering are described as simple products. Where needed,
Fast Fourier Transform algorithms (FFT) are applied to travel between the spatial coordinates and the
spatial frequencies domains.

The model has been coded into a MATLAB-based tool, OPTICA', that takes as inputs the static
aberrations and the dynamic aberrations temporal covariance of each optical surfaces, the telescope
optics architecture, the basic parameters of the AO system, and gives at the output the static amplitude
PSF, the long exposure intensity PSF and OTF, and other quantities of interest. It is worth noting
that AO is an option in OPTICA, and the code can also be used to study telescope performance without
AO correction.

This document is organized as follows: in section 2, we show how the telescope OTF can be split
as a product of static and dynamic OTFs, using the stationary phase approximation; in section 3, we
give the expressions for the calculation of the telescope static amplitude PSF, from which the static
OTF is easily obtained; in section 4, the dynamic OTF formulas are given; and in section 5, we develop
the AO filter, and show how it can be applied to the modeling of the static and dynamic aberrations
correction; finally, section 6 is the user manual of the code OPTICA. Long and complicated analytical
developments are to be found in the appendices.

Some introductory material

Before starting, let us recall some of the basics of the relationship between the pupil plane and the
focal plane, in the framework of Fourier optics.

e the pupil plane phasor, noted U, in this report (we are following Goodman’s notations) is an
other term to describe the complex wave amplitude in the pupil plane (i.e. proportional to the
electrical field of the wave), where the temporal oscillation exp (iwt) has been removed, as it does
not affect the image structure; the argument of the pupil plane phasor is the position vector u in
the pupil plane.

e the focal plane phasor, noted Uy, is the quantity one would expect, in the focal plane, and
apart from a multiplicative constant that again does not affect the image structure, is given by the
Fourier transform of the pupil plane phasor. Its argument is a angular position vector projected
in the sky plane at infinity, noted «, and because of the Fourier transform relationship, a is
related to the pupil plane spatial frequency f, with a = Af, where A is the optical wavelength.

e the optical transfer function is the Fourier transform of the point spread function, and its
argument is the angular frequency in the focal plane, noted v in this report. The OTF is
normalized at the origin, i.e. OTF(0)=1. It can be shown that the OTF can be calculated from
the autocorrelation of the pupil plane phasor U, - Goodman [1].
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To summarize, we have the following relationship between the phasors, the PSF and the OTF - F is
the Fourier transform operator

Up(n) —"— Up(a=Af)
autocorrclationl l HQ

OTF(v) <2 — PSF(a)

Also, we have the following relationship between the pupil plane and focal plane coordinate systems:

e a feature at a spatial frequency f in the pupil plane will affect the structure of the focal plane
PSF at the angular positions o = +Af;

e a feature at a scale u in the pupil plane will affect the structure of the focal plane OTF at the
angular frequency v = \u

Finally, and as the Fourier transform is used intensively throughout this report, it is useful to re-
call its definition: if g is any complex-valued function of two independent variables z and y, and if
[[ lg(z,y)|*dz dy < oo, then the Fourier transform of g is the two dimensional complex-valued quantity
G defined by

G(fa: fy) = //g(wjy) exp [—i27m(fzx + fyy)] dady (1)
R2
and the reciprocal relation defines the inverse Fourier transform,

) = [[ Gl ) v li2afn + g asias, )
R2
Details on the properties of the two dimensional Fourier transform can be found in Goodman [1].

2 The telescope optical transfer function as a product of static and
dynamic optical transfer functions

Telescope aberrations can be separated into static - pg, - and dynamic ones - Jy:
SD(U-?t) = Sosta(u) + 590(117 t) (3)

where u is the coordinate in the pupil plane, and by definition, (dp(u,t)); = 0. We give in table 1 a
list of potential sources of static and dynamic aberrations. The most convenient way of characterizing
the effect of these aberrations is via the system’s OTF, and as we are dealing here with dynamical

Static ‘ Dynamic
polishing errors wind pressure
positioning errors telescope vibrations
mirrors print-through thermal effects

Table 1: Potential sources of static and dynamic telescope aberrations - non exhaustive.



aberrations, the time average, or long exposure OTF is of particular interest. For an incoherent optical
system, the long exposure OTF can be calculated from the pupil plane phasor auto-correlation,

(OTF)(
</ /R P() Pt ) exp {—ifjpua(w) — a0+ W) Fexp { i [Bp(u, 1) — Bl A )]}, 0P
(4)
where Sp is the pupil surface, P the pupil transmission (1 inside, 0 outside), A the optical wavelength,
and v the focal plane angular frequency. The time average of the dynamic phasor in Eq. (4) can be

developed further, considering the following: let £ be a random variable of probability distribution p¢;
exp (—i) is also a random variable, and its expectation value is given by

(exp (—i€)) = / pe(€) exp (—i€) dé = F{pe(€)} (v = 1/21) (5)

which is simply the Fourier transform of p¢ taken at the frequency v = 1/2w. In our case, £ represents
the phase difference between two points in the pupil plane (Av — ) and with the assumption that the
perturbed phase has a centered Gaussian statistics, i.e.

exp[—€2/(202)]

(6)

it comes
Pe(v) = exp (—2n%0%?) (7)
therefore

(exp (—i€)) = exp (=07/2) (8)
Applying this result to Eq. (4), we get

(OTF) (v Sp //[W P(u+\v) eXp{ [(psta(u) —gpsta(u+)\u)]} exp [ - %Dw(u, )\I/)] d*u (9)

where Ds, is the phase structure function, defined by the average quadratic phase difference as a
function of the separation distance within the pupil,

Dsp(u, \v) = ([p(u,t) — dp(u + v, 1)]?), (10)

Assuming that the telescope primary and secondary mirrors (in this document, we call secondary
mirror any mirror that comes after the primary) are independently affected by dynamical mechanical
perturbations, independent structure functions can be defined for each mirror, and their sum will define
the telescope structure function,

tsc

(u, \v) ZDM (u, \v) (11)



Stationarity approximation

The exact calculation of the long exposure OTF requires, for each focal plane angular frequency v,
a numerical integration over the pupil position u - see Eq. (9). This takes a lot of time, and does
not match with the requirement of a fast OTF modeling tool. Fortunately, we know from previous
developments in astronomical adaptive optics (AO) analytical modeling [2] that the complexity of the
calculation can be greatly reduced by the use of the so-called stationary approximation. The idea is that
if the dynamical phase statistics would not be a function of the position u in the telescope pupil, i.e. if
the phase properties were the same everywhere in the pupil independently of the position u, or in other
words if the phase was stationary in the pupil, then it would be possible to write its structure function
only as a function of the separation distance p = Av in the pupil plane, and consequently extract the
structure function exponential exp (—Ds,/2) from the OTF integral - Eq. (9). This would reduce the
OTF calculation to a simple evaluation of an expression for each focal plane angular frequency, i.e.
reduce the dimension of the calculation from an order O(N*) to O(N?), where N is the OTF matrix
size.

Stationarity is realized for instance for the non-corrected atmospheric turbulent phase [3], but not
in the case of telescope aberrations, as sources of optical perturbation can be expected to be highly
asymmetric and anisotropic (telescope vibrations for instance, or wind load on the secondary). For
segmented pupils, though, we will see that the stationarity assumption does not have to be done on the
full segmented pupil, but only at the level of the segments: i.e. we need only to assume stationarity
within the segments themselves. Therefore, inhomogeneous perturbations can still be specified for the
segmented primary mirror.

In order to simplify the calculation complexity, then, we will assume that the phase is stationary,
and this stationarity can be forced into our model by replacing the phase structure function by its
spatial average in the pupil, over u. Let us examine how this average must be defined, and what is the
consequence of this stationarity approximation. We start by defining the average of exp [~ D, (u, Av) /2]
in the pupil as

O v
{exp [ — $Ds,(u, )\V)] >u = &[‘%t:(())
ffR2 u + >\V eXp {_ Z[‘psta( ) Sosta(u + AV)] } exp [ - %D&p(u7 AV)] d2’LL (12)
ffRz P(u+ ) exp { — i[pua(1) — ua(u+ )] } d*u

where OTFy;, indicates the telescope static OTF. Now, from Jensen’s inequality [4], we know that as
the function exp () is a concave down function, the exponential of the average over a range z € [a, b]
is smaller than the average of the exponential over [exp (a),exp (b)], i.e. exp (z) < (expz), so we must
have

exp [~ 3(Dspln W), ] < (exp [~ S0y w)]), 13
and the average structure function would have to be computed using
(Disp(u ), = Lz PP M) 0 (= ilpnalt) — pral £ W) Drlw )Py
u ffR2 P(u+ \v) exp { [gpsta(u) — psta(u + )\1/)] } d“u

but this is a complex quantity, yet by definition a structure function is positive and real. Now, as the

telescope static phase amplitude is in principle relatively small, exp (ipga) S 1, so we will neglect it

here and define the stationary structure function as

[Jge P(u) P(u+ /\V) Dy, (u, \v) d*u
[ fR2 (u+ \v)d?u

RD6QO()‘V (15)



where the symbol R is here to recall that the static aberration is neglected in this definition. Now,
the structure function exponential can be extracted from the integral Eq. (9), and using the notation
(OTF)~y to recall the stationary approximation, we get

(OTF) {~}(v) =exp [ — $rDsy ()] //Rz (u+ M) exp { — i[psa (1) = psa(u + )] } d*u

= <OTF>dyn( ) OTFsta( OTF )
(16)

where OTFgy, is the telescope static OTF, and (OTF)4y, is what we call here the dynamic OTF.
It is worth noting that this stationary telescope OTF is, according to Eq. (13), always smaller or
equal to the real telescope OTF, therefore the assessment of the effect of aberrations on the telescope
performances will always be pessimistic, which is safe, from the point of view of error budgeting. Also,
we have been using this stationarity approximation in others contexts (modeling of AO correction of
atmospheric turbulence aberrations, and AO PSF reconstruction) and it has always been seen that it
has very little effect on the models’ accuracy, except in the strong aberration regime.

Note on the calculation of the static and dynamic OTFs In the spirit of our first order
approach, amplitude effects due to Fresnel propagation between each optical surfaces are neglected.
Therefore, we are in the geometric aberrations regime, and the total static phase aberration is given by
the sum of each mirror static phase aberration, projected onto the segmented pupil. It is worth noting
that any type of static aberration can be taken into account with this approach, and in particular,
(1) off-axis aberrations can be seen as a n-ary mirror with surface errors, (2) aberrations inside the
footprint of the beam on a given secondary mirror can be projected back onto the pupil. No aberration
model is constructed in our analytical approach: we are just assuming a set of aberrations inputs, and
compute the associated OTF /PSF using Fourier optics theory.

There is, of course, only one static OTF for the whole telescope, so a method is required to project
the secondary mirrors static aberrations onto the segments static aberrations basis, and this method
is provided in page 12. Moreover, spider and secondary mirrors support structures imprint shading
on the segmented pupil, and a method is also provided to take this into account - see page 14. This
shaded segmented pupil, with its projected total static aberration, is used to define the static pupil
plane phasor, from which the amplitude PSF is calculated, using Fourier optics theory.

The case of the dynamic OTF is quite different. Indeed, we mentioned above that there is one
structure function per mirror, therefore, there is also one dynamic OTF per mirror, and their product
defines the global dynamic OTF,

(OTF)5C, = II;(OTF)

dyn (17)

dyn
These dynamic OTFs are not OTFs in the usual sense (PSF Fourier transform), and must rather be
interpreted as low pass filters applied on the telescope static OTF. Finally, as we will see, the calculation
of the dynamic structure function also relies on the basis of the Fourier optics theory. These important
precisions being made, we can now move on to the calculation of the static and dynamic OTFs.



3 The static amplitude point spread function and the static optical
transfer function

This section start with the description of the method to compute the static amplitude PSF, for a
segmented pupil made of circular or hexagonal segments. It continues by giving the formulas for the
projection of the secondary mirrors static aberrations onto the segments basis, and ends with the
demonstration of how the spider and secondary mirrors support shading can be taken into account.

3.1 Segmented telescope amplitude point spread function

In the pupil plane of a Ng segments telescope, the complex amplitude, or focal plane phasor, with
aberrations, is given by

Z {Ss(u) exp [—ips(u)]} *5(u — u,) (18)

where x is the convolution product, S is the transmission of segment s, ¢ the aberration within the
segment, uy the segment center coordinate, and § the Dirac-§ distribution. The focal plane phasor
- or amplitude PSF - is proportional to the Fourier transform of the pupil plane phasor (Fraunhofer
diffraction equation). Here we assume that the segment transmission, as seen from the sky, is identical
for every segments. Before applying the Fourier transform operator, we can rewrite Eq. (18) as the
sum of a perfect phasor and an aberrated phasor component. Indeed, as §™(u) = 1 or 0 for any n, we
can write

Sexp (—ips) —zSgok——(&pk) - ..
=S—-1+1-i8 —1(8 )2 —
= Pk 5 Pk (19)
=S
=S —1+exp(—iSyk)
therefore,
Ng Ng
Up(u) = S(u) * ¥ 6(u—1uy) + _ {exp [—iS(u)gps(u)] — 1} x 5(u — uy) (20)
s=1 s=1

where the first term is the segmented pupil transmission, and the second term is the aberrated phasor.
We apply now the Fourier transform operator on Eq. (20), and we get?

Ng Ng
Ur(Mf) = S(f) Z exp (—i2m f-uy) + Z Fexp [—iS(u)ps(u)] — 1} exp (—i27 f-uy) (21)
s=1 s=1

pupil Fourier transform P(f)

2in the Fraunhofer equation, there is a constant term in front of the Fourier transform, but as this term does not affect
the structure of the amplitude PSF, we will neglect it.



where f is the pupil plane spatial frequency, associated to the focal plane angular coordinate a = Af
(here in radian on the sky). The first term is the perfect telescope amplitude PSF, and the second
term is the aberrated component of the amplitude PSF.

This representation offers several advantages. First, it clearly separates both the perfect and the
aberrated amplitude PSF. Second, as the Fourier transform of the segment transmission S can be given
in a closed analytic form, the perfect amplitude PSF can be calculated analytically without any need to
numerically built a pupil transmission matrix. Third, the Fourier transform of the product S ¢ can be
calculated analytically as well, as we will show below, therefore the aberrated amplitude PSF can also
be calculated without the need to build a pupil plane phasor. Finally - and this is the main interest of
this Fourier transform approach - this representation allows an easy modeling of AO correction of the
static aberrations: indeed, AO correction can be modeled, in a first approximation, as a spatial filter,
Va0, applied on the segmented phase (see section 5) and AO correction is modeled by replacing the
Fourier transform F{S 4} by its filtered version, y,o{F{S ¢s}}. As we can see, the Fourier transform
of the product S ¢, is central in our modeling, and we give their expressions below for both circular
and hexagonal segments, as these type of segment shape are the most commonly used in practice.

We will assume that phase aberration is given as a set of Zernike aberration coefficients, for the
segments as well as for the secondary mirrors, so we have

Z 25,5 S(1) Z;(u/a) (22)

l.e.

F{S(u Z 25, F{S(w) Zj(u/a)} (23)

where a is the radius of the segment (see ﬁgure 1), and zs; are the segments aberration Zernike
coefficients. What we need then is the Fourier transform of the products § Z;.

3.1.1 Circular segments

For circular segments, it comes that S Z; = Z;, so we simply need, to compute the Fourier transform of
the Zernike polynomials, with a proper scaling relative to the segment radius a. Noll [5] has calculated
the Fourier transform of the Zernike polynomials (written @), but was using a sign convention such
that

Zj(u') = 77/ Q;(Fon) exp (—i27foy - v') d° o (24)
where u’ = u/a, i.e. a sign convention opposite to Goodman’s [1]), that we have adopted in our work,
so we have to invert the sign of the spatial frequency vector f in Noll’s equations, so, with f = —fyq,

—TF//QJ )exp (i2nf’-u') A2 f’ —77//@ ') exp (i2nf’-u') d? f/ (25)
where Q;k- indicates the complex conjugate of );. The FT of Z; can be calculated now, and we get
F{Zj(u/a)} = 77.7-“{ // Q5 (f") exp (i2nf"-u/a) dzf/}

I=L/e g2 .7-"{ // Q;(af) exp (i27f - u) d2f} (26)
=ma? F{F HQ*(af)}} = wa® Q}(af)



therefore, for circular segments,
F{S(u) ps(u)} = 7a? Z zs; Qj (af) (27)
j=1
where (we take the complex conjugate of Noll’s expressions)

1 m =0
V2cos (m¢) m #0 and j even (28)
V2sin (m¢) m # 0 and j odd

Q:(af) = /(n + 1) (=)= (—iym N%(Cf}mf)

with f and ¢ the polar coordinates associated to the vector f.

3.1.2 Hexagonal segments

We will assume here that the hexagonal transmission (S — H) is in-
scribed within the disc domain of the Zernike polynomials - see figure 1. It / \
has to be noted that these truncated Zernike polynomials do not define an
orthonormal basis anymore, but this is of little concern here as we do not
use the orthogonality properties of the Zernike basis. It is not a difficulty,
though, to define a new set of polynomials which defines an orthonormal
basis on the hexagonal transmission, as shown for instance by Upton and

Ellerbroek [6].
Unfortunately, nowhere in the literature can we find the Fourier trans- \ /

form of the Zernike polynomials truncated with hexagonal transmission,
therefore we have to develop this ourselves (see appendix B). As it is not
possible to keep the polar coordinates as Noll was able to, because the hexag-
onal transmission is not easily described with polar coordinates, we have to
use the Cartesian representation of the Zernike polynomials (see appendix

A),

Figure 1: Defini-
tion of hexagonal
segment radius a.

Zj(u,0) = W Z0) T 1] + 1) e (o, ) ()

2k + Djm l

=25 HAR) =pj.m] (204K +pim] - (29)

where
qj,m:...‘modd‘meven‘m:0 pjm:...‘m;éO‘m:O
jodd | =zl | m=2 0 and j odd 1 0
j even T_l 5 J even 0 0

With this Cartesian representation, each polynomial is written as a sum of
monomials in u#v”, therefore, the Fourier transform of the segmented phase
can be written as a sum of monomials Fourier transforms,

F{H(u) ps(u)} = Z Zs.j Z i pw F{H(u)ulv"} (30)
J MV

9



The calculation of the terms F{H(u)u’v"} is given in the appendix B, and
we find

. i\ #tY (\/g)u+u+1 BV ov=A 3_%”4 ptv—r—At1

k=0 A=0 ¢=0 ¢
fo (ﬁ)“c (_1)(“+V_K_)\_O@:,A(f) N O, () (31)
11)/+1 fu (fv _ \/gfu)u—i—u—n—)\—i-l (fv 4 \/gfu)u+u—n—>\+1
where the so-called angular functions @i ) are defined by
0%, (£) = (£v/3)" (ma)*H (=) cos [ma(fy £ V3f.)] — 002 (~1)% cos (2maf,) K+ A even
Ii,)\ - K

(—1)=2 sin [ra(f, £ V3f4)] — 600 2)(—1)°% sin (27af,) #+ A odd

(32)

Now, Eq. (31) is undeterminated at the origin (f,, f,) = (0,0), along the horizontal axis f, (f, — 0),
and along the two lines at £60° relative to the horizontal axis (f, — £+v/3f,), but these limits can be
calculated, and we find:

At the origin

()"t vt OO (v (1)

v — v 1—3,,0 2141V +2
FAHWu"H0,0) = ¢ 350 32 c-nAR!M(u_Aﬂ(ﬁ1n+1y(u+u—n_A+2) p and v even (33)

0 por v odd

Along the f, axis

—_i ptv " (_\/g)u+u+1(u+y+1)!
27 O 2m2(V/Bf, ) ntrt2
v v—A

o p+v—rK—A+1 (ﬁ+>\)!(_f5+>\) v+1-2—¢ Vhl—A—c )
ZZZ< ¢ )n!A!(z/Jrl_)\_g)!(\/g)u—A > < N >(\/§fu)

k=0 A=0 (=0 a=0

F {H)u "} (f,0) = (

e LRI PN [(—1)””_(%%@;,\(&,0) + (— 1) at89, 0 (f,, 0)} "
;—:o < < > K+ A=)+ A+ (+a+p) (34)
BRtA
where
aoc@,:s)\(fU70) =
(i\/g)n(ﬂ_a)n-i-)\-i-a {(1):131::108 [Wa<:t\/§fu)] - 5&,0 2>\+a(—1))\% K+ A+ «a even (35)
(1) 2z sin[ra(£V3f.)] K+ A+ a odd

10



Along the f, — +v/3f, asymptotes

_a\ BtV +1 KV u+v R A+1 2V/_1LH+A
Z) (=DFptv! (V3)© > Z )(2V3fu) y

F {H(u)u"v"} (fua_\/ng) = (% 72(2v/3f4) u+l/+2 o vy )‘+CH}')\' (V/3)"

(=DFFEATCON  (fus = VBfu) + (A + Ok + M) x

putv+1 ptrv+l—a
uw+v+1 2¢ pt+v+l—a\/p+v+l—a—-p
Z( a >(A+c—a)! 2 < B >< X >X

a=0 /6
a<A+¢
aﬁ@;)\(fuy_\/gfu)(_Q\/gfu)ﬁ % 1 a+ﬂ§#+u—l-@—/\+1 (36)
(@+f+r+A)! 0 otherwise
and
ptv | ' ,u+1 v ov—A H+V K— )\-&-1) (2\/_](‘ )H-i-)\
M v U
F ) (i = (51) -
2 sz u+V+2 = OAE:OCZO mm AL (V3)s
O3 (fur VBJu) + (1) AN O (5 4 A)! X
“J§1<u+1/+1> 2% u+l§_a<u+u+1—a><,u+1/+1—a—ﬂ>X
a=0 Q ()\+<—O[)' /8 /i—'-)\
a<A+¢ p
85@:,)\(fu7\/§fu)(2\/§fu)ﬁ « 1 a+f8<pu+v—r—-—X+1 (37)
(@+f+r+A) 0 otherwise
with the §-derivative of the angular factor given by
9305 5 (fus £V3fu) = (£V3)"(ma)H7
. Jcos (£27av/3f.,) [(—1)KH+B — 30 2 M8 (— 1)#] K+ A+ [ even (38)
sin (£27av/3£,) [(—1) 72 = 6,022 (=1)7 T ] K+ A+ B odd

We show in figure 2 a representation of the products H(u)utv” and their associated Fourier transforms,
calculated from Eqgs. (31) to (38), and in figure 3 an example of calculation of a static PSF for a
hexagonal telescope with 37-segments with piston and tip-tilt positioning errors.
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Figure 2: Left: products H(u)u* v”, with g = 0...3 from left to right, and v = 0...3 from
top to bottom. Right: associated Fourier transform, calculated with the expressions given
above.

Figure 3: PSF for a 37-segments hexagonal telescope. Left, no aberrations; Center, with
60 nm rms of piston error and 0.04” rms of tilt error, A = 1 um, Strehl=0.81. Right,
associated segmented phase aberration - calculated from an inverse FFT applied on the
amplitude PSF.

3.2 Monolithic secondary mirrors aberrations projected onto segmented primary
mirror

In the case of a segmented primary with monolithic secondary mirrors, the total phase aberration is
given in our geometrical approach by the sum of each mirror aberration projected onto the segmented
pupil. Note that the footprint of the optical beam on secondary mirrors changes with the position of
the observed light source, therefore secondary mirror diameters are always larger, when projected back
onto the pupil plane, than the pupil diameter - see figure 4.

In this document, when we are referring to the secondary mirror diameter, we are actually referring
to the diameter of the back projected beam footprint into the primary mirror plane, where we will
assume the entrance pupil is located. In this section, we give the formula for the projection of a
secondary mirror phase aberration expressed in Zernike polynomials onto the Zernike basis defined on
the segments.

12



Figure 4: Left: Footprint of an off-axis beam onto the secondary mirror. Right: secondary
mirror footprint projected back on a segmented pupil.

Let us define II, ,, ,, as the coefficient of the projection of the secondary mirrors v-th Zernike aber-
ration onto the u-th Zernike polynomial associated to the s-th segment (assumed circular for now),

M = ((3) 22 52)) o

where R is the radius of the secondary mirrors, as seen in the pupil plane, a is the segment radius,
and us = (us,vs) is the s-th segment center position. Note that the projection of a given mirror mode
with j-index v onto segments modes of higher j-indexes p > v is necessarily null, therefore Il , , <, = 0
(indeed, one can for example decompose a tip-tilt of the secondary mirrors, at the level of a single
segment, as a piston + a tip-tilt, but there cannot be higher order aberrations in this decomposition).

For a set of secondary mirror Zernike aberrations (indexes v1,v2,vs,...) projected on the segment
s, the segment-based u-th Zernike coefficient is given by the sum over each v; index of the projection

coefficient,
Qs = Z Hs,u,ui (40)
allv; > p

and the total phase aberration, for the circular segment number s, is

max [t

“ps(0) = Y a5 Zi(u/a) (41)
j=1

For hexagonal segments, we use exactly the same technique: the projection coefficient is calculated
for virtual circular segments circumscribing the hexagons (therefore these virtual circular segments are
overlapping), and the total phase aberration into each hexagonal segment is obtained by truncating
the total phase aberration on the circular segments with the transmission of the hexagonal segment,

max [t

"os(u) = ) asuH(u) Zi(u/a) (42)
j=1
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The calculation of the projection coefficient Il ,, >, is given in the appendix C. We find

2 /[m 7.0) + 1[0y 70 + 10 T Dt 1)

HS,M,VZM = 27-[-Rnu
ny— mu ny— mu np— mu ny — mu —5u jpmp Gy ymy
SIS S YD o o (NS RN B
5u=0 s,=0  1,=0 =0 ku=0 ky St v
<m ) ) (—’" - ) (1)t thicthe ), — 5,01 (n, — 5,)1 R .
b L sul sl (P = ) (g = s,) (Mg = ) (g1 = s)!
>3 (4)(%) @™ P14 (1] 1+ ((D)At 1 (S p () ugeeyp
(43)
=0 =0 (¢“+ﬁ+1)r<%ﬂﬁ+4)
with
qj,m:...‘modd‘meven‘mzo pjm:,,.‘m;éO‘m:O
J odd m—1 m=2 0 and j odd 1 0
J even m-l 5 J even 0 0
and where we have defined
wy =ny— 285 1+ k) = pjm,
wy =1y — 2(sy + L, +ky) — Djom, (44)

= 2(ly + kp) + Djpmy
=2(l, + k) + Pjy,m.

to simplify the notation. Figure 5 shows an example of a continuous secondary mirror phase coma Zg
projected on the 37-segments pupil, where the segments aberrations have been calculated using Eq.
(43).

3.3 Central obscuration and spider shading

Central obscuration and spider shading diffract light and add structure to an already complicated PSF.
Here, we show how to include this shading into the calculation of the static PSF, using the Fourier
transform approach. The focal plane phasor, as we know, is given by the Fourier transform of the pupil
plane phasor, and dropping as usual the constant factor,

Up(M) = F{Up(u)}(f) (45)

Multiplying the pupil plane phasor with the obscuration 2 due to the spider and secondary structures
(0 inside the shadow, 1 outside) the previous equation becomes:

Ur(M) = F{Q(u) Uy(u)} = Q(F) x U, (£) (46)

(u) can be written as the product of the shadowing mask associated to each component of the
spider+secondary structure, and each of these components can be decomposed again in a product of

14



Figure 5: Top, from left to right: PSF with segments piston and tilt errors (same conditions
than figure 3, A = 1 um, Strehl=0.81), PSF with a perfect primary and 104 nm of Zg coma
on the secondary (Strehl=0.79, that would be 0.65 if the projected coma was not truncated
by the segmented pupil), PSF when summing the primary and secondary aberration
(Strehl=0.64). Bottom: associated phase maps - from IFFT applied on amplitude PSFs.

simple geometrical shapes - rectangles, triangles, hexagons, and discs. So, Q(u) is basically a product of
simple geometrical masks, Q(u) = [[, M;(u), and the focal plane phasor becomes a multiple convolution
product

Up(M) = Up(£) + [T M () (47)

Analytical expressions for simple shapes Fourier transforms are easy to obtain, and the focal plane
phasor without obscuration - U, - is calculated from Eq. (21). Taking the IFFT of the masks FT and
focal plane phasor, we go back into the pupil plane were the product Q(u) = [[, M;(u) can be built,
and multiplied with U,. We come back then into the focal plane by applying a direct FF'T on the final
product QU,. Spider and secondary obscuration are now included in the telescope PSF. An example
is shown in figure 6.

Simple shapes Fourier transforms

We collect here the Fourier transforms of simple shapes that might be useful for creating most types
of spider shadowing, including support cables (equivalent to narrow rectangles).
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Figure 6: Left: A complicated spider with cables and square M2 obscuration, computed
using the inverse Fourier transform method described here. M1 is a model of TMT
(August 2004 design), the spider is an arbitrary example. Segments gaps (4 mm) appear
in grey. Right: Logarithmic stretch of the PSF associated to the pupil transmission on

the left. Pixel size 1.7 masec, FoV 1.4”.

Centered equilateral triangle, side 2 a

~ V3fu[2cos?(mav/3f,) — i sin(2rav/3f,) — 2cos?(maf,)] +i3f, sin(2rafy,)

T(f) exp (—i27ra/\/§fv)27r2fu (fg _3f3)

with the limits

T(0,0) = V3 a?
2 44 sin(2mav/3f,) — 2cos?(mav/3f,) — 2imav/3f,
exp (—i2ma/\/3 f,) 2723 f2
a2
T(, 70,0 = L ;?;E(Mf“)]

~ ~ 6imaf, exp(—i2ra\/3f,) — iv3sin(2rav/3f,)
T(—\/gfvafv) = T(+\/§fv7fv) = exp (—Z 27‘(‘&/\/3]%) 127T2f3

T(0, f, #0) =

Centered rectangle, length a, width b

R(f) = absinc(af,)sinc(bf,) and R(0) =ab
Centered hexagon, side a See Eq. (96).
Centered disc, radius R

~ Ji(2TRf)

D(f)=R 7 where f =||f|| and D(0) = 7R?
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Figure 7: A few simple geometrical shapes, and their Fourier transforms.

4 The dynamic OTF

4.1 Segmented primary mirror structure function

The primary mirror segmented phase is given by

dona (u, t) Z&pz u,t) xd(u —u;) Z&p, —u;,t

=1

and the phase on a given segment is written as the sum over Ny hexagonal modes Hy = H Zi,

dpi(u,t) = Zam ) H(x

Inserting Egs. (55) and (56) in the definition of the structure function - Eq. (10), we find

Ns Ny
DcIS\:Iol (u’ )\I/) = z; Z Yiisk,l [’Hk(u — ui) Hl(u - ui) + Hk(u —u; + )\I/) Hl(u —u; + )\I/)]
=1 k,l=1
Ns Ng
-2 Z Z Vi gsked Hi (W — ) Hy(u — u; + Av)
1,j=1k,l=1

where
Vigikd = (aik(t) aji(t)),
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Figure 8: Left: Segment-to-segment aberration covariance ”matrix” «; j;k,1 associated to a
set of cosine wave (right figure) traveling across the segmented primary and generating
segments piston and tip-tilt. Top blocks: covariance H; with H; 2 3, second line Hy with
Hi,2,3 etc.

defines the aberrations temporal covariance between segments ¢ & j and modes Hy & H;. The following
symmetries are worth noting

Viidk = Yiikl ~ for a given segment i
Vjikk = Vij:kk for a given aberration k (59)

Viislk = Vij:kt ~ SWitch segments and aberrations

but
Yijilk £ Yigikd fiF ]
Viaskl 7 Vigikd if k#1

For visualization purpose, these covariances can be arranged into a square matrix of Ny x Ng
square blocks of dimension Ng x Ng. An example of such a matrix is shown in figure 8. It corresponds
to the piston & tip-tilt aberrations generated by a set of cosine waves, ). A; cos (k; - u 4 w;t), traveling
across a 37 segments hexagonal mirror at constant velocities and directions. The covariance indexes
symmetry appears clearly with this representation.

(60)

We give now the expression for the primary mirror stationary structure function Rﬁgf[;. Applying
Eq. (15) to Eq. (57), we can see that the stationary structure function is basically a sum of correlation
products. In the Fourier space, a correlation product becomes a simple product, and we show in the
appendix D that the Fourier transform of the numerator of Rﬁgf; can be decomposed into a sum of
segment modes Fourier transforms (previously given in page 9),

y Ns Ng Ns Ng—1 Ng
f{NUM{Rﬁ&;(Au)}} =23 U +4Y 3 S Vi)
i=1 k=1 i=1 k=1 I=k+1 (61)
Ngs—1 Ng Ng Ng—1 Ng Npx—-1 Npg
—4) 3 A =4>0 D Y D Vi)
i=1 j=14+1k=1 =1 j=i+1 k=1 I=k+1
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Figure 9: Left: Structure function associated to the dynamic cosine wave phase aberration
shown in figure 8. Center: static aberration OTF associated to the static PSF shown in
figure 3. Right: same OTF, after multiplication with the cosine wave OTF.

Figure 10: Effect of the cosine wave aberration on the static PSF. Left: static PSF (from
figure 3, Strehl=0.64); Right: long exposure PSF, Strehl=0.27.

where
Uiii(£) = Yiiskyi | P(F) cos(2mfu;) F{H}(u)} — |ﬁk(f)|2] (62)
P(£) cos(27f-u;) val{ F{H(u)H;(u)}} - my +my even
Vi a(£) = Vi | val{Hy (£) }val{H;(£)} (63)
P(f) sin(27f-w;) val { F{Hy, (u)H;(u)}} my +my odd
X ik (£) = Yijrp cos 27 (w; — uy)] [Hx(£)[? (64)

(Yijikd + YVijs k) €OS [27Tf-(ul- - uj)] my, + my even
Vijwa(f) = Val{Hk(f)} Val{Hl(f)} (Yi,jskd — Yijsl,k) Sin [27rf‘(u,~ — uj)] my, odd, m; even (65)

(—%i,jskd + Vi jii k) Sin [27rf~(ui — uj)] my, even, my odd

and where val{x} is an operator defined, for a complex function G, by
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R{G(f)} if G is purely real

val{G(£)} = R{G(E)} + S{G(F)} = (66)

S{G(f)} if G is purely imaginary

with ® and & the real and imaginary part operators. As we can see, forcing stationarity across the
segmented primary did not remove the segment numbering: stationarity is assumed on the segments
only, but not for the correlations between segments, and there can still be inhomogeneous dynamical
perturbations across the primary mirror.

What we need now is an expression for the denominator of Rﬁﬁf;, given by the autocorrelation of
the telescope pupil - see Eq. (15). Again, the pupil autocorrelation can be easily calculated analytically
in the Fourier space, and we find

Ng—1 Ng
f{DEN{@?f;(Au)}} - |771(u)|2{N5+2 3 Y cos [27Ty.(ui_uj)]} (67)
i=1 j=i+1

Once the Fourier transform of the numerator and dﬁnominator of the structure function have been
calculated using the previous expressions, we get RD&; by application of the inverse FFT algorithm

IFFT{f{NUM{@ffj ()} }}

# Dy () = (68)

IFFT{]—“{DEN{RD )\t/)}}}

In the figure 9, we show an example of the effect of a dynamic aberration on the long exposure PSF.
The dynamic aberration was modeled as a set of cosine waves, the same as shown in figure 8. The
spatial scaling is the same between the cosine wave image and the structure function image, and as we
can expect, the structure function has its maximal value for a separation distance in the pupil equal
to half of the main perturbation wavelength, and in the same direction. The structure function is
bounded into a hexagonal domain because it cannot be defined for pupil plane separations larger than
the telescope pupil, in any direction. The effect on the static PSF is shown in figure 10: the blurring
of the PSF at high frequency appears clearly.

4.2 Secondary mirrors stationary structure function

To compute the secondary mirrors structure functions, we develop the phase aberration in terms of
Zernike polynomials,

Sipniz (1, t) Zak (69)
and we find,
DY (u, M) Z Cka[Z1(0)Zi(0) — 2Z(0) Zy(u + W) + Zg(u+ Av) Zi(u + W) (70)
ki1
where
Crt = (an(t) ai(t)), (71)
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defines the covariance of the secondary mirrors aberrations, a symmetric matrix, (x; = ;1. Applying
Eq. (15) to Eq. (70), we get, - see appendix E,

Nz
FNOM{ED; 0w} = 237 G FIZR @) P(E) - | Ze()
k=1

Ny—1 Ny ~ _ _ .
44 Z Z G P(f)val{}—{Zk(u) Zz(u)}} —val{Zy(f) }val{Z;(f)} my+my is even (72)
ht i 0 my+my is odd

The denominator of the secondary stationary structure function, as defined in Eq. (15), is the circular
pupil auto-correlation, and can be calculated directly, using - see for instance Schroeder [7]

— D? Av Av v\ 2
Mo _p M _ (22
DEN{grDjs, (\v)} = - |arccos <—Dp> < Dp) 1 ( Dp) (73)

4.3 Geometrical matrices

At this point, we can see that the calculation of the static and long exposure OTF involves in one hand
the telescope static aberrations and covariances v; ;.; and (; ;, and on the other hand some geometrical
objects - pupil Fourier transform, modes products Fourier transforms, etc - that do not depend on the
aberration amplitudes, but only on the segment positions and modes indexes. These will be called the
geometrical matrices, and if we examine carefully the structure functions expressions, we can see
that these geometrical matrices can be restricted to three kind:

1. the pupil Fourier transform ]5, for segmented and circular pupil transmissions;
2. the segments modes product Fourier transform F{HH,};
3. the secondary mirrors modes product Fourier transform F{Z;Z;}.

and as any product of modes can be projected onto the modes themselves, modes product Fourier
transforms can be computed from the single modes Fourier transforms - F{Hy}, F{Zx} - given page
8,

f kD) B

F{Hp)Hy(w)} = D pra; H;(F) (74)
j=1
FkD) B

F{Z() Zy(w)} = > pray Z(£) (75)
j=1

and the formula to compute the projection coefficients py;; is given in appendix F. Finally, the
segmented pupil transmission Fourier transform is easily calculated from

P(v) = Hi(v) Z exp (i2mv-u;) (76)

J

and for the secondary mirrors footprint, from Eq. (54)

~ J1(2TR ~
P(u):RpM where v = |[[v|| and P(0) = 7R? (77)

v
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5 The adaptive optics spatial frequency filter model

The approach we are using here has been initially developed for modeling AO correction of the atmo-
spheric turbulence phase (Jolissaint et al. [2]), but can be adapted to any type of phase aberration,
in particular telescope aberrations. It relies on an analytical representation of the AO correction as a
spatial frequency filter in the telescope pupil plane: AO correction is modeled by applying this linear
filter to the phase Fourier transform. Let us describe in details the principle behind the construction
of the AO filter.

The AO corrected phase is given by the difference between the aberrated phase ¢ and its best
estimate @,

Pao(u, 1) = p(u,t) — H(u,t) (78)

The phase estimate is never perfect, though, and is corrupted by five main error terms (common to
any AO system):

1. the fitting error - the AO system cannot correct phase aberrations at spatial frequencies above
the AO system half spatial sampling frequency (or WES cut-off frequency) fwrs = 1/(2Awrs)
where Ayyps is the WFS sampling interval (e.g. the lenslets pitch for a SH-WFS) so high order
modes aberrations are not corrected. In practice, this term is by far the most important one of
the residual phase; of course, the DM also has a cut-off frequency, defined by fpu = 1/(2Apy)
where Apy is the actuator pitch: in general, the DM pitch matches the WFS lenslets pitch, so
fwrs = fom = fao. When it is not the case, either the DM or the WFS sets the AO system’s

cut-off frequency fro = min{ fwrs, foum};

2. the WF'S spatial aliasing: due to its finite sampling frequency, the high frequency phase is
seen by the WFS as an aliased low frequency phase, and these corrupts the measurement of the
actual low frequency phase component; this component is in general the second most important
source of error;

3. the servo-lag error, due to the AO system time-lag and limited WFS temporal sampling
frequencys;

4. the WF'S noise term, due to the photon noise and WFS detector noise, which is essentially a
low spatial frequency term;

5. the anisoplanatism error, but for telescope aberrations, there is no such an error, because the
pupil plane errors are by nature isoplanatic as seen from AO FoV (for large FoV, this might not
be the case).

In the case of AO correction of telescope aberration, it is reasonable to neglect the servo-lag error,
as the AO system is optimized for the correction of atmospheric turbulence phase aberrations, which
are generally much faster than the rather slow varying telescope optics errors. For that same reason,
WFS noise can be neglected, as we can assume that the system has more time to compensate for
telescope errors (than for turbulence-based ones), and can use several loops even at relatively low SNR
to converge.

Assuming stationarity of the DM correction, and splitting the telescope phase aberration into its
low and high spatial frequency components p; and ¢, (below and above f,,), we find that the residual
phase Fourier transform is given by

Pao(£.1) = P(E, 1) + [1 — you(E)] 21, 1) — Yom (E)A{Bn (£, 1)} (79)
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where ~p\ is the DM spatial transfer function, A the aliasing filter operator, and A its Fourier trans-
form.

Let us discuss the DM transfer function first. An ideal DM would be able to reproduce perfectly
the phase aberration below the DM cut-off frequency, and transmits nothing above it

,Y]iDdl\?[alz 1 |fU| < fDM and |fv| < fDM (80)

0 ’fu‘ > fom or ’fv‘ > foum

This perfect transfer function is represented by a square of width 2 f,\ in the spatial frequency domain.
Its corresponding ideal response (response to a Dirac-d type phase aberration) is therefore a sinc
function in both directions, see Eq. (53),

sinc(u/Apy ) sine(v/Apy)

f_l{%i:)dl\?[al} = A2
DM

(81)

What would be now the transfer function of a real, non ideal DM ? If the set of the DM influence
functions is known (they can be measured) we can compute the response of the DM by projecting the
6 phase aberration onto the DM influence function basis, and take the Fourier transform of that to get
the DM spatial transfer function. Figure 11, left, shows such a response function, for a Xinetics Inc.
DM (the influence function was taken from high resolution measurements on Altairs’s DM - Gemini
North AO system). The DM response function closely resemble a sinc function, which is not surprising,
and is significantly narrower than the IF itself (figure 11, right).
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Figure 11: Left: Xinetics Inc. deformable mirror response function, computed from lab-
oratory measurement of the DM influence functions; Right: DM response and influence
functions compared, same Xinetics DM.

Figure 12, left, shows the Fourier transform of the previous DM response. The graph on the right
compares two DM models transfer functions (Xinetics and Boston MicroMachines MEMS DMs) with
the perfect transfer function. One can see that taking the perfect square filter as an approximation of
the real DM transfer function is roughly acceptable - at first order - as long as the phase aberration is
mainly concentrated below or above the DM cutoff frequency. Now, let us introduce the aliasing filter
A. Obviously, it is not a linear filter: it is not possible to write the aliased phase as a convolution
product, and from [2], we find that the aliased phase Fourier transform, when servo-lag error can be
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Figure 12: Left: Xinetics Inc DM transfer function; Right: Xinetics and Boston MM
DM transfer functions fx-profiles (actually, 1 — 7]i3dl\'flal) compared to the ideal step transfer
function .

neglected, is given by

T~ u Jv - u v ] k l
AMon) = f§+ff3 2 <f —fA’ T —f%) . <f“_ . AWFs> =
oo v WFS “ WFS

Practically, the sum can be limited over a few indexes only, up to a spatial frequency that includes
most of the phase spectrum. For telescope aberrations, we practically find that limiting the sum over
-/+ three indexes is generally sufficient.

AQO filtering of the static modes
The procedure to numerically compute the AO filtered amplitude PSF is the following (step-by-step),

1. compute the segment modes Fourier transforms using the analytical expressions in Eq. (28) or
Eq. (31), depending on the type of segment;

2. from the modes Fourier transforms, compute the segmented phase Fourier transform, with (here
for hexagonal segments)

Ng Np

Sp(f) =3 2 jexp (—i2nfu,) Hy(f) (83)

s=1 j=1

3. compute the AO filtered phase Fourier transform ngoao by applying the AO filter on the segmented
phase Fourier transform, using an ideal or realistic DM transfer function (which has to be provided
by other means, in the later case), plus WFS aliasing;

4. compute analytically the segmented pupil Fourier transform, using first part of Eq. (21), and the
segment transmission Fourier transform given by @)1 or Hy;

5. compute numerically the segmented pupil transmission by applying the IFFT algorithm on P (f);
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6. compute numerically the AO corrected segmented phase by applying the IFFT algorithm on
3P0 ();

7. compute numerically the focal plane amplitude PSF by applying a direct FFT on the product
P(u) exp [—id¢pa0 (1)].

In figure 13, we show the effect of the AO filter on the static PSF and phase that were shown in figure
3. The actuator pitch was set to the segment size (perfect DM, no aliasing), and we can see on the
phase images and x-profile that the low spatial frequencies aberration (initially set on the secondary
mirror) have been well corrected (the coma aberration does not appear anymore) but not so much the
segment aberrations, which are at higher spatial frequencies. The correction of the coma term is also
well apparent in the PSF (bottom figure).

SEGMENTED PHASE ABERRATION [RAD]

ACT PITCH = SEGMENT SIZE = 0.8 m

-4 -2 0 2 4
X-COORDINATE PUPIL PLANE [M]

Figure 13: Top: segmented phase aberration before and after AO correction; top right:
x-cut across the phase; bottom: static PSF before (Strehl=0.64) and after AO correction
(Strehl=0.87).
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AQO filtering of the dynamic modes

AO correction of the dynamic aberrations is modeled by replacing the segments modes Fourier trans-
forms H; by their AO-filtered version, (here for hexagonal segments)

Hja0(£) = Hjn(E) + [1 — o ()] H0(£) — von (£)A{H,; 4 (£) } (84)

and the geometrical matrices have to be replaced with

FLHW) Hi(@)} — F{Hi0(1) Hio(w)} = FET{IFFT{ Hyao(v) HFFT{Hio(v)} | (85)
Hi () Fa(v) — Hf o) Hrao () (86)

For the secondary mirrors structure functions, the procedure is exactly the same, replacing the hexag-
onal segments modes by the Zernike modes Z;.

In the figures 14-16 we show the effect of AO correction on the dynamic case example shown in figure
9. In the structure function, the low spatial frequency modulation has disappeared, and what is left is
the high frequency structure due to segments aberrations - the little hexagonal shadow insert shows the
segment transmission, at the same scale than the structure function. It can be shown that the structure
function saturates at twice the value of the phase variance for large pupil plane vector separation. This
is well apparent here in the x-cut of the structure functions before and after AO correction (horizontal
dashed lines). It is worth noting too, on the AO corrected PSF, the square domain centered on the
PSF core: if one recalls the relationship between the pupil plane spatial frequency and the focal plane
angular position, one can understand that this square domains corresponds to the spatial frequencies
domain that have been filtered out by the DM transfer function.
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Figure 14: Left: structure function after AO correction. The hexagonal insert shows the
segment transmission at the same scale than the structure function. Right: cut across the
x-coordinates of the structure function before and after AO correction. The horizontal
dashed lines show the theoretical saturation value of the structure function at twice the
phase variance. The divergence of the AO corrected structure function at the edge (close
to 10 m) is a numerical effect due to IFFT algorithm around sharp boundaries.
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Figure 15: Left and center: OTF before and after AO correction.
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Figure 16: PSF before (Strehl=0.27) and after (Strehl=0.73) AO correction.
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6 The code OPTICA, user manual

OPTICA is a MATLAB-based code implementing the method presented in the previous sections. The
first version of the toolbox has been released in February 2007. Here, we describe the main functions
and their usage, with examples. A user manual for every function of the toolbox (whether a main or
secondary function) is provided in the header of the functions, that can be accessed from MATLAB with
the command

>> doc <function name>.m

6.1 Algorithm, flow chart

The algorithm of OPTICA is shown in figure 17, and the functions associated to each task are listed
in each block. OPTICA is not a single function, but a set of tools, and is organized around five main
blocks: (1) definition of the telescope optics architecture and loading of calculation parameters - first
"line” of the flow chart, (2) calculation of the geometrical matrices - 2nd line, (3) calculation of the
static PSF/OTF - 3rd line, (4) calculation of the dynamic OTF - 3rd line, (5) calculation of the final
PSF/OTF - last line. Operations (2) to (5) are embedded in a single function - optica.m.

Telescope optics anding wavelength,
architecture matrix size, resolution,

definition/loading RO system parameters,

- static aberrations,

segpos.m, spider.m covariance matrices

4 4

v

Geometric matrices .
calculation/loading optica.m

geometry.m, dimensions.m
discft.m, hexaft.m, indzer.m
mathft.m, mirmodproft.m
polzer.m, projzpzg.m
segmodproft.m, segpupilft.m

L]
v v

Static PSF Primary mirror and
calculation secondary mirror(s)

structure
projdisctoseg.m function calculation

otfstaseg.m .

sfseg.m, sfmir.m

: v

Static OTF Dynamic OTF

4

Final OTF & PSF

Figure 17: OPTICA toolbox algorithm.
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6.2 The functions of the toolbox, and their purpose

We give here a brief explanation of what are each function used for. User’s manuals for each function
are provided starting page 50.

dimensions.m built pupil and focal plane position (e, u) and frequency (f, v) arrays
discft.m Fourier transform of a disc, from analytical expression (no FFT) - Eq. (54)
geometry.m built geometrical matrices - see section 4.3

hexaft.m Fourier transform of H(u)u* v - Egs. (31)-(38)

indzer.m Zernike polynomial indexes n, m from index j

mathft.m FFT with amplitude scaling and origin positioning to match Eqgs. (1)-(2)
mirmodproft.m secondary mirror(s) modes products Fourier transforms - F{Zj Z;}
optica.m the main function, calculation of static and dynamic OTFs
otfstaseg.m computes the static amplitude PSF, static phase map, static OTF
polherft.m Fourier transform of the hexagonal modes, F{H Z;} = F{Hy} = Hx
polzerft.m Fourier transform of the Zernike polynomials, Eq. (28)

projdisctoseg.m | projection of a secondary Zernike aberration on the segments modes - Eq. (43)

rectft.m Fourier transform of the rectangle. No FFT, analytic.

segmodproft.m segments modes products Fourier transforms - F{H H;}

segpos.m telescope optics architecture definition

segpupilft.m segmented pupil transmission Fourier transform - Eq. (21)

sfmir.m secondary mirror stationary structure function - Eq. (72)

sfseg.m segmented pupil stationary structure function - Egs. (61) to (67)

spider.m secondary mirror support structure definition

triaft.m Fourier transform of the equilateral triangle. No FFT, analytic.

zpzqtozj.m Zernike polynomials product projected into the Zernike basis, Eqgs. (190)-(191)

and here are two other functions, not used in the algorithm, but that the user may find useful:

covwave.m | covariances 7; ;. associated to a set of cosine waves across the segmented primary

encene.m | OTF-based encircled energy calculation
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6.3 FIRST STEP : defining the telescope optics architecture - functions segpos.m
and spider.m

The first step in any OPTICA run is to define the telescope optics architecture - mirrors diameters,
segment positions etc... using the function segpos.m. Optionally, a spider shadowing structure can be
added to the telescope optics architecture, using the function spider.m. Here is a copy of the header
(user manual) of the function segpos.m:

FUNCTION mir=segpos(DEXTFLAT,DEXTCTR,DINT,NSD,GAP,VIEW,FNAME)

segpos computes the coordinates (centre) of each segment of

a hexagonal segmented mirror with an outer diameter DEXTFLAT and an
inner diameter DINT, with precisely NSD segments/diameter,

and segments gaps=GAP. These numbers are used to define the
structure of the pupil transmission, and are used as an input of
the function geometry.m.

segpos.m is part of the toolbox OPTICA.
EXAMPLE

dext=10;

dctr=10;

dint=0;

nsd=7;

gap=0.04;
mir=segpos(dext,dctr,dint,nsd,gap,’yes’,’test/mir_test.mat’);

mir content:

mir =
nseg: 37
swd: 1.39428571428571
ssz: 0.80499123247011
dbs: 1.43428571428571
segpos: [2x37 double]
dextflat: 10
dextctr: 10
dextmax: 10.03234822383841

dint: O
gap: 0.04000000000000
nsd: 7

surf: 62.29252154348677

30



INPUTS name | type | unit

DEXTFLAT | double scalar | METERS

Primary mirror diameter, flat to flat. This is actually not the
maximum distance between most opposed segments. Such maximal
diameter is calculated within the code - see OUTPUT mir.dextmax.

DEXTCTR | double scalar | METERS

Primary mirror diameter taken as measured from segment center rather
than segment flats. Segments whose centers are outside of this
diameter are excluded from the mirror.

This input is used to define the diameter of a disc whom each
segment whose center lies outside of it are excluded. Playing with
that parameter, one can remove external segments to generate a more
"smooth" or circular pupil shape. Setting DEXTCTR=DEXTFLAT is a good
default value.

DINT | double scalar | METERS
Central obscuration diameter.

NSD | long scalar | -
# segments across primary mirror diameter, flat-to-flat. Must be an
0DD number.

GAP | double scalar | METERS
Gap between the segments.

OPTIONAL INPUTS name | type | unit
VIEW | character string | -
enter ’yes’ if you want to see a drawing of the mirror, and ’no’ if

you don’t.

FNAME | character string | -
The mirror structure variable will be saved in the file FNAME. If not
set, the mirror structure variable is saved in the file
> /mir.mat’, by default.
OUTPUTS name | type | unit

mir is a structure variable, with components:

.dextflat | scalar | METERS
copy of DEXTFLAT input.
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.dextctr | scalar | METERS
copy of dextctr input.

.dextmax | scalar | METERS
maximal diameter, between most opposed segment corners.

.dint | scalar | METERS
central obscuration diameter.

.nsd | scalar | 1
# of segments along the mirror diameter.

.gap | scalar | METERS
gap between segments (smaller distance if disc segments).

.nseg | scalar | 1
total number of segments

.ssz | scalar | METERS
segment radius, i.e. half of point-to-point diameter, also equal to
the side length of the segment (1/6 of perimeter).

.swd | scalar | METERS
segment width (hexagon inner diameter, flat-to-flat).

.dbs | scalar | METERS
distance between segments centre to centre.

.segpos | array(2,nb segments) | METERS
x and y segment center coordinates.

.surf | scalar | METERS"2
total surface of the segmented mirror.

ASSOCIATED FUNCTIONS/PROCEDURES

None.
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An example

In the figure 18 we show the example of the definition of a segmented
mirror with 19 segments across the mirror, for a total of 306 segments. The
function call, and the content of the resultant mirror structure variable, are

>> mir=segpos(10,10,1.5,19,0.04,’yes’, ’test/mir_test.mat’);

>> mir N
mir = B
A ¢ R
nseg: 306 number of segments
swd: 0.48842105263158 segment width flat-to-flat
ssz: 0.28199002621472 segment radius Figure 18: A 306 seg-
dbs: 0.52842105263158 distance between segments ments primary mir-
segpos: [2x306 double] segments center position ror.
dextflat: 10 diameter flat-to-flat
dextctr: 10 “exclusion” diameter
dextmax: 10.22069625555381 diameter point-to-point
dint: 1.50000000000000 central obscuration diameter
gap: 0.04000000000000 segments gaps

nsd: 19
63.21800823484919

number of segment along dextflat

surf: total surface of mirror

The mirror structure variable was saved in the file test/mir test.mat.
When re-running an OTF calculation on the same mirror architecture, there
is no need to recompute the mirror structure variable, and it can be loaded
using

>> load test/mir_test.mat

Adding a spider to the mirror structure variable - function spider.m

Once the segmented pupil architecture has been defined with segpos.m, spider structure parameters
can be added to the mirror structure variable, with spider.m. This function simply reads the spider
structure parameters in input, process them, and add them to the pre-existing mirror structure variable.
These spider parameters will then be used in the function optica.m to add the effect of spider shading
on the static PSF, following the procedure described in section 3.3.

It is assumed here that the shadow cast by the spider mechanical structure is made of two com-
ponents: the secondary mirrors support, and the spider’s arms and tension cables. Therefore, two
structure variables inputs are needed to specify the spider shadow: the secondary mirror one, and the
spider’s arms one. The function call syntax is

>> mir=spider(mir,m2shadow,arms,view,fname);

mir is the segmented pupil architecture structure variable, build with segpos.m, m2shadow is the
secondary mirror input, arms the spider’s arms parameters input, view a tag to be set to ’yes’ if the
user wants to see a drawing of the new pupil with spider superimposed on it, and fname is there to
specify a file name to save the new mirror structure variable. If no file name is specified, the new
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mirror structure variable is saved, by default, in the file mirwithspider.mat. The components of the
secondary mirror shadow structure variable are:

>> <name>.shape : shape of M2 support shadow, options are:
’tria’ : an equilateral triangle, barycentre on the telescope optical axis

’squa’ : asquare
’hexa’ : a hexagon
’disc’ : adisc
>> <name>.size : size of the M2 support shadow cast on the primary mirror

if *tria’ : triangle basis
if ’squa’ : square side
if *hexa’ : hexagon diameter, point-to-point
if ’disc’ : disc diameter
>> <name>.angle : orientation angle of the shadow relative to the x-axis

where name can be any character string. The components of the arms structure variable are:

>> <name>.width : arms or cables widths

>> <name>.cooint : x/y-coordinate of the inner attachment point,
a (2-by-number of arms/cables) array

>> <name>.cooext : x/y-coordinate of the outer attachment point,
a (2-by-number of arms/cables) array

where again name can be any character string.

From these parameters, spider.m computes the arms/cables lengths, the coordinate of the arms/cables
centers, and the arms/cables orientation relative to the horizontal axis. Here is a complete example,
with a intentionally ridiculous spider structure, in order to highlight the versatility of the method:

>> dext=10;

>> dctr=10;

>> dint=1;

>> nsd=7;

>> gap=0.04;

>> mir=segpos(dext,dctr,dint,nsd,gap, ’yes’);
>> shadow.shape=’tria’;

>> shadow.size=3;

>> shadow.angle=20;

>> arm.width=[0.1 0.2 0.3 0.4];

>> arm.cooint=zeros(2,4);

>> arm.cooext=zeros(2,4);

>> arm.cooint(1,:)=[0.5 0 -0.5 0];

>> arm.cooint(2,:)=[1 0.5 0 -0.5];

>> arm.cooext=arm.cooint*10;

>> arm.cooint(1,4)=-1;

>> newmir=spider (mir,shadow,arm,’yes’)
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newmir =

nseg:
swd:

ssz:

dbs:
segpos:
dextflat:
dextctr:
dextmax:
dint:

gap:

nsd:

surf:
m2shape:
m2size:
m2angle:
armwidth:
armlength:
armangle:
armcenter:

In figure 19, we show from left to right (1) a drawing of the mirror with spider structure, (2) the
associated pupil image and (3) the associated PSF. Diffraction of the light perpendicularly to the
spider’s arms is well apparent in the later image.

36
1.39428571428571
0.80499123247011
1.43428571428571
[2x36 double]

10

10
10.03234822383841
1
0.04000000000000
7
60.60893988014930
’tria’

3

20

[1x4 double]

[1x4 double]

[63.43494882292201 90 0 -77.47119229084849]

[2x4 doublel]

Figure 19: A rather improbable spider structure, and its effect on the telescope PSF. From
left to right: mirror drawing with spider, pupil generated with segpupilft.m, associated

PSF.
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6.4 SECOND STEP : loading and formatting the static aberrations and the dy-
namic covariances input variables

We assume now that the mirror structure variable has been constructed and is available at the main level
of the MATLAB workspace. Next step is to load the aberrations and dynamic covariances data (output of
telescope mechanical structure modeling, or/and air flow analysis models) and format them as structure
variables to be readable by the main code, optica.m. The structure of all aberration/covariance
variables must be the following:

<name>.ind : Zernike polynomials j-indexes - can be given in any order,
<name>.mat : static aberrations coefficients, or covariance matrix,
<name>.type : type of data in <name>.mat.

<name> can be any string. There can be four types of aberration data:

6.4.1 Static aberration on the primary

<name>.type must be set to >staM1’, and <name>.mat must be given as a 2D array of dimension
size(<name>.mat) = (number of segments, number of modes)

The syntax must be as given in the following example

>> aM1.ind=[2,3,7,8,11];

>> load(’alabb.mat’) % we assume that we load a Nseg-by-5 matrix -> tmp
>> aMl.mat=tmp; % UNIT MUST BE RADIAN OF PHASE (NOT SURFACE)

>> aMl.type=’staMl’;

When the variable aM1 will be read by optica.m, the code will look at the data type, and here it will
take this input as a set of aberrations coefficients on the segments. The compatibility with the number
of segments in the mirror structure variable will be checked, as well as the compatibility between the
length of <name>.ind and the 2nd dimension of <name>.mat. And as there is - of course - only one
segmented primary,

There can be only one input of type ’staM1’

6.4.2 Static aberration on any of the secondary surfaces

<name>.type must be set to ’staM2’, and <name>.mat must be given as a vector of dimension
size(<name>.mat) = (1, number of modes)

and the syntax must be

>> aM2.ind=[5,6,7,8,11];

>> load(’a2abb.mat’) % we assume that we load a 5-elements row vector -> tmp
>> aM2.mat=tmp; % UNIT MUST BE RADIAN OF PHASE (NOT SURFACE)

>> aM2.type=’staM2’;

again, internal consistency between <name>.ind and <name>.mat sizes is checked within optica.m.
Now, as the number of secondary, continuous optical elements (surfaces or lenses) can be arbitrary, there
can be also an arbitrary number of type ’>staM2’ inputs. This allows the user to specify aberrations
of other type than surface errors, like for instance misalignment coma, or off-axis aberrations. For
instance, assume that there is a 20 nm off-axis astigmatism in the x-direction, at 1 um,
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>> ast0ffAxis.ind=[5];

>> ab=20;

>> lambda=1;

>> astO0ffAxis.mat=ab*1e-9*2x*pi/(lambdax*le-6);
>> astOffAxis.type=’staM2’;

and so on, if there are other sources of static aberrations. In the function optica.m, all type ’staM2’
inputs will be merged, and projected onto the primary segments hexagonal basis, using the method
described in section 3.2, Eq. (43).

6.4.3 Dynamic aberration on the primary, covariance array v; j;k,i

<name>.type must be set to >dynM1’, and <name>.mat must be given as a 4-D array, of size
size(<name>.mat) = (N seg, N seg, N M1 dyn modes, N M1 dyn modes)
with the syntax

>> cM1.ind=[1,2,3];

>> load(’covMl.mat’) % we assume that we load a 3 x 3 x Nseg x Nseg array
>> cM1l.mat=tmp;

>> cMl.type=’dynM1’;

size compatibility is checked, and again as there is only one segmented primary mirror,

There can be only one input of type ’dynM1’ ‘

6.4.4 Dynamic aberration on the secondary mirrors, covariance matrices (g,

<name>.type must be set to >dynM2’, and <name>.mat must be given as a 2-D array, of size
size(<name>.mat) = (N M2 dyn modes, N M2 dyn modes)
and the syntax is the following

>> cM2.ind=[6,5,8,7,11,10,9,12,13,16,17,22,14,15,18,19,24,23,30,29,37] ;
>> load(’covM2.mat’) % we load a 21-by-21 covariance matrix -> tmp

>> cM2.mat=tmp;

>> cM2.type=’dynM2’;

size compatibility is checked as usual. As for secondary mirrors static aberrations, there can be an
arbitrary number of type >dynM2’ inputs. Also, the covariance matrices are merged into one, defining
a unique so-called M2 covariance matrix, structure function, and OTF.

To summarize, after this process of aberrations/covariance array loading, our worksheet example
(batch file content) would look like that:

% tsc optics definition

mir=segpos(10,10,1.5,19,0.04, test/mir_test.mat’,’yes’);
% static on M1

aM1.ind=[2,3,7,8,11];

load(’alabb.mat’)
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aMl.mat=tmp;
aM1.type=’staMl’;

% static on M2
aM2.ind=[5,6,7,8,11];
load(’a2abb.mat’)
aM2.mat=tmp;
aM2.type=’staM2’;

% off-axis astigmatism
astOffAxis.ind=[5];
ab=20;
lambda=1;
astOffAxis.mat=ab*1e-9*2*pi/(lambda*le-6) ;
astOffAxis.type=’staM2’;

% dynamic on M1
cM1.ind=[1,2,3];
load(’covMl.mat’)
cM1.mat=tmp;
cMl.type="dynM1’;

% dynamic on M2
cM2.ind=[6,5,8,7,11,10,9,12,13,16,17,22,14,15,18,19,24,23,30,29,37] ;
load(’covM2.mat’)
cM2.mat=tmp;
cM2.type="dynM2’;

6.5 THIRD STEP : calculation of the static and dynamic OTF's - function optica.m

So now we have the telescope optics defined, and lots of different type of aberrations. Let us compute
the OTF/PSF, with optica.m, the main code of the toolbox. The calling syntax is

>> res=optica(geofname,res, [mir,npix,lambda,actpitch],{aberrations data});
and the inputs definitions are:
geofname: file name to store the geometrical matrices, for future usage, of type ’mat’, like >geo.mat’;

res : to get a pixel size in the focal plane smaller than the usual Nyquist limit A/2D by a factor res,
i.e. dv = \/2D/res;

mir : telescope optics architecture structure variable;

npix : general matrix size - all 2D pupil/focal plane quantities are defined on npix-by-npix matrices,
except for the PSFs that are defined on res*npix-by-res*npix matrices;

lambda : optical wavelength, unit is micrometers;

actpitch: AO DM actuator pitch, unit is meters. In the present version of the toolbox (Febru-
ary 2007), AO correction is simply modeled as an ideal DM transfer function (square)
filtering, without WFS aliasing. If AO correction modeling is not required, this input must
be set to ”-17.
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The inputs between square brackets [mir,npix,lambda,actpitch] are optional, and the inputs be-
tween curved brackets {aberrations data} are the static aberrations and dynamic covariance.

As we already know, two types of objects are needed for the calculation of the static/dynamic
PSF/OTF: the static aberrations coefficients and dynamic covariances in one side, and the geomet-
ric matrices on the other side - see page 4.3. These matrices depend on the four optional inputs
[mir,npix,lambda,actpitch] plus the aberration/covariance indexes <name>.ind. Therefore, if one
only wants to change the aberrations amplitude, there is no need to recompute the geometrical ma-
trices all over again, and these can be stored on memory for subsequent use. The calculation of the
geometrical matrices is done within the main code optica.m, by the function geometry.m. In the
example below, the geometrical matrices do not exist and have to be generated, so the calling syntax
to use is

>> res=optica(’geo.mat’,res,mir,npix,lambda,actpitch, {aberrations data}) ;

the geometrical matrices are written in a structure variable named geo, saved in the file *geo.mat’.
In the next example, the geometrical matrices do exist, and the inputs mir,npix,lambda,actpitch
have been removed, prompting the code to look for the file geo.mat and load its content

>> res=optica(’geo.mat’,res,{aberrations data});

Looking at the content of the structure variable geo is interesting. It contains valuable informations on
the optical system - like the pupil mask - that can be useful for debugging, or post-processing analysis.
Here is a copy of the content of geo for an OPTICA run on a 37-segments mirror, with AO correction of
static aberrations on M1 and M2 and dynamic aberrations on M1 (this is the example that was shown
in page 26, figures 14-16),

>> load mat/geo_test_200_aoon_aml_am?2_cml.mat

>> geo
geo =
lambda: 1 wavelength in microns
npix: 200 general matrix size
dxfoc: 0.01027998638230  focal plane pixel scale [asec]
segpos: [2x37 double] segments position
ssz: 0.80499123247011 segments radius
dextmax: 10.03234822383841 max mirror diameter
r_focus: [1x1 struct] focal plane coordinates
f_focus: [1x1 struct] focal plane angular frequency
r_pupil: [1x1 struct] pupil plane coordinates
f_pupil: [1x1 struct] pupil plane spatial frequency
Mipupil: [200x200 double] segmented pupil transmission
Mipupilft: [200x200 double] segmented pupil Fourier transform
Mipupcor: [200x200 double] segmented pupil autocorrelation
dmpitch: 0.80499123247011  AO system’s DM actuator pitch [m]
dynMimodft: [3x200x200 double] dynamic M1 modes Fourier transforms
dynMimodproft: [6x200x200 double] dynamic M1 modes products FT
dynMlind: [1 2 3] dynamic modes j-indexes
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staMimodft: [8x200x200 double] static M1 modes Fourier transforms
staMilind: [1 2 3 4 5 6 7 8] static modes j-indexes

and here is for instance how the pupil Fourier transform geo.M1lpupilft and the pupil transmission
geo.Mipupil look like - remember that we got the transmission from applying an IFFT on the ana-
lytically calculated pupil Fourier transform:

>> imagesc(abs(geo.Mipupilft).~0.125)
>> imagesc(geo.Mlpupil)

and here is how the Fourier transform of the static hexagonal modes Hy (f) and Hg(f) look like with
AO filtering of the low spatial frequencies (square in the middle):

>> imagesc(squeeze(real(geo.staMimodft(1,:,:))))
>> imagesc(squeeze(imag(geo.staMimodft(8,:,:))))

Let us come back now on the usage of the main function optica.m. At this point, our worksheet would
look like that (if geometrical matrices have to be generated)

% tsc optics definition

mir=segpos(10,10,1.5,19,0.04, test/mir_test.mat’,’yes’);
% static on M1

aM1.ind=[2,3,7,8,11];
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load(’alabb.mat’)
aM1l.mat=tmp;
aMl.type=’staMl’;

% static on M2
aM2.ind=[5,6,7,8,11];
load(’a2abb.mat’)
aM2.mat=tmp;
aM2.type=’staM2’;

% off-axis astigmatism
astOffAxis.ind=[5];
ab=20;
lambda=1;
astO0ffAxis.mat=ab*1e-9%2*pi/(lambda*le-6) ;
astOffAxis.type=’staM2’;

% dynamic on M1
cM1l.ind=[1,2,3];
load(’covMl.mat’)
cM1.mat=tmp;
cMl.type="dynM1’;

% dynamic on M2
cM2.ind=[6,5,8,7,11,10,9,12,13,16,17,22,14,15,18,19,24,23,30,29,37] ;
load(’covM2.mat’)
cM2.mat=tmp;
cM2.type="dynM2’;

% optica run
dxres=2;
npix=200;
lambda=1;
actpitch=mir.ssz; jactuator pitch set to segment size
results=optica(’geo.mat’,dxres,mir,lambda,actpitch,aMl,aM2,ast0ffAxis,cM1,cM2);

So, what did optica.m compute for us ? Plenty of useful things:

>> results
results =

sfM1: [200x200 doublel M1 structure function
sfM2: [200x200 doublel M2 structure function
otftsc: [200x200 double] perfect telescope OTF
psftsc: [400x400 double] perfect telescope PSF
otfsta: [200x200 double] static OTF
apsfsta: [200x200 double] static amplitude PSF
stapha: [200x200 double] total segmented static phase
psfsta: [400x400 double] static intensity PSF
otfM1: [200x200 double] M1 dynamic OTF=exp(-stM1/2)
otfM2: [200x200 double] M2 dynamic OTF=exp(-stM2/2)

41



otf: [200x200 double] total OTF=0TF(sta)*OTF(M1)*OTF(M2)
psf: [400x400 double] final PSF = IFFT{OTF}
strehl: 0.72638600889398  final Strehl ratio

from there, any kind of post-processing/diagnostic tool can be applied to get an assessment of the
telescope optical performance: for instance we can use the function encene.m on the final OTF to get
an encircled energy curve, or any PSF full-width at half maximum (FWHM) code, or anything else.
Post processing of the PSF/OTF is not included in the toolbox. To finish, here is a copy of the header
of the function optica.m

FUNCTION results=optica(variable number of arguments)

optica.m is the main function of the software package OPTICA, and is
used to compute, amongst other things, the long exposure PSF/0TF of
a hexagonal segmented telescope with static and dynamic aberrations,
on both the segmented primary and secondary mirror(s) - M2,M3 etc -
including, as an option, adaptive optics (AO) correction of these
static and dynamic errors (deformable mirror fitting error and
wavefront sensor spatial aliasing).

The number of inputs is not fixed, and depends on the calculation
option, and on the number of optical surfaces for which static
or dynamic aberrations are specified.

USAGES
You have two type of inputs to optica:

(1) geometric parameters and matrices (mirrors, AO system ...),
(2) static aberrations and dynamic aberrations covariances, for the
segmented primary and secondary mirror(s),

and two different ways to use the code:
FIRST USAGE

The geometric matrices have already been calculated,

and are simply loaded from a file. If the geometric parameters of

the studied case are constant (same mirrors, same aberration indexes,
same wavelength, same A0 correction), and only the amplitude of the
aberrations is changing, then this option is the recommended way to
use the code:

results=optica(’geo.mat’,2,A_M1,A_M2,A M3,...,C_M1,C_M2,C_M3,...);
where, in this example,
> ’geo.mat’ is the file name where the geometric parameters and
matrices are stored;
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> 2 = the focal plane pixel size resolution - actually 2 means
that you want the pixels = (Nyquist limit)/2;

> A_Mn are the static aberrations Zernike coefficients of
mirror n, and there can be as many different mirrors as you
want; BUT ONLY ONE FOR THE SEGMENTED PRIMARY

> C_Mm are the dynamic aberrations covariance for mirror n, and
there can be again as many different mirrors with dynamic
aberrations as you want, independently of the number of
mirrors with static aberrations, BUT ONLY ONE FOR THE SEGMENTED
PRIMARY. See INPUTS below for details on how to enter the
aberrations data.

SECOND USAGE

is for when the geometric matrices need to be calculated
according to new geometric parameters (suppose for instance that you
want to see what is the effect of segment size for a particular set
of aberrations), then stored for future usage:
results=optica(’geo.mat’,2,MIR,NPIX,LAMBDA,ACTPITCH,
A_M1,A_M2,A_M3,...,C_M1,C_M2,C_M3,...);
where the additional inputs - relative to the FIRST USAGE, are
> MIR is a structure variable where the parameters of the primary
segmented mirror are stored (segments position, size etc...)
and is the output of the function segpos.m;
> NPIX is the general size of the square matrices used along the
calculation - with the exception of the PSF matrices, whose
size depends also on the resolution factor (e.g. if, as above,
res=2, then npix(PSF)=2*given npix;
> LAMBDA is the optical wavelength;
> ACTPITCH is the AO system deformable mirror actuator pitch.

INPUTS FIRST USAGE name | type | units

THE FOLLOWING ORDER OF INPUT APPEARANCE MUST BE IMPERATIVELY
RESPECTED:

optica(GEOFILENAME,RES,aberrations or covariance, in any order)

GEOFILENAME | string | -
Name of the file where the geometric matrices and geometric
parameters are stored or should be stored after being built.

RES | real scalar > or =1 | 1

focal plane pixel size / maximum Nyquist focal plane pixel size. The
higher RES, the smaller the pixel size: DX=DX(Nyquist)/RES.

MUST BE > or = 1. When choosing RES > 1, the matrix size NPIX is
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increased accordingly, (NPIX->newNPIX) and the Field-of-View, defined
when the geometrical matrices were calculated, stays the same.

There can be an arbitrary number of static aberrations specified at
the input of optica - but only one of type ’segmented primary’. The
syntax to enter a static aberration is the following:

Assume that the root name of the static aberration is A. The
following components must appears in AB:

AB.type | string | -

Type of static aberration.

’staM1’ for the primary, THERE CAN BE ONLY ONE INPUT OF THAT TYPE.
’staM2’ for secondary mirrors.

AB.ind | real array (nb modes) | rad
Segments static phase aberration Zernike indexes, following
Noll’s numbering convention.

AB.mat | real array (nb segments,nb M1 modes) or (nb M2 modes) | rad
Segments static phase aberration Zernike coefficients, following
Noll’s numbering & normalization convention.

Example:

>> aM1.ind=[2,3,7,8,11];

>> load(’alabb.mat’) loading a (nseg,5) array -> tmp
>> aMil.mat=tmp;

>> aMl.type=’staMl’;

There can be an arbitrary number of dynamic aberrations covariance
matrices specified at the input of optica - but again only one for
the segmented primary. The syntax to enter a dynamic covariance
matrix is the following:

Assume that the root name of the covariance matrix is COV. The
following components must appears in COV:

COV.type | string | -

Type of dynamic aberration.

’dynM1’ for the primary, THERE CAN BE ONLY ONE INPUT OF THAT TYPE.
’dynM2’ for secondary mirrors.

COV.ind | real array (nb modes) | rad

Dynamic phase aberration Zernike indexes, following Noll’s numbering
convention.
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COV.mat | real array (nseg,nseg,nbMimodes,nbMimodes) or

or (nbM2modes,nbM2modes) | rad~2
Dynamical aberrations covariance matrix. For the segmented primary, a
4-D array: first & second indexes are for the segments numbering, and
third and fourth indexes are for aberrations numbering. For instance,
C_5,6,7,5 is the covariance between segments 5 and 6 and
respectively 7th and 5th aberrations. For secondary mirrors, a 2-D
array.

Example:

>> cM1.ind=[1,2,3];

>> load(’covMl.mat’) -> tmp
>> cM1l.mat=tmp;

>> cMl.type=’dynM1’;

>> cM2.ind=[6,5,8,7,11,10,9,12,13,16,17,22,14,15,18,19,24,23,30,29] ;
>> load(’covM2.mat’) -> tmp

>> cM2.mat=tmp;

>> cM2.type=’dynM2’;

INPUTS SECOND USAGE name | type | units

THE FOLLOWING ORDER OF INPUT APPEARANCE MUST BE IMPERATIVELY
RESPECTED:

optica(GEOFILENAME,RES,MIR,NPIX,LAMBDA,AOPITCH,
aberrations or covariance, in any order)

MIR | structure variable | -
NEEDED ONLY FOR USAGE OF SECOND TYPE
Parameters of the telescope pupil. Output of function "segpos.m".

NPIX | integer scalar | 1

general matrix size for all 2D quantities defined in either the
pupil or focal plane - except for PSFs which are defined on
(RES*NPIX) "2 matrices.

LAMBDA | real scalar | MICRONS
optical wavelength in microns.

AOPITCH | real scalar | METERS

A0 system actuator pitch. IF A0 CORRECTION MODELING IS NOT DESIRED,
PUT THIS PARAMETER TO -1.
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OUTPUTS name | type | units
results is a structure variable, with the following components:

psf | real array(NPIX+RES,NPIX*RES) | strehl
Telescope PSF with static and dynamic aberratioms.
Note that the matrix size is adapted to the RES factor.

otf | complex array(NPIX,NPIX) | max(otf)=1
Telescope OTF with static and dynamic aberratioms.

psftsc | real array(NPIX*RES,NPIX#RES) | strehl
Telescope PSF without aberrationms.
Note that the matrix size is adapted to the RES factor.

otftsc | real array(NPIX,NPIX) | max(otftsc)=1
Telescope OTF without aberratioms.

ONLY IF STATIC ABERRATIONS ARE SPECIFIED:

psfsta | real array(NPIX+RES,NPIX*RES) | strehl
Telescope PSF with static aberratioms.
Note that the matrix size is adapted to the RES factor.

otfsta | complex array(NPIX,NPIX) | max(otftsc)=1
Telescope OTF with static aberratioms.

ONLY IF DYNAMIC ABERRATIONS ARE SPECIFIED:

sfM1 | real array(NPIX,NPIX) | rad~2
segmented pupil stationary phase structure function.

sfM2 | real array(NPIX,NPIX) | rad~2
sum of the secondary mirrors stationary phase structure functiomns.

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES

sfseg.m

sfmir.m
otfstaseg.m
otfstamir.m
projdisctoseg.m
mathft.m
geometry.m

46



6.6 An other calculation sheet example

Practically, the most convenient way of using OPTICA is through the execution of a batch file were the
actions are executed in a sequential order, starting with the loading of the calculation parameters and /or
the definition of the telescope optics architecture, and followed by the calculation of the PSF/OTFs.
Here is a copy of a typical calculation sheet (batch.m) that was used during the test of the toolbox:

%%%%%% PRIMARY MIRROR ARCHITECTURE

dext=10; %, segment primary diameter flat-to-flat

dctr=10; % diameter of a disk to exclude the segment whose centers are outside
dint=10/7; % central obscuration dia - segments that are inside are excluded
nsd=7; % number of segments across dext

gap=0.04; % segments gaps (flat-to-flat)
mir=segpos(dext,dctr,dint,nsd,gap, ’yes’);

m2shadow.shape=’tria’;

m2shadow.size=3*mir.ssz;

m2shadow.angle=30;

arms.width=[0.1 0.1 0.1];

arms.cooint=zeros(2,3);

arms.cooint(1,:)=[0 0 0];

arms.cooint(2,:)=[0 0 0];

arms.cooext=zeros(2,3);

arms.cooext (1, :)=[mir.dextmax/2 -mir.dextmax/4 -mir.dextmax/4];
arms.cooext(2,:)=[0 mir.dextmax/2*sqrt(3)/2 -mir.dextmax/2*sqrt(3)/2];
mir=spider (mir,m2shadow,arms,’yes’);

%%%%%% LOADING STATIC ABERRATIONS

% optical wavelength in microns
lambda=1;

% here we are generating a random set of segment aberrations,

% following a Gaussian distribution

z1=30; % piston rms in nm

z2=0.02; % tt rms in asec

a_ml.ind=[1,2,3]; % aberration j-indexes (Zernike, Noll numbering)
a_ml.mat=randn(mir.nseg,length(a_ml.ind));
a_ml.mat(:,1)=a_ml.mat(:,1)*z1*x1le-9*(2*pi/(le-6*lambda)); % piston
a_ml.mat(:,2:3)=a_ml.mat(:,2:3)*z2%4.848e-6*mir.ssz/4*x(2xpi/(le-6*lambda)); % tt
a_ml.type=’staMl’; I type of aberration - static on primary

% now we are generating a set of secondary mirror(s) random aberrations
a_m2.ind=[4,5,6,7,8]; % defocus to coma

a_m2.mat=randn(1,5)*30e-9* (2xpi/(le-6*lambda)); % random coeffs - 30nm rms
a_m2.type=’staM2’; I type of aberration - static on secondary
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/» an other set of secondary mirror(s) random aberrations - for instance M3

% there can be an arbitrary number of type ’staM2’ aberrations, but only one
% of type ’staMl’

a_m3.ind=[9,10,11,12,13,14,15,16] ;

a_m3.mat=randn(1,8)*40e-9* (2*pi/(le-6*lambda)) ;

a_m3.type=’staM2’;

%%%%%% LOADING COVARIANCE MATRICES

% here I am building a covariance for the segmented primary using a

% model of a set of cosine wave going across the primary.
cov_ml.ind=[1,2,3]; % j-indexes of the dynamic aberration

% here piston and tip-tilt, because we assume rigid segments.
lam=[10,10,1]; % wavelength of the cosine waves [m]

dir=[0,120,240]; % propagation direction of the waves [deg]
vel=[1,2,3]; % waves velocity [arbitrary unit]
amp=[0.1,0.1,0.01] *lambda* (2*pi/lambda); % wave amplitude in rad of phase
wave_npix=200; % matrix size for the visualization of a wave snapshot
[cov_ml.mat,mat,wave,wavefull]=...

covwave (mir,lam,dir,vel,amp,wave_npix,2*mir.dextmax/wave_npix) ;
cov_ml.type=’dynM1’; % type of aberration and surface - dynamic, M1

% if a M1 covariance is available:
%load test/cov_mir0O5.mat

% here I am loading an existing covariance for the secondary mirror
cov_m2.ind=[2,3,4,6,5]; % setting up the j-indexes

load ~/tmt/OpticalModelling/mirrors_studies/dynamic/mat/SzzNoll.mat
cov_m2.mat=5zzNoll(1:5,1:5)*(2*pi/(lambda*le-6))"2; % scaling to rad”2 unit
cov_m2.type=’dynM2’; Y, type of aberration and surface - dynamic, M2

% there can be an arbitrary number of type ’dynM2’ covariance matrices,

% but only one of type ’dynM1’

Dohhtehts OTF, PSF

actpitch=mir.ssz; % A0 system actuator pitch (here set to the segment size)
npix=200; % general matrix size for the calculation of OTFs, PSFs etc

% example 1: static aberrations on M1 only, no A0 (actpitch=-1),
% PSF pixel size = Nyquist/2
resl=optica(’geol.mat’,2,mir,npix,lambda,-1,a_ml);

% example 2: static aberrations on M1 only, AO on,

% PSF pixel size = Nyquist/2
res2=optica(’geo2.mat’,2,mir,npix,lambda,actpitch,a_ml);
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% example 3: static aberrations on M1 & M2(s), no A0 (actpitch=-1),
% PSF pixel size = Nyquist/2
res3=optica(’geo3.mat’,2,mir,npix,lambda,-1,a_ml,a_m2,a_m3);

% example 4: static aberrations on M1 & M2(s), AO on,
% PSF pixel size = Nyquist/2
res4=optica(’geo4.mat’,2,mir,npix,lambda,actpitch,a_ml,a_m2,a_m3);

% example 5: static+dynamic on M1 & M2(s), no A0 (actpitch=-1),
% PSF pixel size = Nyquist/2
resb=optica(’geo5.mat’,2,mir,npix,lambda,-1,a_ml,a_m2,a_m3,cov_ml,cov_m2);

% example 6: static+dynamic on M1 & M2(s), AO on,
% PSF pixel size = Nyquist/2
res6=optica(’geo6.mat’,2,mir,npix,lambda,actpitch,a_ml,a_m2,a_m3,cov_ml,cov_m2);

Figure 20: Top: PSF without AO correction; bottom: PSF with AO correction. From left
to right, cases 1 & 2, 3 & 4, 5 &6. Power 1/8th intensity scaling.
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6.7
6.7.1

Secondary functions user manuals

covwave.m

FUNCTION [cov,mat,wave,wavefull]l=

covwave (MIRROR,WAVELENGTH, THETA,VELOCITY,AMPLITUDE,NPIX,DX,FNAME)

Calculation of seg-2-seg & modes-2-modes covariance of Zernike
coefficients for a wave made of NW independent cosine wavelets,
across the primary segmented mirror. Segments are assumed rigid, so
only the covariance of piston and tip-tilt is taken into account.
Unit of covariance is square of unit of wave amplitude.

A 2D representation of the covariance is given in the output "mat".
With the inputs NPIX and DX, a random selection of a realization

of the total wave on the mirror, in a matrix NPIX-by-NPIX, with a
pixel size of DX [m] is given in the outputs "wave" and "wavefull".

INPUTS name | type | units

MIRROR | structure variable | -
Parameters of the segmented mirror. See output of function segpos.m
for details.

WAVELENGTH | real array(NW) | m
Wavelength of each wavelets.

THETA | real array(NW) | deg
Direction of propagation of each wavelets making the full wave.
Wave numbers of the cosine wavelets making the full wave.

AMPLITUDE | real array(NW) | arbitrary
Wavelets amplitudes.

VELOCITY | real array(NW) | m/s
Wavelets traveling velocity module.

NPIX | scalar EVEN integer | 1
Matrix size for optional snap-shot of the wave.

DX | scalar integer | m
Metric pixel size for optional snap-shot of the wave.

OPTIONAL INPUT

FNAME | char string | -
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File name to save the covariance matrix.
OUTPUT name | type | units

cov | array(MIRROR.nseg,MIRROR.nseg,3,3) | unit(AMPLITUDE) "2
covariances seg-2-seg & modes-2-modes. covmat(1,2,i,j) is the
covariance between aberration i & j of segments 1 & 2.

mat | array(3*MIRROR.nseg,3*MIRROR.nseg) | unit(AMPLITUDE) "2
covariances seg-2-seg & modes-2-modes, arranged in a square matrix
for visualization purpose only, in 3x3 blocks of nseg-by-nseg.

wave | array(128,128) | unit(AMPLITUDE)
a realization of the wave at t=0 for visualization purpose.

wavefull | array(128,128) | unit(AMPLITUDE)
a realization of the wave at t=0 for visualization purpose, but not
bounded by the circular pupil (full square matrix).

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES

none.
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6.7.2 dimensions.m

FUNCTION [r_focus,f_focus,r_pupil,f_pupill=...
dimensions (NPIX,RES,LAMBDA,TSCDIA, [’INFO’])

This function computes the focal and pupil planes Cartesian
coordinates and spatial/angular frequency arrays, in both X & Y.
These arrays are needed when calculating focal and pupil plane
related quantities, like, for instance, the optical transfer
function, or the segment transmission Fourier transform, from
analytical expressions.

INPUTS name | type | unit

NPIX | scalar even > 0, or -1 | pixels

Coordinate arrays matrix size. Must be even. There is a default
value option, set by the matrix size required to have a good
representation of the seeing limited PSF halo wings. If

you want this default value, set NPIX to -1, and it will be replaced
by the closest even integer > 16*(TSCDIA/r0) where r0 is set to a
typical rO value at the wavelength LAMBDA (using a r0=0.15 m at 500
nm) .

RES | real scalar > or =1 | 1

focal plane pixel size / maximum Nyquist focal plane pixel size. The
higher RES, the smaller the pixel size: DX=DX(Nyquist)/RES.

MUST BE > or = 1. When choosing RES > 1, the matrix size for the
focal plane coordinate array and the PSF is increased accordingly,
(NPIX->newNPIX) but the Field-of-View stays the same.

LAMBDA | scalar, real, >0 | microns
Working wavelength in MICRONS.

TSCDIA | scalar, real, >0 | meters
Telescope diameter.

KEYWORDS

INFO’ : if set, the matrix and pixel size are displayed in the
screen at the end of the calculation.

OUTPUTS name | type | units
r_focus is a structure variable:

r_focus.x/y | array RES*NPIX-by-RES*NPIX, real | arcseconds
x/y-coordinate in the focal plane.
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f_focus is a structure variable:
f_focus.x/y | array NPIX-by-NPIX, real | 1/rad
angular frequency x/y-coordinate in the focal plane.

r_pupil is a structure variable:

r_pupil.x/y | array NPIX-by-NPIX, real | meters
x/y-coordinate in the pupil plane.

f_pupil is a structure variable:

f_pupil.x/y | array NPIX-by-NPIX, real | 1/meters
spatial frequency x/y-coordinate in the pupil plane.

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES

none.
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6.7.3 discft.m

FUNCTION FT=discft(F_PUPIL,REXT,RINT);

discft returns the 2D Fourier transform of a annulus with diameter
2*REXT and obscuration 2*RINT. There is no FFT here, the FT is
analytic, and defined with the following convention

FT(A) (fx,fy)=double integral of A(x,y)*exp(-i*2*pi*(fx*x+fy*y))
where A(x,y)=1 inside the annulus and O outside, and fx,fy

are the spatial frequencies.

INPUTS name | type | unit | default if any
F_PUPIL | 2D ARRAYS | 1/M
A structure variable, with two components, F_PUPIL.x

& F_PUPIL.y, the pupil plane spatial frequencies.

REXT | SCALAR | ANY LENGTH | -
annulus external radius

RINT | SCALAR | SAME AS REXT | -
annulus internal radius

OUTPUTS name | type | unit

FT | DOUBLE ARRAY(size(F_PUPIL.x)) | unit(REXT) | -
Fourier transform of the annulus.

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES

none.
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6.7.4 encene.m

FUNCTION [ee,d]l=encene(otf,dia,lambda,eta,maxdia)

Computes EE curve as a function of integration
aperture diameter d, using the OTF method.

INPUTS name | type | unit

otf | array(N,N) | 1
Optical transfer function. MAX =1 !!

dia | scalar real | METERS
Telescope pupil diameter.

lambda | scalar real | MICRONS
optical wavelength associated to OTF.

eta | array real | 1
Nyquist focal plane pixel size / actual pixel size.
Must be >=1.
maxdia | scalar real | ASEC
diameter of the larger integration aperture to consider.
If set to -1, the largest aperture is the largest
compatible with the PSF field size.
OUTPUT name | type | unit

ee | array real | 1
Encircled energy in an integration aperture of diameter d.

d | array real | asec
Integration aperture diameter.

ASSOCIATED FUNCTIONS

discft.m : analytical value of FT(disc with radius=d/2)
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6.7.5 geometry.m

FUNCTION geo=
geometry (MIR,LAMBDA,NPIX,RES,DYNM1IND,DYNM2IND,STAM1IND,DMPITCH)

This function computes, saves & returns all the geometrical
quantities that are needed in the calculation of the segmented
telescope static and long exposure Optical Transfer Functions using
the toolbox OPTICA.

Optionally, by giving an AQ0 system actuator pitch, the A0 correction
of the segmented pupil and secondary mirror(s) modes can be taken
into account, implementing DM filtering of the wavefront, plus WFS
aliasing.

This function belongs to the OPTICA toolbox. The generated
geometrical matrices are stored in an output structure variable,
whose components are:

geo.*

.lambda : working wavelength [microns]
.npix : matrix size

.dxfoc : pixel size focal plane
.segpos : segments’ positions

.88z : segment radius

.dextmax : max mirror diameter

.r_focus : focal plane x,y coordinate arrays [asec]

.f_focus : focal plane angular frequencies fx,fy arrays [1/rad]
.r_pupil : pupil plane x,y coordinates arrays [m]

.f_pupil : pupil plane spatial frequencies fx,fy arrays [1/m]
.Milpupil : segmented pupil

.Mlpupilft : segmented pupil Fourier transform

.Mlpupcor : segmented pupil auto-correlation

.Mlshadow : spider+M2 shadow mask

.M2pupil : circular pupil

.M2pupilft : circular pupil Fourier transform

.M2pupcor : circular pupil auto-correlation

.staMimodft : segments static modes Fourier transforms
.dynMlmodft : segments dynamic modes Fourier transforms
.dynM2modft : M2 dynamic modes Fourier transforms
.dynMlmodproft : segments dynamic modes products Fourier transforms
.dynM2modproft : M2 dynamic modes products Fourier transforms
.dynMilind : j-indexes of dynamic segment modes (Zernike-Noll)
.dynM2ind : j-indexes of dynamic mirror modes (Zernike-Noll)
.staMlind : j-indexes of static segment modes (Zernike-Noll)
.dmpitch : A0 deformable mirror actuator pitch
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Basically, when using OPTICA, the user can either load these
pre-computed matrices, or recompute them, when other parameters
values are needed. Please see OPTICA user manual for details.

INPUTS name | type | unit

MIR | structure variable | -
parameters of the telescope pupil.

LAMBDA | scalar | micrometer
Working wavelength in MICRONS.

NPIX | scalar, even | pixels
OTF arrays matrix size. Must be even.

RES | real scalar > or = 1 | 1

focal plane pixel size / maximum Nyquist focal plane pixel size. The
higher RES, the smaller the pixel size: DX=DX(Nyquist)/RES.

MUST BE > or = 1. When choosing RES > 1, the matrix size for the
focal plane coordinate array and the PSF is increased accordingly,
(NPIX->newNPIX) but the Field-of-View stays the same.

OPTIONAL INPUTS name | type | unit

dynMlind | scalar or array | 1
j—indexes of the Zernike modes to consider in the description of the
segments dynamic aberrations. Set it to O to ignore.

dynM2ind | scalar or array | 1
j—indexes of the Zernike modes to consider in the description of the
secondary mirror(s) dynamic aberrations. Set to O to ignore.

staMlind | scalar or array | 1
j-indexes of the Zernike modes to consider in the description of the
segments static aberrations. Set to O to ignore.

dmpitch | scalar | m
Client A0 system actuator pitch as seen from the telescope primary
mirror. Set to O to ignore.

OUTPUTS name | type | unit

geo is a structure variable, whose components are:

.lambda | scalar | micrometer
Working wavelength in MICRONS (copy of input).

o7



.npix | scalar, even, or -1 | pixels
Coordinate arrays matrix size (copy of input).

.dxfoc | real scalar | asec/pixel
pixel size in the focal plane.

.segpos | array(2,nb segments) | METERS
x and y segment center coordinates.

.ssz | scalar | METERS
segment radius, i.e. half of point-to-point diameter, also equal to the
side length of the segment (1/6 of perimeter).

.dextmax | scalar | METERS
maximal diameter, between most opposed segment corners.

.r_focus, a structure variable:
r_focus.x,y | real array(NPIX,NPIX) | arcseconds
x,y-coordinate in the focal plane.

.f_focus, a structure variable:
f_focus.x,y | real array(NPIX,NPIX) | 1/rad
angular frequency x,y-coordinate in the focal plane.

.r_pupil, a structure variable:
r_pupil.x,y | real array(NPIX,NPIX) | meters
x,y-coordinate in the pupil plane.

.f_pupil, a structure variable:
f_pupil.x,y | real array(NPIX,NPIX) | 1/meters
spatial frequency x,y-coordinate in the pupil plane.

.Mipupilft | complex array(NPIX,NPIX) | metre~2
Fourier transform of the segmented pupil transmission. From
analytical expressions (no FFT).

.Mipupil | complex array(NPIX,NPIX) | 1
inverse FFT of Mipupilft.

.Mishadow | complex array(NPIX,NPIX) | 1

Spider and M2 projected shadow mask onto M1. O inside, 1 outside.
If there is no spider, this component is set to -1.

.Mipupcor | real array(NPIX,NPIX) | metre~2

Segmented pupil transmission auto-correlation. When normalized to 1
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at the origin, defines the telescope Optical Transfer Function.
OPTIONAL OUTPUTS name | type | unit

Optional outputs depend on the setting of the inputs dynMlind,
dynM2ind, and staMilind.

.dynMlind | scalar | 1

If dynMlind is set.

j—indexes of the Zernike modes to consider in the description of the
segments dynamic aberratiomns.

.dynMimodft | real array(length(dynMiind) ,NPIX,NPIX) | metre~2
If dynMlind is set.
Dynamic segments modes Fourier transforms.

.dynMimodproft | real array(X,NPIX,NPIX) | metre~2

If dynMlind is set.

Dynamic segments modes products Fourier transforms. As these products
are commutative relative to the modes indexes, only one of the
couples FTMk*M1 & FTM1*Mk are kept, so the total number of such
couples is X=(dynM1ind~2+dynM1ind)/2.

.staMlind | scalar | 1

If staMlind is set.

j—indexes of the Zernike modes to consider in the description of the
segments static aberratioms.

.staMimodft | real array(staMlind,NPIX,NPIX) | metre~2
If staMlind is set.
Static segments modes Fourier transform.

.M2pupilft | complex array(NPIX,NPIX) | metre~2

If dynM2ind is set.

Fourier transform of the circular pupil transmission, i.e. the circle
that circumscribe the segmented pupil. From analytical expressions
(no FFT).

.M2pupcor | real array(NPIX,NPIX) | metre~2

If dynM2ind is set.

Circular pupil transmission auto-correlation. From analytical
expression (no FFT).

.dynM2ind | scalar | 1

If dynM2ind is set.
j—indexes of the Zernike modes to consider in the description of the
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secondary mirrors dynamic aberrations.

.dynM2modft | real array(length(dynM2ind) ,NPIX,NPIX) | metre~2
If dynM2ind is set.
Dynamic M2 modes product Fourier transforms.

.dynM2modproft | real array(X,NPIX,NPIX) | metre~2

If dynM2ind is set.

Dynamic M2 modes product Fourier transforms. Here also,
X=(dynM2ind~2+dynM2ind) /2.

.dmpitch | scalar | m
A0 system actuator pitch as seen from the telescope primary
mirror.

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES

dimensions.m
discft.m
hexaft.m
indzer.m
mathft.m
mirmodproft.m
polzer.m
segpupilft.m
segmodproft.m
zpzqtozj.m
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6.7.6 hexaft.m

FUNCTION mat=hexaft (F_PUPIL,SSZ,MU,NU);

hexaft returns the 2D Fourier transform of a hexagon with
diameter point-to-point 2*SSZ.

Optionally, it gives the Fourier transform of the

same hexagon multiplied by a monomial x"n*y"m, a useful option
for calculating FT of phases defined on hexagonal
apertures. There is no FFT here, the FT is

analytic, && defined with the following convention

FT(H) (fx,fy)=double integral of

H(x,y)*exp (-1*2*pix (fx*xx+fy*y))

where H(x,y)=1 inside the hexagon && O outside, and

fx,fy are the spatial frequencies.

INPUTS name | type | unit

F_PUPIL | 2D ARRAYS | 1/M
A structure variable, with two components, F_PUPIL.x
& F_PUPIL.y, the pupil plane spatial frequencies.

SSZ | SCALAR | M
hexagon radius, i.e. half distance point-to-point.

MU,NU | SCALAR | 1

Power of the x && y pupil space coordinates multiplying the hexagon
transmission [x"MU*y NU*H(x,y)]. FT of [x"MU*y NU*H(x,y)] is given
in the output structure variable.

OUTPUTS name | type | unit | default

mat | COMPLEX ARRAY(size(F_PUPIL.x)) | M~ (2+MU+NU) | -
Fourier transform of [x"MU*y NU*xH(x,y)].

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES

none.
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6.7.7 indzer.m

FUNCTION ind=indzer (JMIN,JMAX)

Computes Zernike polynomials radial and azimuthal indexes associated
to j-indexes JMIN to JMAX.

Usage option 1: ind=indzer(a scalar, a scalar)
Usage option 2: ind=indzer(a vector)

INPUTS name | type | unit

JMIN | scalar or vector | 1
Zernike j-index.

OPTIONAL INPUT name | type | unit

JMAX | scalar ONLY | 1
2nd Zernike j-index.

OUTPUT name | type | unit

ind | array(n lines, 3 columns) | 1
Indexes j,n,m

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES

none.
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6.7.8 mathft.m
FUNCTION mat=mathft (0BJECT,DX,IC,JC, ’INVERSE’)

MATHFT computes the discrete Fourier transform (DFT) (or
inverse DFT) of a 1D or 2D object. The difference with the
matlab FFT function is that the amplitude of the result is such
that the DFT gives exactly the theoretical value of the
continuous Fourier transform at each frequency discrete value.
In other words, the normalization of the FT is respected,

& the Parseval theorem is directly applicable to the result,
following the convention:

total(abs(object) "2)*DX"2=total (abs(result) "2)*df"2.

MATHFT works also on matrix sizes not a power of 2. But at
least, matrix size must be even. If the input object matrix as
an odd size, the top line & the right column will be
truncated.

INPUTS name | type | unit

OBJECT | array 1D | 2D | -

array from which we compute the Fourier or inverse Fourier
transform. Size of the array must be even (not necessarily a
power of 2).

OPTIONAL INPUTS name | type | unit

DX | scalar | length
spatial sampling in the object space. Default is DX=1.

IC,JC | scalar | px

pixel position associated with the (0,0) coordinate in the

linear space (the conjugate of the frequency space). Default is top
right of the four central pixels, or N/2+1 for a 1D input array.

ORIENTATION | string | -
Set it to ’INVERSE’ for computing the inverse FT. Default value is
>FORWARD”’ .

NOTE
I have checked if the amplitude of the result is correct
following the mathematical definition of the Fourier
transform, & this is OK. Beside, I have checked is the sign
of the result is OK too. No bug here. Concerning the energy
conservation, I have checked that
sum(abs (object) "2) #*DX"2=sum(abs (object FT) ~2)*df"2.
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A1l the check have been done in 1D & 2D. Last point : the
aliasing. This is usual concern with Discrete Fourier
Transform. The user has to be aware of that problem, and
should use MATHFT knowing that the high frequencies are going
to be folded in the (-Fn,Fn) domain. Nothing can be done
against this, except choosing a sufficiently small sampling of
the object.

OUTPUTS name | type | unit

mat | double complex array | -
Fourier transform of the input object.

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES

none.
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6.7.9 mirmodproft.m

FUNCTION mat=mirmodproft(J1,J2,DIA,F_PUPIL,AOFILTER)
Fourier transform of the product of Zernike polynomials Z_J1 & Z_J2.
No FFT are used here, the calculation is analytic only:
1) the product is projected onto the Zernike basis;

2) the sum(a_i*Q_i) is computed, from analytic expression of Zernike
polynomials.

This function is part of the toolbox OPTICA.
INPUTS name | type | unit
J1 & J2 | scalar >=1 | 1
Zernike indexes of the two polynomials. Order can be arbitrary, and

J1 can be equal to J2 as well. Must be > O.

DIA | scalar real | meter
telescope diameter.

F_PUPIL | real array, square | 1/metre

A STRUCTURE VARIABLE:

F_PUPIL.x : pupil plane spatial frequency x-coordinate.

F_PUPIL.y : pupil plane spatial frequency y-coordinate.
OPTIONAL INPUT name | type | unit

AOFILTER | real array | 1
AO spatial transfer function.

OUTPUT name | type | unit

mat | complex square array, same dim as F_PUPIL.x,y | 1/metre”2
Fourier transform of Z_J1xZ_J2.

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES
zpzqtozj.m

polzerft.m
mathft.m
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6.7.10 otfstaseg.m
FUNCTION [otf,apsf,phase]l=otfstaseg(SEGABB,SEGMODFT,SEGPOS,SPUPILFT,F_PUPIL,SHADOW)

otfstaseg is a function for computing the amplitude OTF and PSF
associated to the static aberrations of a hexagonal segmented
telescope. This function is part of the MATLAB toolbox OPTICA.

INPUTS name | type | units
SEGABB | real array (nb segments,nb modes) | radians
Segments static phase aberration Zernike coefficients, following

Noll’s numbering & normalization convention.

SEGMODFT | real array(nb modes,NPIX,NPIX) | 1
Segments Hernike modes Fourier transforms.

SEGPOS | real array (2, nb segments) or (nb segments, 2) | m
Segments centers.

SPUPILFT | real array(NPIX,NPIX) | 1/m~2
Segmented pupil transmission Fourier transform.

F_PUPIL | 2D ARRAYS | 1/M
A structure variable, with two components, F_PUPIL.x
& F_PUPIL.y, the pupil plane spatial frequencies.
SHADOW | complex array(NPIX,NPIX) | 1
Pupil spider and M2 shadow mask, 1 outside, O inside. If there is no
spider shading, SHADOW must be set to -1.
OUTPUTS name | type | units

otf | complex array(NPIX,NPIX) | max(otf)=1
Optical transfer function of the aberrated segmented telescope.

OPTIONAL OUTPUTS name | type | units

apsf | complex array(NPIX,NPIX) | strehl~(1/2)
Amplitude point spread function of the aberrated segmented telescope.

phase | real array(NPIX,NPIX) | radian
optical phase.

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES

mathft.m
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6.7.11 polherft.m
FUNCTION hft=polherft(J,SSZ,F_PUPIL)

Computes Hernike polynomial = (Zernike * hexagon) Fourier transform
for index J.

INPUTS name | type | unit

J | integer | 1
Zernike polynomial j-index.

SSZ | scalar | metre
Hexagonal segment radius, i.e. half of distance point-to-point.

F_PUPIL | real array, square | 1/m

A STRUCTURE VARIABLE:

F_PUPIL.x : pupil plane spatial frequency x-coordinate.

F_PUPIL.y : pupil plane spatial frequency y-coordinate.
OUTPUT name | type | unit

hft | array real | 1
Fourier transform of Hernike polynomial, index J.

ASSOCIATED FUNCTIONS

hexaft.m
indzer.m
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6.7.12 polzerft.m
FUNCTION zft=polzerft(J,DIA,F_PUPIL)

Computes Zernike polynomial Fourier transform for index J,
following (Noll, 1976) but with an inverse definition of the FT,
according to J. Goodman (Introduction to Fourier Optics).

In this function, the Zernike is defined on a pupil of radius
DIA/2, therefore the FT is defined on this space, which is not
normalized, and we have FTZj=Pi*R"2*Q_j, where Q_j is given in
Noll 1976 (except with a sign change (i)"m -> (-i)"m).

INPUTS name | type | unit

J | integer | 1
Zernike polynomial j-index.

F_PUPIL | real array, square | 1/m

A STRUCTURE VARIABLE:

F_PUPIL.x : pupil plane spatial frequency x-coordinate.
F_PUPIL.y : pupil plane spatial frequency y-coordinate.

DIA | scalar integer | meters
Telescope diameter.

OUTPUT name | type | unit

zft | array real | 1
Fourier transform of Zernike polynomial, index J.

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES

indzer.m
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6.7.13 projdisctoseg.m
FUNCTION asj=projdisctoseg(P0S,SSZ,RAD,ZC,ZJ)

Computes the Zernike coefficients asj of the projection of the
phase aberration defined on a continuous circular optical surface
of radius RAD (e.g. the secondary mirror), onto the segments at
position POS. The method is analytic, it is not a projection of
modes constructed numerically. See OPTICA user manual.

INPUTS name | type | unit

POS | real array (2,NSEG) | M
x,y-coordinate of the center of the NSEG segments.
POS(1,:) = x-coo, P0S(2,:) = y-coo.

SSZ | real scalar | M
Segment radius. For hexagonal segments, SSZ is the radius of the
disc that circumscribe the hexagon.

RAD | real scalar | M
Radius of the continuous surface disc. Cannot be < than SSZ.

ZC | real array | any unit

Coefficients of the continuous disc Zernike aberrations. Can be
given in any order, as the ZJ input indicates the j-indexes
associated to ZC, i.e. there is no need to follow the usual
order piston, tip-tilt, defocus etc... and any combination of
the Zernike aberrations in any order can be given.

ZJ | integer array | 1
j-indexes of the Zernike coefficients given in ZC.

OUTPUT name | type | unit

asj | real array (NSEG,Nasj) | 1

Zernike coefficient of the projection of the continuous phase
aberration onto the segment Zernike basis. Nasj, the number of
segments’ Zernike aberration is = max(ZJ), i.e. there cannot be
segment aberrations at a higher j-index than there are in the
initial continuous phase.

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES

indzer.m
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6.7.14 rectft.m

FUNCTION ft=rectft(F_PUPIL,A,B)

rectft returns the 2D Fourier transform of a rectangle with side
A (length) & B (width). There is no FFT here, the FT is
analytic, & defined with the following convention

FT(R) (fx,fy)=double integral of R(x,y)*exp(-i*pi*(fx*x+fy*y))
where R(x,y)=1 inside the rectangle & O outside, & fx,fy

are the spatial frequencies.

INPUTS name | type | unit
F_PUPIL | 2D ARRAYS | 1/M
A structure variable, with two components, F_PUPIL.x

& F_PUPIL.y, the pupil plane spatial frequencies.

A | scalar | any length | any
rectangle length, along horizontal axis.

B | scalar | any length | any, but same as A
rectangle width, along vertical axis.

OUTPUT name | type | unit | default

ft | DOUBLE ARRAY(size(F_PUPIL.x)) | unit(A,B) | -
Fourier transform of the rectangle.

ASSOCIATED FUNCTIONS/PROCEDURES

none.
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6.7.15 segmodproft.m
FUNCTION mat=segmodproft(J1,J2,SSZ,F_PUPIL,AOFILTER)

Compute the Fourier transform of the product of Zernike polynomials
Z2_J1 & Z_J2 inscribed into a hexagonal segment of diameter SSZ
(point-to-point). The Fourier transform is calculated from an
analytical model, and not from the usage of a FFT algorithm. The
result is therefore exact.

This function is part of the toolbox OPTICA.
INPUTS name | type | unit
J1 & J2 | scalar >=1 | 1

Zernike indexes of the two polynomials. Order can be arbitrary, and
J1 can be equal to J2 as well. Must be > O.

SSZ | scalar | metre
Hexagonal segment radius, i.e. 1/2 distance point-to-point.

F_PUPIL | real array, square | 1/metre

A STRUCTURE VARIABLE:

F_PUPIL.x : pupil plane spatial frequency x-coordinate.
F_PUPIL.y : pupil plane spatial frequency y-coordinate.

OPTIONAL INPUT name | type | unit

AOFILTER | real array | 1
AO spatial transfer function.

OUTPUT name | type | unit

mat | complex square array, same dim as F_PUPIL.x,y | 1/metre”2
Fourier transform of Z_J1*Z_J2*hexagon.

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES
polherft.m
hexaft.m

mathft.m
zpzqtozj.m
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6.7.16 segpupilft.m

FUNCTION [pupilft,pupil,shadow]=segpupilft (MIRROR,F_PUPIL,R_PUPIL)

This function computes the segmented pupil transmission
Fourier transform, from analytical expressions, and the
pupil transmission from an inverse numerical FFT of this
analytical pupil FT.

INPUTS name | type | unit

MIRROR is a structure variable:
parameters of the telescope pupil. See output of segpos.m and
spider.m

F_PUPIL is a structure variable:

F_PUPIL.x,y | real array(NPIX,NPIX) | 1/meters

spatial frequency x,y-coordinate in the pupil plane. Output of
function dimensions.m

R_PUPIL is a structure variable:

R_PUPIL.x,y | real array(NPIX,NPIX) | meters
x,y-coordinate in the pupil plane. Output of function
dimensions.m

OUTPUTS name | type | unit

pupilft | real array(NPIX,NPIX) | metre~2
Pupil transmission Fourier transform from analytical expression.

pupil | real array(NPIX,NPIX) | 1
Pupil transmission from inverse FFT of pupilft (above).

shadow | complex array(NPIX,NPIX) | 1
spider shadow, O inside, 1 outside. If there is no spider, set to -1.

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES

mathft.
triaft.
rectft.
hexaft.
discft.

8 B B B B
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6.7.17 sfmir.m
FUNCTION sfmir

sf=sfmir (COV,J_INDEXES,F_PUPIL,MIRMODFT,MIRMODPROFT,PUPILFT,PUPCORR)

Computation of the secondary/tertiary mirrors wavefront structure
function, averaged over the mirror positions. The average SF
calculated here is a function of the separation and orientation
between 2 points into the mirror, but does not depend on the absolute
location of these points, as it would be the case in the non averaged
SF. See user manual for details.

INPUTS name | type | unit
COV | real array (mmod,nmod) | can be any unit
Zernike aberrations coefficients temporal covariance matrix.
Indexes start from (piston, the tip-tilt etc) following Noll’s

convention (See Noll, R. JOSA 1976).

J_INDEXES | integer vector(nmod) | 1
j—indexes of the mirror modes, following Noll’s definition.

F_PUPIL.x/y | real array, square | 1/metre
pupil plane spatial frequency x/y-coordinate.

MIRMODFT | complex array (number of modes,npix,npix) | metre~2
Fourier transform of mirror modes. See mirmodproft.m.

MIRMODPROFT | complex array (X,npix,npix) | metre~2
Fourier transform of each couple of mirror modes. See function

mirmodproft.m. X=(number of modes”2+number of modes)/2.

PUPILFT | complex array(npix,npix) | metre”2
Pupil transmission Fourier transform. See function pupilft.m

PUPCORR | real array(npix,npix) | metre~2
Pupil transmission auto-correlation.

OUTPUT | name | type | unit

sf | array(npix,npix) | same unit than COV
Circular mirror averaged structure function.

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES

mathft.m
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6.7.18 sfseg.m

FUNCTION sf=sfseg(COV,J_INDEXES,SEGPOS,F_PUPIL,SEGMODFT,...
SEGMODPROFT,PUPILFT,PUPCORR)

Segmented mirror stationary structure function.

INPUTS name | type | unit
COV | real array, 4-D (nseg,nseg,nmod,nmod) | can be any unit
Zernike aberrations coefficients temporal covariance between each segment
for each aberrations. This is a 4-D array: first & second indexes are for
the segments numbering, and the third and fourth indexes for aberrations
numbering. For instance, C_5,6,7,5 is the covariance between segments

5 and 6 and respectively 7th and 5th aberrations.

J_INDEXES | integer vector(mmod) | 1
j-indexes of the segment modes, following Noll’s definition.

SEGPOS | real array (2,#seg) or (#seg,2) | metre
Segments center position.

F_PUPIL.x/y | real array, square | 1/metre
pupil plane spatial frequency y-coordinate.

SEGMODFT | complex array (number of modes,npix,npix) | metre~2
Fourier transform of segment modes. Output of "segmodproft.m".

SEGMODPROFT | complex array (X,npix,npix) | metre~2
Fourier transform of segment modes products. Output of function

"segmodproft.m". X=(number of modes”2+number of modes)/2.

PUPILFT | complex array(npix,npix) | metre~2
Pupil transmission Fourier transform.

PUPCORR | real array(npix,npix) | metre~2
Pupil transmission auto-correlation.

OUTPUT | name | type | unit

sf | array(npix,npix) | same unit as COV input
Segmented primary mirror wavefront structure function.

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES

mathft.m
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6.7.19 spider.m
FUNCTION mir=spider (MIRROR,M2SHADOW,ARMS,VIEW,FNAME)

spider is an optional function of the toolbox OPTICA to specify the
secondary mirror support structure shadow (the ’’spider’’), and add
the spider parameters to the segmented mirror structure variable.

The secondary mirror shadow shape can be specified either as a disc,
a hexagon, a square, or an equilateral triangle. Supporting arms and
cables are specified as long, narrow rectangles.

When executed, spider.m reads the spider parameters, computes the
length, orientation and position of the center of the arms/cables,
and add these values to the mirror structure variable (input MIRROR)
created by the function segpos.m. These parameters are then used
within function optica.m to add the effect of the spider obscuration
to the PSF, using the Fourier transform approach described in the
OPTICA report and user manual.

INPUTS name | type | unit

MIRROR is a structure variable. See output of function segpos.m for
detailed description of components.

M2SHADOW is a structure variable, with components:

.shape | STRING | -

Type of M2 support structure shadow:

’tria’ for an equilateral triangle, centered on its barycentre,
’squa’ for a square,

’hexa’ for a hexagonal,

’disc’ for a disc.

.size | SCALAR | METERS

Size of M2 support structure. Depends on the type:
if ’tria’: triangle basis,

if ’squa’: square side,

if ’hexa’: hexagon diameter, point-to-point,

if ’disc’: disc diameter.

.angle | SCALAR | DEG

Orientation of M2 support structure relative to x-axis,
counter-clockwise. An angle of 0 deg corresponds to a
triangle/square/hexagon seated on its basis. Not operational for
disc type shadow (input ignored).
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ARMS is a structure variable, with components:

.width | array(nb of arms and cables) double | METERS
Width of spider’s arms and cables.

.cooint | array(2,nb arms) double | METERS

Coordinates of the inner attachment point of the arm or cable. Does
not have to be exactly on the M2 shadow edge. Can be anywhere.
Syntax: <name>.cooint(1l,:) = x coordinate,

<name>.cooint(2,:) = y coordinate.

.cooext | array(2,nb arms) double | METERS

Coordinates of the outer attachment point of the arm or cable.
Syntax: <name>.cooext(l,:) = x coordinate,

<name>.cooext(2,:) = y coordinate.

OPTIONAL INPUTS

VIEW: is set to ’yes’, then a drawing of the segmented mirror with
the spider is displayed on the screen, otherwise set it to ’mno’.

FNAME | character string | -

The mirror structure variable will be saved in the file FNAME. If not
set, the mirror structure variable is saved in the file

. /mirwithspider.mat’, by default.

OUTPUTS name | type | unit

The input MIRROR structure variable, on which the M2 shadow and
arms/cables parameters have been added, i.e.

.m2shape | STRING | -
Type of M2 support structure shadow. Copied from input.

.m2size | SCALAR | METERS
Size of M2 support structure. Copied from input.

.m2angle | SCALAR | DEG
Orientation of M2 support structure. Copied from input.

.armwidth | array(nb of arms/cables) double | METERS
Width of spider’s arms and cables. Copied from input.

.armlength | array(nb of arms/cables) double | METERS
Length of spider’s arms and cables.
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.armangle | array(nb of arms/cables) double | DEG
Orientation of arms/cable, counterclockwise relative to x-axis.

.armcenter | array(2,nb of arms/cables) double | METERS
Coordinates of the arms/cables center.
.armcenter(1,:) = x coordinate, .armcenter(2,:) = y coordinate.

EXAMPLE

>> dext=10;

>> dctr=10;

>> dint=1.5;

>> nsd=7;

>> gap=0.04;

>> mir=segpos(dext,dctr,dint,nsd,gap,’yes’, ’test/mir_test.mat’)

mir =
nseg: 37
swd: 1.39428571428571
ssz: 0.80499123247011
dbs: 1.43428571428571
segpos: [2x36 double]
dextflat: 10
dextctr: 10
dextmax: 10.03234822383841
dint: 1.50000000000000
gap: 0.04000000000000
nsd: 7
surf: 60.60893988014930

>> M2SHADOW.shape=’tria’; % triangle M2 support structure
>> M2SHADOW.size=3; ¥, basis of triangle is 3 meters

>> M2SHADOW.angle=90; % the triangle points to the right, as ’’>’’.
>> ARMS.width=[0.1 0.1 0.1 0.1]; % four 10 cm wide arms spider
>> ARMS.cooint=zeros(2,4);

>> ARMS.cooext=zeros(2,4);

>> ARMS.cooint(1,1:4)=[1 0 -1 0];

>> ARMS.cooint(2,1:4)=[0 1 0 -1];

>> ARMS.cooext(1,1:4)=[5 0 -5 0];

>> ARMS.cooext(2,1:4)=[0 5 0 -5];

>> newmir=spider (mir,M2SHADOW,ARMS, ’yes’,’test/mir_test.mat’)

newmir =

nseg: 36
swd: 1.39428571428571
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ssz:
dbs:
segpos:
dextflat:
dextctr:
dextmax:
dint:

gap:

nsd:

surf:
m2shape:
m2size:
m2angle:
armwidth:
armlength:
armangle:
armcenter:

0.80499123247011
1.43428571428571
[2x36 double]

10

10
10.03234822383841
1.50000000000000
0.04000000000000
7
60.60893988014930
’tria’

3

90

[0.1 0.1 0.1 0.1]
[4 44 4]

[180 -90 0 90]
[2x4 double]

ASSOCIATED FUNCTIONS/PROCEDURES

none.
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6.7.20 triaft.m

FUNCTION ft=triaft(F_PUPIL,BASE)

rectft returns the 2D Fourier transform of an equilateral triangle
with basis BASE. There is no FFT here, the FT is

analytic, & defined with the following convention

FT(T) (fx,fy)=double integral of T(x,y)*exp(-i*pi*(fx*x+fy*y))
where T(x,y)=1 inside the triangle & O outside, & fx,fy

are the spatial frequencies.

INPUTS name | type | unit
F_PUPIL | 2D ARRAYS | 1/M
A structure variable, with two components, F_PUPIL.x

& F_PUPIL.y, the pupil plane spatial frequencies.

BASE | scalar | any length | any
Equilateral triangle base length.

OUTPUT name | type | unit | default

ft | DOUBLE ARRAY(size(F_PUPIL.x)) | unit(BASE) | -
Fourier transform of the triangle.

ASSOCIATED FUNCTIONS/PROCEDURES

none.
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6.7.21 zpzqtozj.m
FUNCTION [coeff,existind]=zpzqtozj(J1,J2)

Computes the coefficients a_i of the projection of the polynomials
product Z_J1*Z_J2 in the Zernike basis, i.e.
Z_J1%Z_J2=sum_i(a_i*Z_i). The method is analytic, it is not a

projection of the product on a set of modes constructed numerically.

The array given at the input only includes the coefficients that are
not null, and "existind" gives the j-number of these non-zero

coefficients.
For instance, we find Z2xZ5 = 0.8165%Z3 + 0.2887*Z7 + 0.8660%*Z9
INPUTS name | type | unit

J1,J2 | integer scalar > 0 | 1
j—indexes of the two Zernike polynomials

OUTPUTS name | type | unit
coeff | array real | 1
Zernike coefficient of the projection of the product Z_J1*Z_J2 in the

Zernike space.

existind | array integers | 1
j—indexes associated to the coefficients "coeff".

EXTERNAL CUSTOM FUNCTIONS/PROCEDURES

indzer.m
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A Cartesian representation of the Zernike polynomials

The segment transmission is defined in Cartesian coordinates, so must be the Zernike polynomials. Let
us therefore give the Zernike polynomial in a Cartesian representation. Zernike polynomials are given
by Noll (1976) in polar coordinates:
R™(r) m =0
Zj(r,0) = V/[(m#0) +1)(n + 1) R (r)cos (m@) m # 0 and j even (87)
R™(r)sin(m#) m # 0 and j odd

n

where

2 —1)5(n — g)lrn—2s
Rrpy =3 D) (59)

sl (BEm — )l (252 — s)!

By expanding cos (m#) and sin (m#) in terms of products of cos*f cos'6, sin*f cos'd and sin*@sin'd, we
find,

Ly m-1 dd
cos(mf)) = — Z (—=1)* (;;) 2(m=20) 2 e g — 5~ Mmo (89)
k=0 5 m even
y - m m=1  y odd
sin(mf) = 275 > (=1)" <2k + 1> 2 2 where g = {2 (90)
T k=0 % —1 meven

which can be squeezed into a single expression, including the case m = 0

_ 1 p(j) qj,m m ~
=) = o (1) 0 (4 el (o1)
k=0

T 2k + pjm
with
qj,m:...‘modd‘meven‘mzo pjm:...‘m;éO‘m:O
j odd ‘ m=1 ‘ m=2 ‘ . and j odd ‘ 1 ‘ 0
j even mT_l 5 J even 0 0

With the later equality, Eq. (87) becomes

2. (=1)% (n — )l p(n—m=2s)
Ziw,y) = V2O T D) 3 s x

s — s)! (252 — s)!

qj,m
Y\Pim Nk m (m—2k) , 2k
) L v () o o

k=0

and it must be noted that as n — m is always even, the exponent of r in Eq. (92), n—m—2s, is even,
therefore we can write

n—m

2 n—m
P25 —s) (x2 + y2)(%—s) _ ( 2 l_ 3) G ) 2! (93)
1=0

—S
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S0,

2 7 Sq5,m

s m oM g
Z;(w,y) = /[ #0) + 1J(n + 1) (~1)e+0 (2k+ | ) ( 7 ) x
s=0 =0 k=0 Pjm
n—s)!
[n=2(s+l+k)=pjm] , [2(0+K)+pjm] (94
S|(n—5m_s|(n—2m_s)!w Y ( )

B Fourier transform of the hexagonal modes H(u)u*v”

We develop in this section the calculation of the Fourier transform of the products H(u)u*v”. According
to the theorem of the derivative of the Fourier transform, we have

outv

~ i \AtY
F{H(u)u"v"} =H, ,(f) = <%> afiafy H(f) (95)

The Fourier transform of the hexagon is calculated without difficulties (a is the segment radius),

HE) = Gy oo —V310) o3
_ 2VB (Nu(f)  N_(f)
= @) {D_<f> " D+<f>}

and its order u, v derivative is calculated with the Leibniz rule (derivative of a product)

e B8] SE (I Qrimani o

K=0 A=0

~ 2V/3 {cos [ra(f, + v3f.)] — cos (2maf,) 4 cos [ra(f, — V3 f.)] — cos (2waf,) }
(96)

With the formula

1  (Fa)*(—1)2HBal Bl N fat B+ 1 5
0a,8 <_y(y T ax)) T Yy F az)o A = < ~ >(¥am) Ty (98)

we find, for the derivative of the denominator term D,

(FVB DA = L = M)
5_’\+1(fv T V3 f, v —r—a+l

v—X\
> (” e Z oA 1) (FV3F)' L (99)
¢=0

au—/@,l/—)\ [1/D¥ (f)] =

and for the derivative of the cosine terms, in the numerator N4 (f), we find respectively

(—1)% cos[ma(f, £v3f.)] K+ A even

" (100)
(-1 2 sin[ra(f, £ V3f,)] x+ A odd

Oy, cos [ma(fo £ V3f,)] = (£V3)"(ma) {



and

>/

Op 2 cOs (2maf,) = 5r.0(2ma) {(1)2+ s (2mafy)
sin (2ma fy)

(-1

term, so we define

A even

A odd

where 0,0 = 1 if K = 0, and 0 otherwise. It is practical to regroup these trigonometric factors in one

@i/\(f) = 0 AN£(f) = 0. cos [ma(fu £ V3fu)] — Duncos (2maf,) = (£V3)"(ra)
(—1) 5 cos [ra(fo £V3fu)] — 60 2)‘(—1)% cos (2mafy) K even, \ even
" (—1)“2+1 sin [ra(f, £ vV3fu)] — 6w 2’\(—1)A2 sin (2raf,) & even, A odd
(—1)”3+1 sin [ra(f, £ V3f.)] k odd, A even
k(—1)%A cos [ra(f, £ V3fu)] x odd, A odd
_ (:l:\/g)ﬁ(ﬂ‘a)'ﬁ_)‘ (_1)'?:+Clos [ﬂ'a(fv + \/gfu)] - 5&,0 2>\(_1)% S (27Tafv) K+ A even
(=)= 2 sin[ma(f, £ V3fu)] — 0c02M(=1)77 sin (2maf,) &+ A odd
Regrouping all the terms into Eq. (95), we get
~ i\ 2v/3
Rl = (55) o
Y (Mo V3PP (= ) (v = )] "
{[Z2 () Qenn ==ty

v

Cz:<M+V—/~e—)\+1>(_\/§fu)u—,\—¢f5]

VB ) D )l )

e ()

14
<)\>@n)\

v—A

¢=0
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and regrouping the sums,

A= () 2SS S o) () ()

k=0 A=0 ¢=0

[@:,)\(f)(_\/_) (VB TS @;)\(f)(\/g)“_n(\/gfu)y_A_Cfgl

5_)‘+1(fv _ \/gfu)u-l—u—n—)\-i-l + fV—A-H(fv + \/gfu)u—i—u—ﬁ—)\-i-l
—i ptv (\/_,u—i-u—&—l woovov=A REAFC ,u—l-l/—:‘ﬂ—)\—i-l
= [ — |27
(7)o B IHIe W.A,( )

£=0 A=0 (= o
(_1)(#+V—li—>\—4)@:’)\( )fuA Cfv ~ (D) A=C S
I A A ”1<fv+f Bl oAt
i utv (\/_),u—i-u—H BV ov=A K+§+< Iu,—|—1/—,‘£—)\+1
— <%> Wyl ———— ;;)/\2:0;) n+>\,£|)\|< ¢ > X
[ () mdel () Ouf)
v—A— Cf A KA
¢ V+1 [ (fv - \/gfu)u—‘_y_ﬁ_)\—i_l " (fv + \/gfu)u—‘_y_ﬁ_)\—i_l (103)

writing the term in brackets with a common denominator (note that we need to keep the exponents
of the different terms positive by distributing them in the numerator or the denominator, in order for
I'Hopital’s rule to be usable when computing limits at asymptotes - see below)

. - p+v (\/g)lH'V-H w v v—A>A (“+V_IZ_)\+1) .
Hyw(f) = (%) ! T RZO)Z::O Z% T (\/§)n+/\+§f A— Cf“Cx
(=)= 20O (£) (fo = VBFu) ™A (fo + VBT + O (B) (fo + VBFu)™ A (fo — VB f)H T

75/+1( 3f2)u+l/+1

. , ” _ +v— H A+1 V_A_C
_ (=" W.MZ’EZZ * i " Neac®) 10,
o — R+A,{|)\| (V3)rFHA+C Dy ¢ (F)

k=0 A=0 ¢=

where
Nyac(f) = for¢ [(—1)”+”_“_’\_<®:’A(f)(fv — VBT fo 4+ VBT
£ O (B) o+ VBRI — VEL ] (105)

and
Diopc(f) = fH (5 = 3faytr it (106)

Now, ﬁuw is undeterminated at the origin (fu, fy) = (0,0), for the horizontal axis f, (f, — 0), and
along the two lines at +60° relative to the horizontal axis (f, — £v/3f.), so we need to compute

ﬁu,y(o,()) = lim ﬁw(o, 7o) (107)

(fU7 ):flvlgloﬁu,u(f) (108)

ﬁw( fu£V3f) = lim_ H,,(f) (109)
fo—=EV3fu
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The limit of a sum is the sum of the limits, therefore we will determine these limits by applying
I'Hopital’s rule on the quotients Ny x¢/Dy x¢ in Eq. (104), derivating the denominator relative to
fv several times until a constant term appears at the limit, then derivating the numerator the same
number of times.

Calculation of H,,,(0, 0)

This limit is calculated by applying I’'Hopital’s rule on ﬁu,y(O, fv). We should first note that in the
sum over ¢, in Eq. (104), only the terms for ( = v — A are non-zero when f,, = 0. Therefore, we replace
Cbyv—ANsok+A+(=r+v,\+(=v, u+v—K—A—(=p— Kk and dropping the sum over (,
we get

- v v v +rv—Kk—A+1
# <0f):<—_2>“+ww - (M
pv\Ys Jo 2w 272 o (—1)s k! Al (\/g),@_;.y
—K K+A v — K+ v
| [0t ) T e (0, ) i
fo (f2)ptv
—i M (B L (rtvom A [(—1)“‘“@5(0, fo) + 6,0, £2)
“\ar) M e = (110)
27 2 oyt (—1)FHARI A (/3)rt+Y v —r—X+
According to the formula
& iy 2 n<m
=y n=m (111)
0 n>m

the denominator of Eq. (110) has to be derived u+ v — K — A 4+ 2 times relative to f, before giving a
constant term when f, — 0

Ot fETVTFA2 — (b v — k= A+ 2)! (112)

so the numerator has to be derived the same number of times,
Optvrxiz | (=1 T5O7,(0, f2) + O1,(0, £1)] (113)

To compute this derivative, we need the derivative of the @f , functions relative to f,, and we find

aa@’:i:)\(f) _ (i\/g)ﬁ(ﬂ_a)li-l—)\—l-a

(-1) 5 cos [ma(fy £V3fu)] — 0o 2/\+°‘(—1)% cos (2mafy) K+ A+ a even
X K+Ata+1 Aa+1 (114)

(=1)" = sin[ra(f, £V3fu)] — S0 22t (=1)" 2 sin(2maf,) K+ A+ aodd

at the origin, this derivative becomes

K+A+a Ao
-1z =9, 9o _1) 5
lim &x@i)\(f) = (£V3)"(ma) T+ (=172 0r,0 (-1)™ K+ A+ aeven

(115)
£—(0,0) 0 K+ A+« odd
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which becomes, when replacing o with p+v — kK —A+2,80 Kk + A+ a = u+ v + 2, and as the parity
of p+ v + 2 is the same as the parity of yu + v,

lim 8u+l,_,.;_,\+29i>\(f) =

£-(0,0)
-1 ptrv+2 o 6[{ 2M+V+2—/i 1 ptrv+2—k
(£V/3)F (ra) o+ (=1) = 0 (—1)" = [+ v even (116)
0 1+ v odd
ptr+2

but as k = 0 if the second term is non-zero, x can be removed here, and the term (—1) 2  factorized,

vi2 | 1— 6, 02017 T2
lim 8u+v—f<—/\+29i>\(f) _ (:tx/§)“(7ra)”+u+2(_1)”+2+2 0 W+ v even (117)
£=(0,0) 0 1+ v odd
with the later, the derivative of the numerator - Eq. (113) - becomes, at the limit,
Jim ez | (F1F RO (0, £) + 6,0, 1)) =
v 1— 5/{ 2u+u+2
(VA (ray 42 () S [ (-] P )
0 u~+ v odd
and as (—1)7% = (—1)"", we can factorize a little bit more
Jim ez | (F1F O (0, £) + 6,0, 10)] =
v 1 — 8,20 tVH2
(VB)" (ma) 42 (—1) 5 (— 1) [(~1) + 1] ! T ()

0 [+ v odd

where we can see that the whole term is null also when p is odd, therefore we have the new rule that
the term is non zero if and only if u and v are even, which makes sense, because when either y or v is
odd, the product u#v”H(u) is odd, therefore its mean value is zero, hence its Fourier transform at the
origin must be 0. We have, then,

thO 8#4—1/—»1—)\—!—2 (_1)M_R®:,A(O7 fv) + @;)\(07 fv) =

ptv+2 1—8,02M 2 1 and v even
2

(V3)"(ma) T 2(=1) "2 (~1)"2 (120)

0 otherwise
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Let us now put back these results, Egs. (112) and (120), into Eq. (110). We get

. . _ i\ MY ptv+1
H,.(0,0) = flimo Huu(0, fo) = {p and v even} (2—Z> plv! (\/_L X
v T

272
v (“+”_’j;>‘+1)(\/g)“(ﬂa)“+”+2(—l) (_1)/@2(1 _ 5&0 2,u+u+2)

ZZ - (—)FHARIN (V3)FH (n+ v — k — A+ 2)!

k=0 A=0

_ i\ mtY 3\ut1 .
= {p and v even} <2—Z> ! (\/_7)2(7m)“+”+2(—1)%+2 X
77 T

ptr+2
2

1— 5H 0 2u+zx+2

KZ:O;) PN (=N (p— s+ D) (p+v—rKk—X+2)

(121)

note that the term p+ v — k — A+ 2 does not appear as a factorial anymore (the factorial symbol ! is
not missing).

Calculation of ﬁ“,y(fu, 0)

We first have to determine how many times we have to derivate the denominator - Eq. (106) - relative
to f, until limy, o gives something non zero. Applying Eq. (111) and Leibniz rule, we get

«

OuDrrc() =3 < ﬁ> Do 71D p(f2 — B2y
6—0

(122)

and only if § = v 4+ 1 are the terms of the sum non zero when f, — 0, therefore o has to be at least
equal to v + 1, and as it is useless to have « bigger, we get

T 0,41 D (6) = (v DL (3L = (v -1 (VBRI (123)
We therefore have to derivate the numerator N, )¢ v + 1 times relative to f,. We have

au—l-an,)\,C(f) =
v+1
3 <” - 1)5 [0 s1ma |(FPTIOL (B)(Fy = VBR) TN (fy + VL

a=0

@;)\(f)(fv +V3BF) A o — VB )T

v+1
=3 () e Rt [P OO — VBRI, VB

O, (E)(fo + V3L (fo = VBRI (124)

As A+ ( < v+ 1, always, there will be some a below A + ¢ for which all the terms in the sum will be
null when f, — 0 and some « above A + ¢, that will give null terms anyway, according to Eq. (111),
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therefore o must be set to A+ (, so we get

. 1 1)!
i DeaVanc®) = (1) 0k hluraclod =

O1-2— [<—1>“+”‘“‘H OF () (fo — VL) (o + VB )P
+0, (D) (fo + VBL) A fo = VBRI (125)

X
!

We now derive the term between brackets. Let us first compute the general term

Bus1oa—c [0\ F VBRSNS £ VB =

v+1-A—( v+1-A—(—a

Z <V+1_>\_C>3a9f)\(f) Z <I/+1—>\—C—Oz>x
a=0 a ’ B8=0 ﬂ
B<ktX
! v !
%(ﬁj F V3T +(‘; i : i;) Ty o £ VBRI (126)

where we have to pay attention that S must be kept < x+ A, i.e. the terms in the sum over # must be
set to zero when 3 > x + A. When f, — 0, this equation becomes

flig}o 81/4.1_)\_( [@f’)\(f)(fv T \/gfu)n-i-)\(fv + \/gfu)u-i-u-i-l} _

v+1-A—C v+1-A—(—a

Z <V+1_>\_C>aa@,f>\(fu,0) Z <1/+1—)\—C—Oz>x
a=0 a 7 B=0 ﬂ
BSRAX
(k+ M) (p+v+1)! '(:F\/gfu)n+>\_ﬁ(i\/§fu)p+/\+c+a+,8 _

(k+ A=+ A+{+a+p)
(k4+ M (14 v+ D (FV3F)NEVB ) x
v+1-A—C v+1-A—(—a (:Fl)—ﬁ(il)a—i-ﬁ (V+1_g_<_a)

v+1—X— o
> <+ - C)(\/gfu) ZC{ETL I RN ey w1y rary ey LS

a=0 B=0
B+
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we can now come back on the calculation of the derivative of the numerator,

Jim o Noae§) = S A B B

R IS R o PR (—1) (et B ()
Z < a >(\/§f“) PaOcAJu: 0) Z (RFA=B)(p+ X+ +a+p)!

a=0 B=0
BLKAN

(VLA VBER)

v+1-A—¢ vl -A—( . ~ v+1-A—(—a C+1)_ﬁ(_l)a+ﬁ(y+l_g_<_a)
;::0 < o >(\/§f“) 000z (fu: 0) /;) (/4:+)\—ﬂ)!(,u+)\+C+a+ﬂ)!}
B R+
| | | v+1-A—( oy
= (v+ 1)(V(i'|1'i)/\(ﬁ 2’):/ +1)! (\/gfu)u+n+2)\+c Z <V +1 . A C) (\/gfu)a
’ a=0
Ve e R—JJ“+”‘<‘58a@:g(quD<+(—JJ“+A+<+“+ﬁ6a@;¢(ﬁ“0)] o
2 ) R A— B A+ CTat i) 12
B<rAA
where
0005 5 (fu, 0) =
(j:\/g)n(ﬂ_a)n—i-)\—i-a {(1) :f::flos [ﬂ-a(i\/gfu)] - 5/@,0 2)\+a(_1)HTa K+ A —+ o even (129)
(—=1)" = sin[ra(£V3f.)] K+ A+ a odd

Now we have both the numerator derivative - Eq. (128) - and the denominator derivative - Eq. (123),
that we put back into Eq. (104), so we get

_ N\ ptv Y4l Bov ov=A ptv— Fu A+1
71#W(fﬁ70):: <‘_z> M!V'(V[_H 2{:2{:25: ( ) fu A— (

21 272 o vy  ( n+>\,€|)\l (V/3)rtA+¢

(v + DK+ M (1 + v 4 D) (VB f, )PHret2Ae v+1-A=¢

v+1—-XA—=( N
(V+1—=X=ON v+ D! (=1)ntrHl (/3 f,)2utv+1) et < o >(\/§fu)

P o
3 (K+AX=P) g+ A+ +a+P)!

B=0
Bkt

(130)
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i.e.

ﬁu,u(fuy 0) =

<__Z~>M+VM'V' (_\/g)u+u+l(u+y+1)! y
27 o 22 (/3 f, )itV +2
v+1-A—C

[ VA VRN
prv A1) e DAY VEL-AZQY
ZZZ( ¢ >z—e!)\! W+1-X=Ol (V3 > < N >(\/§fu)

k=0 A=0 (=0 a=0

u+1—z>\34—oc <y+ l—A—(— a) [(_1)u+v—€—ﬁaa@;; (fu,0) + (—1)u+x+<+a+ﬁaa@b(fu,0)] as1)
ot B (EK+A=B)(p+A+C+a+pP)!
EEOY
Calculation of ﬁ“,u(fu, +v31.)
Let us expand the denominator Dy,  ¢:
Dyac(£) = fUENfS =3 = fU (fo = VB! (o + VB (132)

In order for the derivative to give a constant term when f, — £v/3f,, the denominator has to be
derived p + v + 1 times, and we find

Oprv1Dp () =
ptv+1 vl (vt 1)
a=0 :

which becomes, when f, — £v/3f.,

hn\af Ouivi1 D¢ (F) = (4 v+ 1)1 27 (/3 f, 2 (134)
fo—E£V3fu

So, let us derivate the numerator Ny \ ¢ p+ v + 1 times relative to f,:

ptv+1 (,U—l-l/-f— 1

au-i—u-‘ran,)\,C(f) = Z > 8af1f\+cau+u+l—oc [*]

a=0 o

a<A+C¢

ptv+1 1 ) | (135)
_ Z IU'+V+ ( +<) f)wi-(—oza [*]

o JA+C—a)tr o e

aA+¢
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where [*] represents the bracketed term in Eq. (105), and where we note that o must be < A+ (. To
compute the derivative of the bracketed term, we need first to compute

a/H-V-‘rl—a |: HA( )(fv + \/_fu)’ﬂ_)\ (f + \/_f )’H_V'H} =

ptr+l—a ,u—{—lj—{—l_a
Z < ﬁ )866,:5)\“.) au-i-u-i-l—a—ﬂ [(fv F \/gfu)n—i-)\ (fv € \/gfu)u+y+1:|
B

ptr+l—o ptrv+l—a—p4
p+rv+l—a p+v+l—a—p
- Z < 3 >8ﬁ®f,>\(f) Z < > X

B 7=0 7
a’Y(fv + \/ng)R+)\ 8u+u+1—a—,3—7(fv + \/ng)u+V+1

ptr+l—oa prv+l—a—pg
p+rv+l—a pt+v+1l—a—p
- Z < 3 >8ﬁ®f,>\(f) Z < > X

B v=0 v
A)!
%( TV “)m ' %(ﬁf £ V3 1) T (136)
so the derivative of [*] can now be written
au+u+1—a[*] =
(_1)M+V—/i—)\_< “+z§:1—a (M +v ; 1-— a> %@z/\(f) u+v§5a—5 (u +v+ }Y— o — ﬂ) "
o 2
M _ K+A— (:u +V+ 1) oc-i—ﬁ—i—
N ptv+l—a— ,3
p+r+1—a _ u—l—y—i—l—a—ﬂ)
030, (f
* Eﬁ: ( 3 > B R,A( ) ; ( 5 X
A
A VaR o L A )
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When f, — —v/3f,, this derivative becomes

hm 8“+,,+1_a[*] =

fv_’_\/gfu
ptr+l—a utrv+l—a—pg
1-— 1—a—
I (“ trt a) 9507 \(fur—V3f)) <“ Trioa ﬂ) «
7 ’ =3 !
! 1 =0
%(—2\5&)’“”‘” (n+v+1)!x atiEn
(K +A—=7)! 0 otherwise
ptr+l—o ptrv+l—a—p_
1-— 1—a—
n Z <M+1/+ a>869;/\(fu7_\/§fu) Z <,u~|—1/+ a ﬁ)x
3 B ’ = g
Y<K
1)! 1 = A
() +A)! (oz(i ;i:ﬁm (—2v/Bf, ) Bemtd L1 T (13
: 0 otherwise
and when f, — +v/3 .,
llm a v+l—al*| =
w1y pntr+ [ ]
ptr+l—oa pt+v+l—a—p
e\ — +rvr+1—« M—|—y+1_a_ﬂ
L y—reAC Z (5 VBE
(-1) 2. < 5 O V3R D . x
'6 'y;;+/\
! 1 v= A
(k+N)! (ptv+1) ' (2V/3f,) BT Y=kt
(@+B+r+N) 0 otherwise
ptr+l—a putrv+l—a—pg
+r+1- _ trv4l—a—
ey (M aengevin (TP
5 B pors Y
Y<K+A
! 1 =
%(Wﬁfu)““‘” vt x Ll aTOTT=00 5
(K +A—=7)! 0 otherwise

«, (0 and « are always positive, so the only possibility to have a + 3+~ =0is when a = 3 =7 =0,
therefore the first and second part of respectively Eqs. (138) and (139) can be simplified. Before
doing so, we also note that in order to have v equal to x + A, the superior limit of the sum over -,
pw+v+1—a— [ must be at least equal or bigger than x + A\, and as « will go only once through s + A,
the sum over v can be dropped and the condition v < x + A replaced by p+v+1—a— 0> k + A,
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ie. a+8<pu+v—rk—A+1. So, we now have

lim  Ouppr1-alt] = (—1)“+V_R_/\_<®:,>\(fu, —V31)(=2V3f) P (u+v+ 1) x {1 a=0

Jfo—=—V3fu 0 otherwise

ptrv+l—a
p+rv+1l—a _ w+v+l—a-—p
+ %;( S oot vaR) (ML)

(a+B+rK+A)

! 1 < kA1
(4 M)V ED (—ayf, e LT AT fsptv=r=2+l
: 0 otherwise

and

im_ Oypvy1-ald =
footBfa T

ptr+l—a
o vl tutl—a—
(_1)M+ A=C Eﬁ: <'u g 3 a>aﬁ®:,)\(fua\/§fU) <Iu ’ /£-|->\a IB) )

! < — K-
(a(ﬁ;j—:i))\)l(2\/§fu)a+ﬁ+”+)‘><{1 atfsptv=r=Aitl

(k+ )
0 otherwise

+ 0, (fus V3Fu) VB L) (4 v+ 1) x {1 a=0 (141)

0 otherwise

Let us now develop the trigonometric terms derivate. From Eq. (114), we find

lim 950, ,(F) = (~V/3)" (ra) A7

fv_’_\/gfu
L Jcos (—2mav/3f,) [(—1)# —8k0 2’\+5(—1)#] K+ A+ [ even (142)
sin (—2mav/3 ) [(—1) 72 = 6,022+ (—1) 7] k4 A+ B odd
and
lim_ 0567 \(£) = (VB)*(ra)~ 7
fv_’+\/§fu ’
L Jcos (2mav/3f,) [(—1)# —8k0 2’\+5(—1)#] K+ A+ [ even (143)
sin (2rav/3£,) [(—1) 2 — 5,0 2P (1) ET] k4 A+ B odd
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We can finally write the derivative of the numerator, putting back Eq. (140) or Eq. (141) in Eq. (135),

ptrv+1

: pt+v+1\ A+
hrn 8 v 1]\7,4’)\7 (f) = < )

fv_’_\/gfu perrt ‘ ;) o (

asA+(¢

= (VBT (=) TEATCO] | (fur —VBFu) (—2VB L) A (4 v + 1)

v | ptrv+l—a -
T I (e R CITUAED S CAR LIS
a=0 ’ ﬁ

L2 (VB Optv+l—a
)\+<_a)‘( \/_f ) fv—>l—m3fu n+ +1 [*]

asA+(¢

K4+ A (a+B+rK+N)

—a— ! 1 < S |
(HVH ) ﬁ)ﬁux)! tvt1) Y e R L
: 0 otherwise

(144)

several terms can be factorized, then

lim O Neoyc(f) =
;e DutarlNe, <()

(=1 AO0 (fur = VB2 VBT (1))

ptr+l _q Mvt+l-a
Fptr+ DA+ EHA D <“+V+1> (—VBf)MC <u+V+1—a> x

a=0 o ()\—'—C—a)' 5 /3
agAHC
l—oa— —9\/3f,) B 1 < e
aﬁ@gx(fu,—\/ﬁfu)<“+”+ a ﬂ)( ViR 1 gz
, K+ A (a+B+r+A) 0 otherwise

= ()TN0 (fu — VL2 VBT (v + 1))

p+v+1 o
(v DU+ O (s + A 27 (B, ) 3 <M+V+1>( 2

2 o A+ ¢—a)
a<A+C¢
u+z§—a p+rv+1l—o 2,07 (f —\/gf M—i—V—l-l—Oz—ﬂ) (_zﬁfu)ﬁ
< 5 )ﬁfm(w M( K=+ A (a+p+r+N)!

B

" 1 a+8<pu+rv—r—-XA+1
0 otherwise

= (4 v+ 1)125F (=3, T2 [(—1>“+”—“—A—< O\ (fus —V3 1)+

ptv+1 ptrv+l—a
uw+v+1 2¢ pt+v+l—a\/p+v+l—a—-p
ooy (I )i 2 (e

a=0

asA+(

856;)\(fm_\/§fu)(_2\/§fu)ﬁ y {1 a—l—ﬂ < w+v— K—A+1

@t ftrtN) } (145)

0 otherwise
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and for the case f, —%-+\/§fﬁa

v+l
. M+V+1> (A+Q)! AC— .
lim  Oyspy1Nanc(f) = 2P (VBT lim Oprntoal®
fv—>+\/§fu ,u"r +1 ,)\,C( ) ; ( Q ()\+C_ Oé)'( f ) fu—>+\/_fu ,u"r +1 [ ]

a<A+¢

= (V31u)MCO, \(fus VBL)(2V3 )™ (n+ v + 1)

ptv+1 ptrv+l—a
_ +rv—k—A—(C v+ 1) ()‘ + <)' AMC—a <,u +v+1-— Oz)
+(—1) Z ( ) e VAR Eﬁj 5 x

a<A+¢

8[3@,—:,)\(fu7 \/gfu) (,U +v ‘l:—li_:\ o — ,3> (/ﬁ + )\)!(a(—/i;i:i)!/\)!(2\/§fu)a+ﬁ+ﬁ+)\x

(146)

1 a+p<u+v—r—A+1
0 otherwise

and with factorization,

f hn\lff 8N+V+1NH,>\7C(f) = @;,A(fuv \/gfu)2“+>‘ (\/gfu)ﬁ+2)\+< (N +v+ 1)!
v—+ u

(D TERAC (b DU+ O (5 A28 (VB f,) A “i“ (u +v+ 1> A
: ! : u 2 o ()\ n < — a)‘

a<A+¢

ptr+l—a
p+rv+l—a ptrv+l—a-p (2v/31u)"
Zﬁ: < 3 >8ﬁ@,—;)\(fu7\/§fu)< PPN >(a—|—ﬂ+/ﬁ;—|—/\)!

" {l a+f<pu+v—r—-—A+1

0 otherwise

= (i v+ 1127 (B, [@;A(fuy VBfa) + (1T O (kW)X

ptv+1 ptr+l—«a
uw+v+1 2¢ pt+v+l—a\/p+v+1l—a—p
> (T w2 (TR0

a=0 /6

asA+(

} (147)

85@:7)\(fu,\/§fu)(2\/§fu)ﬁ % 1 a+06< w+v— K—A+1
(a+ B+ K+ N)

0 otherwise
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with the later expressions, we have what we need to write the final expression for ﬁu,u( fu, £V3£u).
With Eq. (134), we find

A ! vl
o~V = (32 ) e

o m22utr+l(— \/gfu)u+2u+2x
A putv— /4 A+1
ZEV:VE: ( ) fu A— 42n+>\( \/§f )n+2)\+C [145]
o vy “ ( n+AH|)\v (V/3)rHA+CT “
i\ MtV p vl (V/3)H +V+1f1/ v v=A u+V K= /\+1)2n+>\( \/gfu)n+2)\+C
= <%> (—1)n+2v+2729u+v+2 (/3 f, )ut2v+2 I;MZ:OCZ(:) H+)\ KL (/) e [145]

v ov—A\ u—l—l/ K— )\+1)2n+)\( 1)H+2)\+<(\/§fu)li+2)\+<

—i\ Y pl vl (V/3)kt1 ;
= (g) (— )uﬂ2(2\/_f pAv+2 ZZ Z IFIPSWEY (\/g)'i+>\+éf>‘+< 145]

k=0 A=0 (=0

(
_ <__Z‘>M+V( )N'V' ,u+1 QEH:EV:V A ,u+1/ K— )\+1)(2\/_fu)n+)\ [145}
0

2 Ha2(2y/3 fu )it A L = )‘+CI€')\' (V/3)"
(148)
where [145] represents the term in brackets in Eq. (145), and
B = (2 B
Ny u» w) — 27‘(‘ 27.[.22u+1/+1(\/_f )u+2u+2
v ov—A>A ptv— n A+1
ZZZ ( ) fl/ A— C2H+)\ (\/7]0 )fi+2)\+< |:147]
o vy 0 1)R+Ag! )\l (V/3)RHA+CT
_ —_Z ptv mys (\/g)lﬁ"/'i‘lfl/ Zu:yzf\ ,u+u K— )\—&—1)25-{-)\ (\/gfu)n—ﬂ)\-&-c n
o 22UV +2((/3 f, Ht2v+2 o H+,\,{1 Al (\/’)n+>\+<f/\+c
B <_Z.>,u+1/ ,LL'I/'( /H—l ZM:ZV:VZS lH-V K— )\+1)(2\/_fu)l-€+)\ [147]
~\on 72(2V3 1) u+v+2 it NH/{'A' (V3)"
(149)

where [147] represents the term in brackets in Eq. (147).
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C Projection of secondary mirror Zernike aberration onto primary
mirror segments

In this section, we develop the calculation of the projection coefficient Il , introduced in section 3.2.
We have
u u— ug 2z
sy = <z,,Z,, (E) ‘Z”< a >> T Ta?

and the integral is over the segment transmission, centered on us = (us,vs). Note that the projection
of a given mirror mode with j-index v onto segments modes of higher j-indexes p > v is necessarily
null, therefore Il ;, ,«, = 0 (indeed, one can for example decompose a tip-tilt of the secondary mirror,
at the level of a single segment, as a piston + a tip-tilt, but there cannot be higher order aberrations
in this decomposition).

We are now resolving this integral, using the Cartesian representation of the Zernike polynomials,
as given in Eq. (94). First, we displace the coordinate system to the center of the segment, to simplify
the limits of the integrals, with the change of variables r = (z,7) = u — u,, so d?r = d?u, u = r + u,,
and we get

Zu<u _au5>d2u (150)
segs

+a  +Va2-z?
Iy s, = /daz / dy 7, ““S)Z (3) (151)
Va2

Replacing the Zernike polynomials with their expression in Cartesian coordinates, we find

2y /(my #0) + 1[(my, #0) + 1](n,, + 1) (ny +1) y
Ta? Rnvgnu

np— mI»L ny — mu np— mI»L ny — ’mu

HSHLL}VZ,U' =

—Sv jp,mpy 4Gy, my

Z Z Z Z Z Z SH+SU+kH+kU <2kﬂ f]gju,m“> <2kV _;n;jme) :

su=0 s,=0  1,=0 Lb=0  ku=0 k,=0

<nu_2mu - 3u> (n"_gm” — su> (ny — su)! (ny — 8,)! R?5va2sn "
X b ) e (B ) (e — )1 (B (e )

w"u_z(su"‘lu"‘ku)_l’ju,mu y2(lu+ku)+l’jumm (152)
using the binomial formula, we can separate the x and y from the segment center coordinates,

(w + us)ny—2(8u+1y+ky)_pjy,my (y + ,US)2(ly+ku)+pjy,my —

nu_2(su+lu+ku)_pju,mu

Z <nu - 2(51/ + ll/ + ku) - pjl,,ml,> e unu—2(su+ly+ku)—ij7mV —ax
s

a=0 o
2(lu +k1/)+pjy ,my

2 ll/ kl/ Jv,m v v jv,my
Z < ( + ) + p]u, 1/> yﬁ 'Ug(l +k )+P;u, v 6 (153)
=0 p
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SO

2, /l(myu #0) +1][(my #0) +1](n, + 1)(n, + 1)
a2 R e

np— mH ny— mu np— mu ny — mu

HSHLL}VZ,U'

—Sv Qjpymp 4Gy my

Z Z Z Z SN (caysethathy <2ku fgjwm) ( my, > "

2k ;
5u=0 5,=0 1,=0 lb=0  ky=0 ky,=0 v ¥ Pjvmy

<nﬂ_2mﬂ - Su> (n"_gmy - 3:/) (ny —su)t(ny, —s,)! R2svq2su "
2 ) ST ) (e — ) (g )] (e )
nu_2(5u+lu+k1/)_pju,my 2(lu+ku)+pjy,my

Z Z <nu - 2(31/ + 1, + ku) - pju,mu> (2(l1/ + ku[)}'i‘pjy,mu) X

«
a=0 £B=0
+a +Va2—z2
u?u—2(8u+lu+ku)—pju,mu—avg(lu+ku)+pjy,mu—6 / da / dyxnu_2(su+lu+ku)_l7jumm+Oéy2(lu+ku)+pjwmu+ﬁ
—a /g7 g2

(154)

and we now solve the integral over z and y. To keep the notation simple, let us define the indexes

wp =1y — 280+ 1+ k) = pjm, (155)
wy =1y —2(sy + o+ k) — Pjyme (156)
u = 2(ly + k) + Djumy (157)

= 21y + ) + Py, (158)

so the integral becomes

+a +va?—zx2

/dx / dy onte gy enth — m/dl,xwu—l-a[(\/j)@u-h@—kl_ <_ ” _332)%%“}

—0  —\aZ—2?
+a
1— (_1)wu+ﬁ+1

/dx :U“’“+O‘(a2 — 332)L+gﬁ+1 - ...
out+B+1
—a
z=at, dz = adt, ((12 _ 1,2)1"#+2ﬁ+1 _ a‘p“+ﬁ+l(1 _ t2)7¢#+26+1, et — qwpto pwuta
+1
1 2
o [1 — (—l)‘PM"‘ﬁ"‘ ] awu"‘a'f“»ou‘f‘ﬁ‘f‘ /dt pnta (1 n t2) wu+ﬁ+1
ou+B+1

-1
1+ (1)) e [ ((1poto] T (St ) o (2202)
o+ B+1 oT <wu+a+<pu+ﬁ+4)
2

q@nteutatp+2 [1 + (_1)w#+a] [1 + (_1)W+ﬁ} r (wu+2a+1) r (Wr26+3

)
- 2(py+ B+ 1)T <%ﬂ+5+4) (159)
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where the integral over ¢ has been solved with the help of the mathematical software MAPLE. With the
later result, the projection coefficient becomes

i m £0) + lim, Z0) +

Ta? Rwagne

np— mu ny— mU np— mu

1{(n, +1)(n, +1
HS,MWZN: ]( - )( i )X

ny — 77L1_/
—Sv Qjpymp 4Gy my

Z Z Z Z SOy (- su—l—su—l—k#—l—kl,( my ) ( my ) y

su=0 s,=0  1,=0 v=0 k=0 k,=0 2Ku & Py ) \2Kv & Pjym,

ny—m ny—m 25, 28
<M2M_5u>< 2"—8,,) (ny — sp)! (ny, — s,)! R**» a*%w
ny+m
Ly I, su's'( AL

(e ) (P ) (e )

g;}(u)u)( > P By

wpteptatf+2 [1 + (_1)wu+a] [1 + (_1)%+5} T (wu+2a+1) r (sowr26+3)
160
2y +B+1)T <wﬂ+%;a+6+4) (160)

and after factorizing some terms, we get

I _ @ /l(my # 0) + 1[(my # 0) +1](ny + 1)(ny + 1)
S 27 R

np— mu ny— mU np— mu

ny — 77L1_/
—Sv Qi mp Qjy,my

g—:o g_:o zz—:o ;—:o Z Z <2k +pﬂmmu>< e >X

k: =0 k,= 2kV +pjzumz/

MM g\ (e s, (—1)5H+5"+’“H+kv (ny — su)! (ny — 8,)! B2
ly ly EMEM (n“—;m“

— 5! (5 )l (B )l (25— )l
i”: S (wy> (%) @@ P14 (—1)te] [14 (—1)2r O] T (bl (28 ) g

(161)
a=0 =0 (¢u+5+1)r<w)

This expression is rather cumbersome, but we must keep in mind that it does not involve any sum

over any array, so its evaluation should not require any significant computation time for a desktop
computer.
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D Calculation of the segmented primary mirror stationary structure
function

We compute the segmented primary stationary structure function by applying Eq. (15) to Eq. (57).
It comes

Ns Ny
RD&p )‘V [Z Z Viisk,l // u -+ AV) Hk(u - uz) Hl(u - uz) d*u
i=1 k=1
+ // P(u) P(u+ M) Hy(u — w; + ) Hy(u — u; + \v) d?u
R2
Ng Npg
-2 Z Z Vi g kl// P(u+\v) Hk(u—u,-)Hl(u—uj+)\u)d2u]/// P(u) P(u+\v)d*u
ij=1 k=1 R
(162)
where we can see that the stationary structure function (its numerator) is basically a sum of correlation
products, and using the notation C{f(u); g(u)} = [/ f(u)g(u+ v)d*u, we get,
—M;
NUM{RD&O (W)} =
Ns Npg
Z Z %7,7;”[C{Hk u—w) Hi(u—u;); P }—l—C{P Hk(u—ui)Hl(u—ui)}]
1=1 k,l=1
Ng Ng
—2 Z > gt C{He(u — w); Hy(u —uy)} (163)
1,j=1k,l=1
and u
DEN{rD;, (A\v)} = C{P(u); P(u)} (164)
In the Fourier space, these correlation products become simple products, i.e.
Fle{ (- u)glu—wy)} b = exp [i2mf-(u; - )] F*(6) 5(F) (165)
so we get,
F{NUM{=D}, ()} } =
Ns Ng B _
D vk exp(i2af ) F*{Hy(u)Hy(w) } P(F) + exp(—i2rf-u;) F{ Hy.(w)H; (u) } P*(£)]
i=1 k,l=1
Ns Ng _ _
—2 ) > Yijika exp [i2nf- (w; — wy) | HG(F) Hi(f)  (166)
ij=1k,l=1
and,

2

’2 Eq. (21 ‘ ’2

]—"{DEN{RD )\u)}} P*(£) P(£) = | P(£) Zexp (—i2r £-uy)

s=1

(167)
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In what follows, the sums are systematically reduced to the minimum number possible of sums, by

extensive use of the index symmetries of ~; ;. ;. First, with v; ;.1 1 = i ik, it comes

F{NUM{=D}, ()} } =
Ns Ny

SN vk exp(i2nf-w) F{HG (w) } P(E) + exp(—i2nf-w,) F{H3 () } P*(£)]
=1 k=1
Ng Nig—1 Npg

+2 Z Z Z Viiskl [exp(i27rf-ui).7-"*{Hk(u)Hl(u)}]B(f) + exp(—i27f ;) F{Hy(u)H,

u)} P (f)]
i=1 k=1 I=k+1
Ng N
-2 Z {Z’y”kk exp [i27f- (u; — u;)] [He (F) >+
=1 k=1
Ny—1 Ny _ _ Nu—1 Ny - ~
S gk oxp [2rf(wi— ) [HE(E) Hi(£)+ Y Y vigika exp [i2nf(w—uy)] Hi(F) Hz(f)}
k=1 I=k+1 I=1 k=I+1
(168)
splitting the sums over segments indexes i and 7,
f{NUM{Rﬁf}g(Au)}} -
Ng Ng Ny Ny—-1 Ny _
o[- —22{2%,1,“% Wt Y S oo (8) ) + 0 5 (6) F(6)] }
i=1 i=1 k= k=1 I=k+1
Ng—1 Ng _
-2 Z Z <Z%vﬂkk exp [i2nf - (u; — u;)] [H(£)|2+
i=1 j=i+1 k=1
Ng-1 Ny N N N N
Z Z {~ijikes exp [27F- (w; — wj) | Hi () Hi(£) + i juk exp [i27f- (u; — u;)|H;(F) Hk(f)})
k=1 I=k+1
Ng—1 Ng N
-2 Z Z (Z’Ymkk exp [i27f- (u; — u;)] |He (£) 2+
Jj=1 i=j+1 k=1
Ng-1 Ny

S D (e exp [i2mf-(wi — w) [ HE(E) HiE) + i oxp [i2mf (s — )] Hi () Hy(£)})
k=1 l=k+1

(169)
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which becomes, using again the symmetry v; ;.1 x = Vi i:k.0,

f{NUM{REEf;(Au)}} -
Ns Ns Ng Ng—1 Ng _ B
L —22{27”“% Wt > D viwa [HiE (f)+H7(f)Hk(f)]}
=1 i=1 k= k=1 I=k+1
Ns—1 Ng Ny _ N
23 ) <Z {Figane exp [i278 (i — w))] [H(E)2 + 7 exp [ — i2mf- (i — )] [Hu(F)[2 |
i=1 j=i+l1l “k=1
Ng—1 Ny N N . )
+ Z Z {’Yivj;/tl exp [iQﬂ'f-(ui — uj)]H}i(f) Hi(f) + Vjisk,l €XD [— i27f - (u; — uj)]HZ(f) H,(F)
k=1 I=k+1

+ %,j;hk exp [z’27rf‘(u,- — uj)] ﬁ?(f) ﬁk(f) + ’Yj,i;l,k exp [ — z'27rf.(u,- — U.j)] ﬁ?(f) ﬁk(f)}> (170)

and now using v; ik k = Vi jikk a0 Vil k = Vijik, 1>

f{NUM{@f}f;(Au)}} _
Ng Ng Ny Ng—-1 Ny _ _
> [ —2Z{kaklm (OF+2 D Y v R{HGE Hu(D)} }
i=1 i=1 k= k=1 I=k+1
Ng—1 Ng Ny _
-2 Z Z [22%4;;% cos [27f - (u; — u;)] [Hy(£)[?
i=1 j=i+1 b k=1
Ny—1 Ny N N N R
+ > > (’Yw;kvl{exp [i2mf - (w; — )] HE(F) Hu(E) + exp | — i2nf-(wi — uy)] H (F) Hi(F) }
k=1 [=k+1

+ i jax] exp [i2nf-(w; — uj)] Hj (F) Hi(£) + exp [ — i2nf-(w; — ;)] H(f) ﬁ,(f)}ﬂ — ...
(171)

where J is the real part operator. Regrouping terms with common indexes i, j; k,[, and assuming
that the pupil transmission is symmetric, so P(—u) = P(u) = P* =P, we get

Ns Ng

=230 ik [ F{HE(W)} P(E) cos(2mfouy) — [Hi(F)?]
=1 k=
Ng J];Hl—l Ny _ - ~
4D D D ik [P(f) {exp(z?wf w;) F*{Hy(w)Hi(u }}—?R{H,’;(f)Hl(f)}]

=1 k=1 I=k+1
Ng—1 Ng Ng

—4 Z Z Z’Y@j;lﬁk CoS [27rf-(ui — uj)] |7-~[k(f)|2 (172)

i=1 j=i+1k=1
Ns—1 Ng Ng-1 Ny

43 3 30 Y fousnn{ e izt (-] R0 Tt}

i=1 j=i+1 k=1 [=k+1

+ ’Yi,j;l,k%{ exp [z‘27rf‘ (u; — uj)] ﬁk(f) ﬁ?(f)}}
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A structure function is a real, positive and even quantity, therefore its Fourier transform must be real
and even as well (but not necessarily positive). As a consequence, it should be possible to break down
the complex exponentials and real part operators into real quantities only. Noting that H modes are
either even or odd, we know that their Fourier transform will be either exclusively real or imaginary.
We define here the value of a complex function G as

R{G(f)} G is purely real

val{G(£)} = R{G(F)} + S{G(F)} = { (173)

S{G(f)} G is purely imaginary

where R and & are the usual real part and imaginary part operators. Let us now explore the parity
of the diverse complex quantities found in Eq. (172). In the second line of this equation, we have
R{ exp(i2nf-u;) F*{Hy(u)H;(u)}}, and depending on the parity of the hexagon modes (E is for even,
O is for odd),

mir my mp+my Hp H; HpH; f{HkHl} f*{'HkHl} R
O O E O O E val{]-'{HkHl}} Val{]:{HkHl}}
O F (@] O FE (0] ival{}—{Hk'Hl}} —1 Val{]:{'Hk'Hl}}
E O (@] E O (0] ival{}—{Hk'Hl}} —1 Val{]:{'Hk'Hl}}
E E E E E E  va{F{MHH}} val{F{HH}}

cos(2mf ;) F*{HiH,;} isin(27f-w;) F*{HH,} Rlexp(---)F{---}}

cos(2mf w;)val{ F{H,H;}}  isin(@nf-w;)val{ F{H H;}} cos(2nf-w;)val{ F{HiH,}}
—icos(2rf-uy)val{ F{HH;}}  sin(2nf-w;)val{F{HH;}} sin(2nfu;)val{ F{HH;}}
—icos(2rf-uy)val{ F{HH;}}  sin(2nf-w;)val{F{HH;}} sin(2nf u;)val{ F{HH;}}
cos(2nf-w)val{ F{H,H,}}  isin(2nf-u;)val{F{HrH,}} cos(2nf u;)val{F{HiH,}}
ie.
R exp(izntu;) F* (i (u) g = OO QPG even g
sin(2nf-u;) val{ F{Hy(u)H;(u)}} my +m odd
in the second line of Eq. (172), there is also the term %{ﬁ;(f YH;(£)}, and this one becomes
mr m; mg+my Hep H ﬁk 7‘71 7‘7}27’71 %{7‘7}27’7[}
O O E O O ival{H} ival{H;} val{Hylval{H;}  val{H}val{H;}
O E O O E ival{Hy} val{H;} —ival{H;}val{H;} 0
E O O E O val{H,} ival{H;} ival{H}val{H;} 0
E E E E E val{Hy} val{H;}  val{Hp}val{H;}  val{H;}val{H;}
ie.
BT (E) ()} = val{Hp(f) }val{H;(f)} my +m; even (175)
0 my +m; odd
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This result can be merged with the result in Eq. (174), so the second term of Eq. (172) becomes

P(£) R{ exp(i2mt ;) F {Hi()Hy(w)}} + REFLEH(E)} =

P(f) cos(2nf-u;) val{ F{H(u)H;(u)} } — val{H(£)}val{H,;(£)} my + m; even

: (176)
P(f) sin(2nf ;) val{ F{H(u)H;(u)}} my, +my odd

we continue with the complex terms in the last line of Eq. (172), and let us write v, = val{ﬁk},
v = val{H;}, and ¢ and s for cos and sin,

my  my; mpg 4+ my ﬁk 7‘7;; 7‘~ll 7‘77 7‘727‘7; 7‘71{)‘77 s

0 0 E Z"Uk —1 VE i?}l —1 () Vi U] Vi U]

0 E O Z"Uk —1 VE () () —1 Vi Uy Z"Uk (Y

E 0 O VE VE z'vl —1 () Z"Uk (Y —ivk (v

EF FE E VL VL U] Uy Vg U] Vg U]

exp(...)H;H; exp(..)HyH;  R{exp(...)HiH;} Riexp(...)HyH;}

cvE v + 1 SUE U cu v+ 1S UL CUE U] C UL U]
—1CUL V] +SVLU]  LCULVU] — SUL U S VL Uy —S Uk U]
1CULV] — SULVU] —1CUL VU + SUE Y —S Uk U] S VL Uy
cvE v + 1S UL U cUE vV + 1S UL Uy CUL U] C UL U]

SO

§R{ exp [i27rf-(ui — uj)] ﬁ;(f) ﬁl(f)} =

cos [27f - (u; — uj)] mg + m; even
Val{ﬁk(f)} Val{ﬁl(f)} sin [27rf‘(u,- — uj)] my, odd, m; even (177)
—sin [27rf-(ui — uj)] my, even, my odd

and

§R{ exp [z’27rf-(ui — uj)] ﬁk(f) ﬁ;“(f)} =

cos [27rf‘(u,- — uj)] my, + m; even
val{ﬁk(f)} Val{ﬁl(f)} —sin [27rf-(ui — uj)] my, odd, m; even (178)
sin [27rf‘(u,- — uj)] my, even, my odd
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again, merging this two results, last term of Eq. (172) becomes,

i jaaR{ exp [i2nf - (0; — )] HE(E) Ha(£)} + i jasR{ exp [i2nf-(0; — ;)] Hi(F) 1 (£)} =
Yi,j;k,l COS [27Tf‘(ui - uj)] + Vi,j;l,k COS [27Tf‘(ui — uj)] my + my even
val{ﬁk(f)} Val{ﬁl(f)} Vijik,l S [27Tf-(ui — uj)] — i jil,k Sin [27Tf~(u2- — uj)] my, odd, m; even

—Yi,j:k,1 SINL [27Tf-(ui - uj)] + i1,k Sin [27rf‘(u,- - uj)] my, even, my odd

(Yijikd + Vi k) €OS [27Tf (u; — uj)] my, + m; even
= val{Hk(f)} Val{Hl(f)} (vi i gikid — Yigilk) Sin [27Tf-(ui - uj)] my, odd, m; even (179)
(—

Yigikd T Vigilk) Sin [27Tf'(ui - uj)] my, even, my odd

E Calculation of the secondary mirrors stationary structure function

The case of the secondary mirrors stationary structure function is much easier to handle than the
segmented case. We start by writing the structure function - Eq. (70),

DY (u, \v) Z Cea[Ze(w) Zi(u) — 2Zk(w) Z1(u + Av) + Zi(u + M) Z(u + )] (180)
k=1

The numerator of the stationary structure function Rﬁf}fj, using the covariance notation introduced in
Eq. (165), can be written

NUM{g D, (Av)} = Z g,”[c{zk u); P(u)} — 20{ Z(w); Zy(u)} —I—C{P(u);Zk(u)Zl(u)}]
k,l=1
(181)
It is important to note that in the secondary mirrors case, the quantity P is taken as the circular
area that circumscribe the segmented pupil, so P is a disk whose radius is the radius of the secondary
mirrors projected in the segmented pupil plane.
Applying Eq. (165), we get, for the Fourier transform of the numerator,

Nz
—=M - PN ~.
]-'{NUM{RD(;;(AV)}} =3 G [f{Zk(u)Zl(u)} P(f) — 22,(£)Z(£) + P (f)f{zk(u)zl(u)}}
k=1
(182)
As we did for the segmented case, let us minimize the number of sums, using (;; symmetry, and
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assuming that the pupil transmission is symmetric,

Nz
FINUM{RD;; (W)} } = Z G | F{ZR (W)} P(E) = 2124 (8) 2 + P* () F{ ZE(w)}

~1 Ny

530S Cra | FLZew 2w} P(6) + F{ Zu(w) Zi(w)} P(£) — 22 (6 Zu(£) — 227 (£) Zi()
k=1 l=k+1

+ PHOF{Zu(w)Zi(w)} + P F{Zi(w) Zi(w)} ]

Nz
=23 G [RIFLZRWY} B(E) — |Z4(6)P]

k=1
-1 Nz
23 Y ckl{P<f> R{F{Zew) Zi(w)} )+ R{F{Zp(w) Zi(w) } —2%{2:@)2@)}}
k=1 l=k+1
Nz
=23 Gop [ R{FAZE W)} P(E) — | Zu(E)?]
k=1
-1 Ny
+4 Z S° G| PORIFIZwZi(w)}} - R{Zi()Z(E)}]
k=1 l=k+1
(183)
the complex terms can be broken down,
my my mpt+my 2y Z; ZiZ f{ZkZl} %{f{ZkZl}}
O O E O O E ~va{F{Z,Z}} ~val{F{Z; Z}}
O E O O E O ival{F{Z,Z}} 0
E O O E O O iva{F{Z,Z}} 0
E E E E E E  ~al{F{Z.Z}} ~val{F{ZyZi}}
and
my m; mgpt+my 2, Z Z]’;~ Zl~ ~Z]’;Zl _ WEZ;ZI}~
O 0 E 0 O —ival{Zk} iV&l{Zl} val{Zk}val{Zl} val{Zk}vaI{Zl}
O E o) O E —ival{Z,} val{Z} —ival{Z;}val{Z;} 0
E O O E O ~val{Z,} ival{Z} ival{Z,}val{Z;} 0
E FE E E E ~val{Zy} val{z)}  val{Zyval{Z)} val{Z}val{Z;}
POR{F(Zr(w) Zi(u)}} - R{Zi(£)Zi(E)} =
Jg(f)val{}"{Zk(u) Zj(u)}} — val{ Z,(F) Wval{ Zy(£)} myp—+my is even (184)
0 my+m; is odd
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then

FNOM{ED; 0w} = 237 G FIZR W) P(E) - | Ze(E)

k=1
Nz—1 Ny ~ N B |
+4 Z Z Ch P(f)val{]:{Zk(u) Zz(u)}} —val{Z(f) }val{Z;(f)} my+my is even (185)
k=1 I=k+1 0 my+my is odd

Finally, the denominator of the secondary stationary structure function, as defined in Eq. (15), is the
pupil auto-correlation,

DEN{RE%;()\I/)} = //]1%2 P(u) P(u+ \v) d*u (186)

which is easy to compute for a circular pupil of diameter D,, and we get - see for instance Goodman

(1996),
AN AN I

F Projection of a product of Zernike polynomials onto the Zernike
basis

|2

DEN{ Dy, (Av)} =

We compute here the coefficients of the projection of the product of Zernike polynomials Z; Z; onto the
Zernike basis itself. The maximum number of Zernike polynomials required to represent the product
Zi Z; is set by the last j-index of the set of j-indexes associated to the radial order n; = ny + ny (for
instance, if k = 2 and [ = 5, ny = 1, n; = 2, so n; = 3, and there are 4 polynomials with this radial
order, with j-indexes [7,8,9,10], therefore max( )=10). We have,

2w 1

Prlj =2k 21| Z5) //Zk r,0) Z(r,0) Z;i(r,0) r dr do
0 0

=1|»~

=w1 + (s # O)[1+ (ma # O)][L+ (m; # )]/ (o + 1) (1 + 1) +1) %

/Rmk R () R (r) 1 dr (188)
0

127r 1 myp =0 1 m; =0 1 mjz()

;/ cos(mgf) k even cos(mif) [ even cos(m;0) jeven pdf

0 sin(mgf) k odd sin(my#) [ odd sin(m;0#) j odd

let us define

O-k7l7j E
1

L (i £ 0L+ (1 0)][ 1+ (m; 7 0)) s+ 1) (i +1) (m; +1) / RI () R (r) RIS () rdr - (189)
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replacing the radial function by its definition - Eq. (88) - and integrating over r, we find

01t = (1 (mx £ 0)] (L (m 2 0)][L+ (my 0)] 1) (ma +1) (1)
S T (L)t (g — ) (11— 0! (1 — 53)! [ 0+ 1y — 25+ 51+ 55) + 2]
Z Z Z Sk! 81!8]'! (nk_zmk - Sk)' (m_zml - Sl)! ('ﬂj—2m]‘ - Sj)!

1

Sk=0 Sl:0 Sj:(]

(190)
We give now the integral over the angular functions,
127r 1 my =0 1 m; =10 1 mj:(]
Akl = %/ cos(myf) k even cos(myf) [ even cos(m;f) jeven pdo  (191)
0 sin(mg#) k odd sin(m;f) [ odd sin(m;0) j odd

and we find,

if (mp=0)+(m=0)+(m; =0) =3, g, =2

if (mp=0)+(m=0)+(m; =0) =2,  agy; =0

if (my#0)jk+(mi#0)ji+(m; #0)j; is even,
if (my=0)+(m;=0)+(m;=0) =1, elj = Oy & Oy m; + Oy,

otherwise ay;; =0

if (mk:\ml—mj\)—i-(ml:\mk—mj])—i-

if (jk, even)+(j;,even)+(j;, even) = 3, (mj=|mp—mi]) = 1, ag;=1/2

otherwise ay;; =0

if (ji,even)+(ji,even)+(jj,even) =2, oy ; =0

if (mr=my+m;)+(my=my+m;)+(m;=my+my) # 1,

g =0
o . ) it mg+m;+m; = 2m;lj; even,
if (ji, even)+(ji,even)+(jj,even) = 1, if (mg=my+m;)+ g : 1]/2 i even
Q= —
(ml:mk—i-mj)—F . "
if my+mi+m; # 2mi|ji even
(mj:mk+ml) = 17
Qg = +1/2

if (ji,even)+(ji,even)+(jj,even) =0, o ; =0
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