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Layout of the Course

Sep 24:  Introduction and Friedmann Equations
Oct 1:   Fluid and Acceleration Equations
Oct 8:   Introductory GR, Space Time Metric, Proper Distance
Oct 15: Redshift, Horizons, Observable Distances
Oct 17: Problem Class #1
Oct 22: Observable Distances, Parameter Constraints
Oct 29:  Thermal History, Early Universe
Nov 5: Early Universe, Inflation
Nov 12: Inflation, Lepton Era
Nov 14: Problem Class #2
Nov 19: Big Bang Nucleosynthesis, Recombination
Nov 26: Introduction to Structure Formation
Dec 3: Cosmic Microwave Background Radiation (I)
Dec 5: Problem Class #3
Dec 10: Cosmic Microwave Background Radiation (II)
Dec 21: Final Exam



Problem set #2 was mailed to 
you 1.5 weeks ago

Due by Wednesday 13:30
November 14



Review Last Week
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Phase'transi.ons'of'the'Universe'
Between'T≈1019'and'1015'GeV,'quantum'gravity'effects'decrease'in'
importance'and'interac.ons'are'described'by'a'GUT.'Baryon'number'is'
not'conserved'in'GUTs,'so'no'asymmetry'between'maDer'and'an.maDer.'
'
Near'T≈1015'GeV'(t=10c37s)'the'GUT'symmetry'breaks'leading'into'the'
situa.on'described'by'the'standard'model'of'par.cles;'the'GUT'phase'
transi.on'typically'results'in'the'forma.on'of'magne.c'monopoles.''
'
For'typical'GUTs:''
c'par.cle'mass:'mM≈1016GeV''
c'number'density:'nM>10c10nƔ.''
'
⟹'Ωmonopole>mM/mpΩbar≈'1016.'
'
This'does'not'match'observa.ons:'the&monopole&problem&

Phase'transi.ons'of'the'Universe'

A'GUT'that'unifies'the'elektroweak'interac.ons'with'the'strong'
interac.ons'puts'leptons'and'hadrons'on'the'same'foo.ng'and'thus'
allows'processes'that'do'not'conserve'baryon'number:'source'of'maDer/
an.cmaDer'asymmetry.'
'
As'the'temperature'falls'below'TGUT≈1015'GeV'the'unifica.on'of'the'strong'
and'elektroweak'interac.ons'no'longer'holds.'Towards'the'end'of'this'
period'(10c11s)'the'Universe'is'filled'with'an'ideal'gas'of'leptons'and'
an.leptons,'the'four'vector'bosons,'quarks'and'an.cquarks.'
'
The'horizon'is'1cm'and'contains'≈1019'par.cles!''
&
&

Phase'transi.ons'of'the'Universe'

At'TEW≈100'GeV'elektrocweak'symmetry'is'broken'and'we'have'separate'
elektromagne.c'and'weak'forces.'All'the'leptons'acquire'mass.'
'
When'the'temperature'drops'to''TQH≈200c300'MeV'(10c5s)'we'have'the'
final'phase'transi.on'and'the'strong'interac.on'leads'to'the'confinement'
of'quarks'into'hadrons:'the'quarkchadron'phase''
'
'
The'horizon'is'1km'in'size'
&
&



Successes'of'the'Big'Bang'model'

c  Correctly'predicts'the'abundances'of'light'elements'

c  Explains'the'CMB'as'relic'of'the'hot'ini.al'phase'

c  Naturally'accounts'for'the'expansion'of'the'Universe'

c  Provides'a'framework'to'understand'the'forma.on'of'cosmic'
structure.'

There%are%also%several%problems%(some%of%which%can%be%addressed%
by%incorpora6ng%“new%physics”)%

Problems'with'the'Big'Bang'model'

c  Origin'of'the'Universe'
c  The'horizon'problem'
c  The'flatness'problem'
c  Origin'of'the'baryon'asymmetry'
c  Monopole'problem'
c  Origin'of'primordial'density'fluctua.ons'
c  Nature'of'dark'maDer'
c  Nature'of'dark'energy'



In which models does one have a particle horizon?

a ∝ tβ

d2a/dt2 > 0

If there is a particle horizon, then one suffers from the horizon problem and it is
difficult to understand why regions which were not casually connected all

look the same (i.e., are homogeneous).

An early period of inflation (accelerated expansion) solves the flatness, horizon, and  
monopole problem in an elegant fashion; it also can explain the origin of the density 

fluctuations

If w = −1, then a ∝ et/τ where τ = (a/(da/dt))t=ti

One has a particle horizon RH in models where

if w > −1/3 0 < β < 1⟺ ⟺



Inflation
For inflation to be able to casually disconnect regions that were before in causal 
contact, the expansion must be so rapid that there exists an event horizon at a 

finite distance from any point (recall cosmological event horizon discussion)

The Hubble radius in comoving coordinates must shrink with time:

d/dt ((1/a) (c/H)) < 0 where H = (da/dt)/a

implies (d/dt)(c/(da/dt)) < 0 => (d2a/dt2) > 0

given the acceleration equation we need a substance with sufficient negative 
pressure.

distance light can
travel in Hubble time

scale factor to
put in comoving 

coordinates



Infla.on'

Dodelson'(2003)'

H ~ constant
scales as 1/a

a ∝ e(Λ/3)t

Infla.on'

Dodelson'(2003)'
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scales as a(c/Ha)

Hubble 
Radius

in comoving 
coordinates



Inflation

Imagine the early universe was filled with a scalar field Φ(x,0) = Φ0 >0, i.e., not in 
the ground state.

In this case, it may lead to accelerated expansion; after a while the field decays into 
particles (causing reheating)

The Lagrangian of a scalar field is L = −(1/2)c2(∂µΦ)(∂µΦ)  − V(Φ)

ρΦc2 = (1/2)(dΦ/dt)2  + V(Φ)

PΦ = (1/2)(dΦ/dt)2 − V(Φ)

If we assume homogeneity and isotropy, we can define the effective density and 
pressure:



Infla.on'models'

The'behavior'of'the'model'depends'on'the'poten.al'(or'vice'versa)'
'
c  Old&infla@on:'firstcorder'transi.on'(poten.al'barrier)'does'not'work'
c  New&infla@on:'secondcorder'transi.on,'with'a'slowcroll'phase;'suffers'

from'finectuning'the'model'
c  Chao@c&infla@on:'the'scalar'field'varies'from'placectocplace;'infla.on'

occurs'if'condi.ons'are'favorable'and'“takecover”'the'Universe'
c  Stochas@c&infla@on:'many'instances'of'chao.c'infla.on'spawning'new'

macrocuniverse;'the'mul.cverse'may'also'solve'the'cosmological'
constant'problem.'

In'the'end'we'lack'a'solid'connec.on'to'par.cle'physics.'This'is'needed'to'
really'make'progress.'

Slow Roll (New Inflation)

Old Inflation (Potential 
barrier)



Inflation

[V(Φ)] = erg / cm3 [(dΦ/dt)2] = erg/cm3

[Φ] = (erg s2 / cm3)1/2 = (g/cm)1/2

=> ΦPlanck = (mPlanck/ρPlanck)1/2 = c/G1/2

The form of the potential depends on the adopted theory.  Because we do not 
have a definitive model, people consider various choices of V(Φ), e.g.,

V(Φ) = (1/2)m2Φ2 Massive scalar field

Take the Friedmann & Fluid equations and insert the expression for pressure 
and density of the scalar field:

Friedmann'equa.on'

!a
a
!

"
#
$

%
&
2

=
8πG
3

ρ −
kc2

a2

Three'cases:'
'
k<0:'expansion'never'stops,'as'a→∞,'da/dt'>'0'
k=0:'assympto.cally'slow'expansion,'as'a→∞,'da/dt→0'
k>0:'expansion'stops'and'recollapses,'as'a→∞,'da/dt'<'0'

dρ/dt + 3((da/dt)/a)(ρ+P/c2) = 0

=> H2 = (8πG/3c2)((1/2)(dΦ/dt)2 + V(Φ)) − kc2/a2

=> d2Φ/dt2 + 3H(dΦ/dt) = −dV(Φ)/dΦ

If dΦ/dt = 0 or if Φ and V(Φ) do not change much over the period where a 
increases exponentially, then we can assume k ~ 0.



Inflation

and if (dΦ/dt)2 << V(Φ)     => H2 = (8πG/3c2) V(Φ) and

One can show that the slow roll conditions (needed to obtain a w < -1/3 
universe)

ε = (c2/16πG) (dV’(Φ)/V(Φ))2 << 1

η = (c2/8πG)(d2V(Φ)/dΦ2  / V(Φ)) << 1
and

If we consider V(Φ) = (1/2)m2 Φ2

=> dV/dΦ / V = 2 / Φ => d2V/dΦ2 / V = 2 / Φ2and

i.e.  Φ >> 1/(4π)1/2 ΦPlanck

Inflation continues until Φ drops below Φ/(4π)1/2

Φ >> 1/(4π)1/2 ΦPlanck Φ >> 1/(4π)1/2 ΦPlanck

Slow roll conditions are as follows:

=> 3H(dΦ/dt) = −dV(Φ)/dΦif d2Φ/dt2 << dV(Φ)/dΦ



Inflation

As τexp = 1/H and H2 = (8πG/3c2)V(Φ) = (4πG/3c2) m2 Φ2 = (G/3c2)m2 
ΦPlanck2 = m2/3

For successful inflation τinfl >> τexp, then τinfl >> 1/m

Right after the end of inflation, the inflation field should, by definition, have an 
energy density corresponding to the central energy density:

ρc2 = ρcritc2 = (3H2c2/8πG) = (3H2 ΦPlanck2 / 8π)

If we take ρc2 = V(Φ) = 1/2 m2 Φ2 and use Φ = ΦPlanck/(4π)1/2

we get for the end of inflation:

ρc2 = m2 ΦPlanck2 / 8π ==> H2 = m2/3

=>  τexp = (3)1/2/m



Inflation and Horizon Problem

What about homogeneity?   (i.e., the horizon problem)

To solve the horizon problem, we need to make sure there is enough time 
for inflation

information must have been able to propagate the distance of what is now 
the observable universe.

the shrinking of the comoving Hubble radius 1/aH has to be at least as 
large as the subsequent increase

The diagram on the next page illustrates what is needed
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Let’s take as an apology the following situation:

T
im

e

At time t = 0, members of this class - 
chat with other about initial 

conditions (IC)

Rapid period of Inflation - Each of us fall out of casual 
contact with the others in the class, but know about IC 

from discussion at beginning 

As expansion slows and we come into casual contact 
with each other again, we see that we all have the same 

ICs.



If we want ~60 e-foldings in 10−32 s, we have τexp ~ 10−34 s and
the time to homogenize is still 10x shorter. => we expect 

homogeneous universe

Inflation and Horizon Problem

By how much has the horizon grown since the beginning during the
period when the universe was radiation dominated?

Current age of the universe is ~4 x 1017 s
End of Inflation is ~10−32 s

By how much did the horizon grow (in comoving coordinates):

1/(aH) ~ 1/(a(a−2)) ~ a ~ t1/2

the scale factor grew by ((4 x 1017 s)/(10−32))1/2 ~ 1025

Requires >~ 60 e-folding times



Inflation and Flatness Problem

Does inflation solve the flatness problem?

H2 = (8πG/3c2) V(Φ) − kc2/a2

As a result, the kc2/a2 becomes very small very rapidly

Now observe |Ωk| << 0.01 so at tinfl ~ 10−32 s or a = 10−25 and because Ωk ∝ a2 ever 
since inflation, then
|Ωk(tinfl)| << 10-52.

Assuming that at the start of inflation Ωk was ~1 then inflation must have increased 
by at least 1026 = e60

τinfl >= 60 τexp

Inflation causes a to grow exponentially but H2 and V(Φ) to remain fixed:

What is the flatness problem?



New Material for This Week



Inflation and Magnetic Monopole Problem

What is the magnetic monopole problem?

How does inflation solve it?

One expects the magnetic monopoles to have a 
density of one per horizon volume…

One expects the magnetic monopoles to have a density of 
one per horizon volume…  

i.e.  where the horizon distance is 3x10−27 m at t ~ 10−35 s

By blowing up the universe by a factor 1026, ensure that there is 
less than one magnetic monopole in entire observable universe.

So, potentially high density of magnetic monopoles!



Dark Energy throughout Cosmic Time

Present Day
(t~1018 s)

Inflation (t~10-32 s)

Energy Density 6 x 1070 g/cm36.4 x 10−30 g/cm3

(scales as H2)

Both Dark Energy Dominated



Universes with Non-Zero Dark Energy

Dark energy is relevant to current and earliest evolution of the 
universe.

Universes with dark energy have a natural length + time scale.

If Λ > 0, then eventually

((da/dt)/a)2 =  Λ/3 ⇒ a = e
(Λ/3)1/2 t

((da/dt)/a)2 = (8πG/3)ρ + Λ/3Consider

The horizon is 

dHor = c∫dt/a(t) = c∫dt e
0

t0

0

t0
−(Λ/3)1/2 t

dHor = c (3/Λ)1/2



The natural time scale in such a dark-energy universe is

τΛ = (3/Λ)1/2 

Universes with Non-Zero Dark Energy

while the length scale defined by the horizon distance

dHor = c(3/Λ)1/2

This is the cosmological event horizon in non-zero dark energy universes 
and means one eventually cannot see sources further than this proper 

distance since the accelerating expansion of the universe causes the points 
to recede faster than the speed of light.



Dark Energy throughout Cosmic Time

Energy Density

Horizon Distance

Horizon Time

6.5 x 104 TeV6.4 x 10−30 g/cm3

10−34 s 

3 x 10−26 m ~5 x 104 Mpc

17 Gyr

Present Day
(t~1018 s)

Inflation (t~10-32 s)

Both Dark Energy Dominated



Dark Energy Problem

The nature of dark energy is not understood, and the observed value is 
extremely small in natural (i.e., Planck) units.  This is one of the largest 

problems in physics.

The solution may require a better understanding of the quantum 
mechanical and gravitational properties of the vacuum.

Nominally, we would expect the vacuum energy to be

ρvacuum,expected = ρzero-point-energies

Like a harmonic oscillator in the ground state, every mode of free field 
contributes a zero-point to the energy density of the vacuum.

Energy is m4/(ℏ/c)3 where the cut-off mass depends on the 
physics and is 1060 (GeV)4 for GUT;  

alternatively one could choose m = mPlanck

We would therefore expect Λ to be much larger than is observed.

This is the cosmological constant problem.



Dark'energy'problem'
Quantum'gravity'cutcoff' '(1018'GeV)4 'finectuning'to'120'decimal'places'
'
'
'
'
'

'
SUSY'cutcoff ' ' ' '(TeV)4 ' 'finectuning'to'60'decimal'places'
EW'phase'transi.on ' '(200'GeV)4 'finectuning'to'56'decimal'places'
'

QCD'phase'transi.on ' '(0.3'GeV)4'
Muon ' ' ' ' '(100'MeV)4 'finectuning'to'44'decimal'places'
'
Electron ' ' ' ' '(1'MeV)4 ' 'finectuning'to'36'decimal'places'
'
'
'
'
'

' ' ' ' ' '(meV)4 ' 'observed'value'of'the'effec.ve'cosmological'
' ' ' ' ' ' ' ' 'constant'today… ''



Dark'energy'problem'

A'wide'range'of'“explana.ons”'have'been'proposed:'
'
c  A'genuine'cosmological'constant?'

c  'the'small'value'is'a'problem:'anthropic'arguments?'
c  It'is'the'result'of'an'evolving'scalar'field?''

c  but'why'is'the'mass'scale'so'small?'
c  Modifica.ons'of'Einstein'gravity'

c  Need'to'obey'solar'system'tests!'
c  Maybe'the'Universe'is'inhomogeneous?'

c  Hard'to'reconcile'with'largecscale'structure'data…'

Maybe'it'is'something'completely'different?'
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Phase'transi.ons'of'the'Universe'

At'TEW≈100'GeV'elektrocweak'symmetry'is'broken'and'we'have'separate'
elektromagne.c'and'weak'forces.'All'the'leptons'acquire'mass.'
'
When'the'temperature'drops'to''TQH≈200c300'MeV'(10c5s)'we'have'the'
final'phase'transi.on'and'the'strong'interac.on'leads'to'the'confinement'
of'quarks'into'hadrons:'the'quarkchadron'phase''
'
'
The'horizon'is'1km'in'size'
&
&
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The'lepton'era'

At'T≈200F300'MeV'the'quarkFhadron'transi.on'binds'quarks'
into'hadrons'
'
F  protons/neutrons'made'of'3'u,d'quarks'
F  mesons'in'par.cular'π+,'π0,'πF'
'
In'this'hadron'era'pionFpion'reac.ons'are'very'important'and'
the'equa.onFofFstate'of'the'hadron'fluid'is'very'complicated.'
'
Once'the'pions'disappear'(≈10µs'aVer'the'Big'Bang)'the'lepton'
era'starts.'It'lasts'un.l'the'e+eF'pairs'annihilate'(≈1s'aVer'the'
Big'Bang)'
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The'lepton'era'

At'the'start'of'the'lepton'era'the'Universe'comprises'
'
F  photons'
F  small'excess'of'nonFrela.vis.c'baryons'
F  leptons'&'an.Fleptons'

e+'eF'νe'νe'''
μ+'μF'νμ'νμ'''
!+'!F'ν!''ν!'' 'most'likely'already'annihilated,'but'neutrinos'remain'

'

_'

_'

_'



Entropy'conserva.on'

Important'events'during'the'lepton'era'are:''

'

F  annihila.on'of'muons'at'T<1012K'(earlyFon)'

F  annihila.on'of'electrons'at'T<5x109K'(at'the'end)'
F  nucleosynthesis''
'

These'represent'transi.ons'where'a'par.cle'species'

disappears.'However,'entropy'is'conserved'for'components'

s.ll'in'thermal'equilibrium'(reac.ons'are'reversible):'

'

g*T3=constant:'as'a'species'annihilate'g*'falls'and'T'rises'a'bit.'

The'lepton'era'

At'the'start'of'the'lepton'era'the'Universe'comprises'
'
F  photons'
F  small'excess'of'nonFrela.vis.c'baryons'
F  leptons'&'an.Fleptons'

e+'eF'νe'νe'''
μ+'μF'νμ'νμ'''
!+'!F'ν!''ν!'' 'most'likely'already'annihilated,'but'neutrinos'remain'

'

_'

_'

_'

Entropy'conserva.on'

Important'events'during'the'lepton'era'are:''

'

F  annihila.on'of'muons'at'T<1012K'(earlyFon)'

F  annihila.on'of'electrons'at'T<5x109K'(at'the'end)'
F  nucleosynthesis''
'

These'represent'transi.ons'where'a'par.cle'species'

disappears.'However,'entropy'is'conserved'for'components'

s.ll'in'thermal'equilibrium'(reac.ons'are'reversible):'

'

g*T3=constant:'as'a'species'annihilate'g*'falls'and'T'rises'a'bit.'



Sta.s.cal'equilibrium'distribu.ons'
A'rela.vis.c'par.cle'species'in'thermal'equilibrium'
follows'a'FermiFDirect(+)'or'BoseFEinstein(F)'distribu.on:'
'
'
'
'
The'energy'density'is'given'by:'
'
'
'
'
The'total'energy'density'ρ(T)c2=(g*σr/2)T4.'
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Important Concept in Temperature Evolution of Evolving 
Universe

We have told you that the temperature of the radiation component of the 
universe scales as follows:

T(t) = Tp a(tp)/a(t)

=> S ∝ g*T3V  is conserved

More precisely, it is the entropy which is conserved during the expansion of the 
universe (since the reactions are in equilibrium):

S = (ρc2 + P)V / T = 4/3 ρc2 V / T = 4/3 g*(T) (1/2) σ T3 V

where g* gives the statistical weight (~ degrees of freedom)

=> T ∝ (g*)−1/3/a



Lepton Era

At the start of the Lepton era, g*(T<Tπ) = 4 x 2 x 7/8 + Nν x 2 x 7/8 + 2 = 14.25

if Nν = 3
e+ e− µ+ µ−:  g = 2 neutrinos: g = 1

photons: g = 2

How does the conservation of g*T3a3 impact the evolution of the temperature as
various species annihilate?

The first instance in the lepton era is when muons annihilate at T ~ 1012  K

g* falls from 6 x (7/8) + 4 x 7/8 x 2 + 2 = 14.25 to 6 x (7/8) + 2 x 7/8 x 2 + 2 = 
10.75

T of the constituent radiative components of the universe of rises by 
(14.25/10.75)1/3 −1 ~ 9.8%



Decoupling of Neutrinos During Lepton Era

Note that at the start of the lepton era, the neutrinos are still in thermal 
equilibrium through weak force reactions such as

νe + µ− ⇌  νµ + e− νµ + µ+ ⇌  νe + e+

The cross section for these weak interactions is T2:  decreases quickly as T 
decreases.  When the rate for the interactions falls below the expansion rate 

they cannot maintain equilibrium and the neutrinos become decoupled

The key quantity we need to consider for freeze out is τH/τcoll and when it 
becomes less than 1.

The particles are still in thermal equilibrium because the relevant collision time 
scale is much smaller than the Hubble time.

τH/τcoll = (T/3x1010 K)3 < 1 ==> neutrino decoupling occurs at T ~ 3 x 1010 K.  
They do remain relativistic at mc2 << kBT



Annihilation of Electrons-Positrons / Ratio of TΥ / Tν 

At the time of decoupling, the temperature of the neutrinos coincides with the 
temperature of the other constituents.   After decoupling, the temperature T of 

neutrinos evolve as 1/a, such that ρ evolves as 1/a4.

The e+, e−, Υ component follows the same evolution, but at e+, e− annihilation (5 
x 109 K: 4 seconds after Big Bang) the temperature is increased again; this ratio 

persists until TΥ / Tν  = constant > 1

Once e+, e− annihilation is over in the universe, the universe is dominated 
by a radiation background with thermal black-body spectrum.

g* falls from 2 x 7/8 x 2 + 2 = 5.5 to 2 = 2

Therefore T rises by (5.5/2)1/3 −1 = (11/4)1/3 −1 = ~40%

The ratio of temperature TΥ / Tν is (11/4)1/3.

What is TΥ / Tν ?



Big Bang Nucleosynthesis

The following is the elemental abundance in the universe:
4He:  Y = 0.25
3He:  ~10−3Y

2H or D:  ~2 x 10−2 Y

Could the helium be produced in the stars?   No!   Just 1% of the nucleons 
would undergo fusion if galaxies remains at fixed luminosity for 1010 years.

Atmospheres of main sequence stars consist of ~25% helium with only weak 
trends with age or metallicity.   This He is therefore not made in the stars.

D is dissociated in stars.

Observational challenge — dealing with late-time affects that can impact 
abundance of different elements (production in stars, cosmic-ray bombardment)

It is the ratio of the mass of a particular element to the total mass in baryons.

 Note that essentially all elements heavier than 7Li are made in stars.



Big'Bang'Nucleosynthesis'



Big Bang Nucleosynthesis

Towards the end of the lepton era, nuclear physics begins to take place, 
ultimately resulting in H, He, and traces of D and Li.   This phase is not 

important for the thermal history of the universe, but clearly important 
for our existence.



How many neutrons are bound in nuclei?

1.   When does the neutron / proton equilbration interaction 
freeze out, i.e., fixing the ratio (except for neutron decay)?



Neutron - Proton Ratio

The ratio of neutron to proton number densities nn / np is  e−Q/kT = e−(1.5e10/T) as 
long as the neutrons and protons are in thermal equilibrium.

The equilibrium is maintained by weak nuclear reactions:
n + νe ⇌ p + e−

Because of the mass difference, there are more protons than neutrons.

The equilibrium is maintained for > 1010 K when the neutrinos decouple.

When this happens:
xn = n/(n+p) = n / ntot = (1+ e−1.5)−1 = 0.17 = xn (0)

Neutrons have a mean lifetime of 900 s

xn(t) = xn(0)e−t/(900s)

mn − mp  = 1.3 MeV ~  kTew
if Tew were much lower, then only protons would 

form and then there would be no nuclear reactions. 

After this point, neutrons decay via beta decay.

n → p + e− + νe



Neutron - Proton Ratio

Thermal Equilibrium



Theoretical Maximum Production of 4Helium Allowed

Still the scarcity of neutrons relative to protons explains why BBN is so 
incomplete, leaving 75% of baryons unfused.

p + p ⇌ D + e+ + νe

As p  + n ⇌ D + Υ is so much more efficient (n  + n ⇌ D + e− + νe is also a 

weak interaction), BBN proceeds until all neutrons are bonded into nuclei.

which is a weak force interaction
(so σw = 10−47 m2 (T/MeV)2)

whereas p + n ⇌ D + Υ is a strong force interaction

This allows us to compute the maximum value for Y if we take nn/np = 0.2 and 
consider a group of 2 neutrons and 10 protons → 1 4He + 8 p

Ymax = 4/12 = 1/3 generally if f = nn/np => Ymax = 2f/(1+f)

The observed value is indeed smaller.  This is because nucleosynthesis takes a 
while and some neutrons will decay; some will end up in 3He or D or heavier 

nuclei such as Li.

To compute Y accurately, as well as other abundances, all reactions must be 
considered.



How many neutrons are bound in nuclei?

1.   When does the neutron / proton equilbration interaction 
freeze out, i.e., fixing the ratio (except for neutron decay)?

2.   At which point does the temperature favor baryons being 
bound in nuclei than remaining unbound (at high 
temperatures, nucleosynthesis is not favored)?

3.    At the point when nucleosynthesis begins in ernest, which 
fraction of the neutrons have decayed?



When Thermodynamics Favors Nucleosynthesis

At t ~ 2s, the proton-neutron freeze-out occurs, the neutrinos are 
decoupled, but the photons are still strongly coupled.   To build heavier 

nuclei, we need a series of 2-particle interactions:

the binding energy BD = (mp + mn − mD)c2 = 2.22 MeV
p + n ⇌ D + Υ

Υ with E > BD can destroy D

Around the time of D formation, the relative number densities are given by a 
Saha-like equation:

nD / (npnn) = gD / (gp + gn) (mD / (mp mn))3/2 (kT / 2πℏ2)−3/2eBD/kT

Note that nD = gD (2πℏ2mD / kT)3/2 e−mD/kT

and gD = 3, gp = 2, gn = 2As mp = mn = mD/2

nD / (npnn) = 6 (mp kT / πℏ2)−3/2eBD/kT

Deuterium is expected in the limit T → 0, where p+, n are favored when T → ∞



Define Tnuc is the temperature where nD / nn = 1 (half neutrons fused)

nD / nn = 6 np (mn kT / πℏ2)−3/2eBD/kT

Currently 75% of the baryons are in the form of H and before deuterium 
synthesis, 83% of them were

np = 0.8 nbaryon = 0.8 nΥ η = 0.8η (0.243 (kT/ℏc)3)

where η = nbaryon / nΥ

nD/nn = 6.5η (kT/mnc2)3/2  eBD/kT

The ratio is unity for Tnuc ~ 8 x 108 K => 200 s after Big Bang

The time delay until the start of nucleosynthesis is non-negligible compared 
to the neutron decay time (900 s).

At the start of nucleosynthesis, nn / np = e−(200/900)/(5+(1−e−200/900)) = 0.8/5.2 ~ 
0.15

This lowers Ymax to 0.27

When Thermodynamics Favors Nucleosynthesis



Nucleosynthesis and the Early Universe

involved. The binding energy of deuterium, Bp = 2.200,000 ev' is 160'000 times

sreater than the ioni'utiåî?'nergy of hydro gen' 8: l3'6 eV'3

Despite the differenJe in t"""'gv "ált*'.tun1iof 
the equations used to analyze

recombination can be ;-;;;';;î"a1yze deurerio* nu"tåorynthesis' Around the

time of recombinatio"'";;î;;;;e"trre 'etatin" 
nutu"tt âf ft"" protons' free

erectrons, and neutral ^rddäms 
is given by the saha equation,

nH : (ry,k:\'t' ".n(#), (2s)

"* 
- \znr* ¡

which tellsus that neutral hydrogen ]s fyoreO 
in the limit kT -'+ O' and that ion-

ized hydrogen i' tuuo'"Ïi'iir'""ri*it kT -'+ oo' A'oond the time of deuterium

synthesis, the relative n"'nb"'* of free protons' free neutrons' and deuterium nu-

clei are given by un "qiãii*ãirectly 
analogous to equation:

no: : * (:*\''' (#)-* "*o ('-**) ^,.flpk, lpïn\rnPmn/ \LrLtL / \ Q6)

From equati ort (23),we can make the substitution Wp * mn - m9lc2 : BD'

The staristical weight ä;-;ïìt" ¿"ut".iu-iu.t"ut i. eo : 3, iû comparison

to sp : Bn :2*o' " oiåì"" "t l:llt* .T: 
acceptable accuracy'' we may write

tnn : trln : mefZ'itese suustitutions vi*lä-tìti*tl"osynthetic equivalent of

tnã Sana equation,

#.=r(#)'''"*r(#) ' (2'7)

whichtellsusthatdeuteriumisfavored-inthelimitkT..>0,andthatfreeprotons
il;*.'"*fi"*tä:.,!iþT,JlÏ[:ffitihthenucleosv.nthesllordeuterium

takesplace,*"n""ãioå"Rn"whatwe't;;t"thenuóleosynthesisofdeu-
terium." Just as ';;;;;tt";1"k"- 

a finite iJngth of time' t:'d:"* nucleosvnthe-

sis. lt is useful, t*,"ö'Jfïne Tnuc u* tr'" åîi"tature at which nolnn: 1;that

is, the remperurur" ul'iiTå";;ï;ilil" n"oirã'nt tt*" been fused into deutefium

nuclei.Aslongasequadon(27)holds""",ìr'"deuterium-to.neutronratiocan
be written as

!! - 6n,(t#)-'."n (#) (28)

We can write the deuterium-to-neutro1l3tio as a function of T and the baryon-to-

photon ratio 4 if #;ä;'t""'* ti*priryi"g "tt"t"ptions' 
Even today' we know

3As the makers of bombs have long known' you can release much nmre enetgy by fusing atomic

*ã"i it'* UV simply shuffiing electlons around'
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Nucleosynthesis and the Early Universe

that - 757o of all the baryons in the universe are in the form of unbound protons.
Before the start of deuterium synthesis, 5 out of 6 baryons (or - 83Vo) were in the
form of unbound protons. Thus, if we don't want to be fanatical about accuracy,
we can write

(2e)

Substituting equation (29) into equation (28), we f,nd that the deuterium-to-
neutron ratio is a relatively simple function of temperature: .

nD æ 6'5Q (+\''' 
"-o l*) (30)tr.¡ ' \m"c'/. ' \kf /

This function is plotted in Figure 3, assuming a baryon-to-photon ratio of r¡ :
5.5 x 10-10. The temperature 7},u" of deuterium nucleosynthesis can be found by
solving the equation

tæ654(w)'''*r(#) (31)

With mrc2 = 939.6MeV, BD : 2,22MreY, anó 4 - 5.5 x 10-10, the temper-
ature of deuterium synthesis is ÈZno" nv 0.066MeV, corresponding to &uc ^,
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FIGURE 3 The deuterium-to-neutron ratio during the epoch of deuterium synthesis. The
nucleosynthetic equivalent of the Saha equation (equation (27)) is assumed to hold true.

np x 0.8n6ary - 0.84nr- 0.8q 
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Neutron - Proton Ratio

3H decays into 3He + e− + νe , but has a decay time of 18 years, i.e. stable during 
BBN

The ratio nD / nn does not remain at the equilibrium values, once there is enough 
D we get

Beyond'Deuterium'Beyond'Deuterium'



The'bomleneck'

All strong force interactions so fast.
The binding energy per nucleon is very high for stable nuclei like 4He, but there are 

no stable nuclei with A = 5 (5He and 5Li are not stable).  Very difficult to make heavier 
elements.

4He + D  ⇌  6Li + Υ 4He + 3H  ⇌  7Li + Υ 4He + 3He  ⇌  7Be + Υ

Initially at T >> 109 K, all baryons are in the form of protons and neutrons.
As the Deuterium density increases, 3H, 3He, and 4He are formed.  

At t~10 min (T ~ 4 x 108 K), BBN is essentially over.

Synthesis of nuclei with A > 7 is hindered by the absence of stable nuclei with A = 8 



The'bomleneck'

Binding'energy'per'nucleon'='(mnucl'N'ZmpNNmn)c2/A'
56Fe,'62Ni'most'stable'nuclei'N'4He'also'stands'out'



The'bomleneck'



BBN'calcula.ons'



What'do'we'learn'from'BBN?'
•  4He:'extrapola.ng'abundance'in'old,'lowNmetallicity'stars'to'
zero'metallicity'gives'Y=23.4%.'

•  D:'affected'by'stellar'processes'and'hard'to'measure'
(isotopic'Lyα'line'in'QSO'absorp.on'spectra)'

•  3He:'destroyed'in'stars'at'higher'temp'than'D,'but'created'in'
destruc.on'of'D.'So'3He+D'together'is'more'useful'
measurement.'

•  7Li:'created'(cosmic'ray'spalla.on)'and'destroyed'in'stars.'So'
difficult'to'interpret.'

Consistent'picture'for'η=3.10N10.'This'yields'Ωbh2=0.02.'
Therefore'dark'mamer'is'nonNbaryonic!'

Observational Constraints on the Primordial Abundances of
Different Elements



The yields of D, 3H, 4He, 6Li, and 7Li depend on η: 

a high value for η(the baryon to photon ratio) increases the value for Tnuc

What we can learn from BBN about Ωb

As BBN is a race against the clock, an earlier start means more 4He is 
formed, but less D and 3He as leftovers.

The deuterium abundance can be used to estimate η:

nbaryon,0 = η nΥ,0 = 0.23 ± 0.02 m−3 => Ωbaryon = 0.04 ± 0.01

Also CMB gives a highly consistent constraint on Ωbaryon



Consistency'with'observa.ons!'

Find Ωbh2 where observed abundance
matched predicted abundance from BBN


