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Layout of the Course

Sep 24:  Introduction and Friedmann Equations
Oct 1:   Fluid and Acceleration Equations
Oct 8:   Introductory GR, Space Time Metric, Proper Distance
Oct 15: Redshift, Horizons, Observable Distances
Oct 17: Problem Class #1
Oct 22: Observable Distances, Parameter Constraints
Oct 29:  Thermal History, Early Universe
Nov 5: Early Universe, Inflation
Nov 12: Inflation, Lepton Era
Nov 14: Problem Class #2
Nov 19: Big Bang Nucelosynthesis, Recombination
Nov 26: Introduction to Structure Formation
Dec 3: Cosmic Microwave Background Radiation (I)
Dec 5: Problem Class #3
Dec 10: Cosmic Microwave Background Radiation (II)
Dec 21: Final Exam



Review Last Week



Proper Distance

Imagine we have a distant galaxy at (r, θ, φ)

How far away is a distant galaxy?
(important to specify time since nominal 
distance depends on when measurement 

is made since expanding universe)
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The curvature scalar of such a three-sphere is
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3.1.2 Rob ertson-Walker Metric

Sincetheisotropicandhornogeneousthree-dimensionalsurfacesdescribedabovearethespace-
like hypersurfu""' "o""''i;;;i;;;" 

a constant #;t;il" /' the four-metric of the space-ttme

can be written as
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2dl
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Take case that θ, φ are constant and only r is different

ds2 = a2(t) [dr2/(1−kr2) + r2(dθ2 +sin2θdφ2)]

In the flat case (k=0),
Proper Distance: dp(t) = ∫ds

“Source-source distance measured based on current 
topology of the universe and ignoring travel time”

In general case,

Proper Distance: dp(t) = a(t) r, if k=0

arcsin(k1/2r)/k1/2, if k>0

{
fk(r)

Not especially practical (since not measurable)!

arcsinh((−k)1/2r)/(−k)1/2, if k<0



Distances and Redshifts

We cannot measure proper distances, but we can measure redshifts.

Redshift — which we denote as z — is directly connected to the scale factor 
of the universe.

Space
Space

λe (1+z) = λr

a(te) = 1/1+z

“when 
received”

a(te)
a(tr) = 1

“when 
emitted”

Redshift — which we denote as z — is directly connected to the scale factor 
of the universe.

c dte / a(te) = c dtr / a(tr)
dt ∝ a(t)As such, implies time dilation

λr/λe = a(tr)/a(te)This implies

Since a(tr) = 1 and λr/λe = 1+z, a(te) = 1/1+z



How far can we see?

Light travels at a finite speed — no physical signals
travel faster!

Complicated since the universe is expanding!

Important connection to questions about how the 
universe became so homogeneous…



Horizon Distance
Horizon Distance:  The greatest distance one can in principle look — 

probing back to when the universe had time t=0

dHor = c∫dt/a(t)

What is the proper distance to some galaxy which emitted its light at time te?

dp(t0) = c∫dt/a(t)= (c/H0)(2/(1+3w))[1 - (te/t0)(1+3w)/(3+3w)]
te

t0

 = (c/H0)(2/(1+3w))[1 - (1+z)-(1+3w)/2]

Blows up if w <= −1/3dp(z) = (2c/H0)[1 - (1+z)-1/2]if w=0:

What is the proper distance to galaxy who emitted its light at time te with redshift z?

dp(z) = ct0 (3(1+w)/(1+3w))[1 - (1+z)-(1+3w)/2]

What is the Horizon distance?
dHor(t) = (c/H0)(2/(1+3w)) which is finite if w > −1/3

Horizon distance tells us the portion of the universe that is casually connected

dHor(t) = 2c/H0 = 3ct0w = 0:

If w <= −1/3, then whole universe is casually connected



Particle Horizon
A key question is which parts of the universe can influence or have 

influenced each other, i.e., which parts are in casual contact.
Particle horizon: boundary of that part of the universe that could have

reached us in the age of the universe.  At the present epoch, it is the observable universe.

How did Proper Distance of Particle horizon change with time?

t/t0 ∝ (a/a0)3/2 ∝(1+z)-3/2

8x smaller at z~3, 30000x smaller at z~1000

dHor(ze) = 3ct0 [1 - (1+ze)-1/2]

dHor(ze) = (c/H0)∫dz/(1+z)/(Ω0(1+z)1+3w+(1-Ω0))0.5

0

ze

What is this horizon to redshift ze?

it is proportional to t/t0

How does this horizon change relative to the scale factor of the universe
(i.e. divide by 1/(1+z))

dHor (1+z) = (1+z)−1/2

Therefore, with the horizon, we potentially probe further and further in the regions 
of the universe to which we have not been in casual contact



Horizon'in'flat'Ωm=1'model'

scale as
t2/3

scale as
t



Horizon Problem

We receive light from galaxies or other sources which may not have been 
able to communicate with each other, but appear to be completely 

homogeneous in terms of their properties.

This is called the horizon problem.

Consider the universe where it was ~1100 times smaller than it is today, 
i.e., at z~1099.

What is the furthest distance that we could expect to be homogeneous 
due to information propagating from a common source?

2 DH(z=1099)

What is the angular separation between two different points 
on the sky that corresponds to this distance (at z~1099)?

2 DH(z=1099) ~ DA(z=1099) θ

θ ~ 3.6 degrees
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Why is z~1100 interesting?

It is when the intense background radiation field of photons decouples from 
the baryons (i.e., neutral hydrogen atoms) and free streams into the universe.

The'CMB'seen'by'Planck'

The'excellent'black'body'spectrum'and'the'small'temperature'
fluctua.ons'imply'that'the'early'Universe'was'very'simple:'easy'
to'model?'

fluctuations at 1 
part in 100000

This decoupling occurs due to the decreasing energy / temperature of 
photons in the background field relative to that needed to ionize hydrogen.

After decoupling this background radiation continues to exist in the universe, 
but its temperature falls in accordance with the expansion of the universe.

What is the temperature of this relic radiation if we look in all directions on 
the sky?   It is almost entirely homogeneous as we discussed before…

But if we look closely, there are fluctuations in the temperature, but
they are small

How can this be, if casual contact is only possible at an angular separation of 3.6 
degrees?



Horizon Problem

To resolve this issue, note that the integral ∫cdt / a(t) depends on the form 
of a(t) at early times.

we need to change how a(t) scales at early time so that points in casual 
contact at the earliest times, leave the horizon, and then reenter.

Need w < −1/3 accelerated expansion, i.e., inflation, which occurs when.  We 
saw that for w < −1/3, there is no particle horizon 

(if a(t) maintains form to z → ∞)



New Material for This Week



“Question for Two Numbers”

In the early days of observational cosmology much emphasis was placed on 
geometric properties.

a(t) = a(t0) +        (t-t0) +             (t-t0)2 + …

“Classical Cosmology”

Sandage:  “We need to determine H0 and q0”

deceleration parameterda
dt

   1   d2a
   2   dt2

t=t0 t=t0

divide by a(t0)

a(t) = 1 + H0(t-t0) − (1/2)q0 H02 (t-t0)2

where q0 = −((d2a/dt)a / (da/dt)2)t=t0  = −((d2a/dt) / aH2)t=t0

Make use of acceleration equation:

(d2a/dt2 )/a = −(4πG/3)Σw ρw (1+3w)



“Question for Two Numbers”“Classical Cosmology”

q0 = Ωm/2 + Ωr − ΩΛ 
Recall that the proper distance is 

dp(t0) = c∫dt/a(t)
te

t0

dp(t0) = c(te-t0) + cH0/2 (t0 − te)2

dp(t0) = cz/H0(1 − (1+q0)z/2)

But the proper distance is not measurable

If we substitute Taylor series expansions of 1/a(t), one can show:

q0 = −((d2a/dt)a / (da/dt)2)t=t0  = −(1/H2)t=t0 (−(4πG/3c2)Σw ρw (1+3w))

q0 = (4πG/3H2)Σw ρw (1+3w))

q0 = (1/2)(8πG/3H2) Σw ρw (1+3w))

q0 = (1/2ρcritical) Σw ρw (1+3w))



One way to assign a distance is to use the luminosity

dL = (L/4πf)1/2
The “luminosity” distance is 

the proper distance in a 
static and Euclidean universe

If we consider a FRW metric
ds2 = −c2 dt2 + a2(t)[dr2 + Sk(r) dΩ2]

dθ2 + sin2θ dΦ2

In Euclidean space, Ap(t0) = 4πdp(t0)2 = 4πr2

photons emitted at time te spread out over a sphere with radius 
dp(t0) = r and surface area Ap(t0):



One way to assign a distance is to use the luminosity

dL = (L/4πf)1/2
The “luminosity” distance is 

the proper distance in a 
static and Euclidean universe

If we consider a FRW metric
ds2 = −c2 dt2 + a2(t)[dr2 + Sk(r) dΩ2]

dθ2 + sin2θ dΦ2

photons emitted at time te spread out over a sphere with 
radius dp(t0) = r and surface area Ap(t0):

time

Example using a simple closed space time
Light cone eminating 

from source
Source



One way to assign a distance is to use the luminosity

dL = (L/4πf)1/2
The “luminosity” distance is 

the proper distance in a 
static and Euclidean universe

If we consider a FRW metric
ds2 = −c2 dt2 + a2(t)[dr2 + Sk(r) dΩ2]

dθ2 + sin2θ dΦ2

Example using a simple closed space time 
(now showing expansion of universe)

Light cone eminating 
from source

Source

time

photons emitted at time te spread out over a sphere with 
radius dp(t0) = r and surface area Ap(t0):
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The curvature scalar of such a three-sphere is
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a Sk(r)

r a

In the general case,
dP(t0) = a(t0)r 

If k > 0,  Sk(r) < r   →  Ap(t0) < 4πr2

As in the above example,

H. Böhringer 28 

Luminosity Distance 

Ansatz: the source<is located at the origin, the observer is 

located on the sphere with radius = distance :!

S0=4(R0
2r2!

The surface of the sphere is calculated for the time  t0  :!

Definition of the luminosity distance: !

Without the effect of the redshift and 

„thinning“ of the photons :!

1. Factor   (1+z)  due to the loss of energy by the redshift!

2. Factor   (1+z)   due to time dilation from  a(t)  to  a0!

bolometric flux !"

Sk(r)

emitter
observer

View from
above

If k < 0, Sk(r) > r   →  Ap(t0) > 4πr2

In an open geometry:

Light cone eminating 
from source
(i.e., where we

observe it)

What are dP(t0) and AP(t0) for this example?

AP(t0) = 4πa2(t0)Sk(r)2



In addition to the geometric effects, the expansion of the 
universe causes the flux to be decreased by a factor (1+z)-2

3/5/04 Chris Pearson :   Observational Cosmology 5: Observational Tools - ISAS -2004

13

Observational Tools

5.1: Cosmological Distances5.1: Cosmological Distances
Luminosity Distance, DL

Integrating F(*) over all wavelengths gives Bolometric Flux {Wm-2} 

! 

F(") =
LI"e

(1+ z)3
1
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• Photons arrive less frequently at observer than when they were emitted from the source

(1+z)

2 factors of (1+z) from expanding Universe
(1+z)

• Photons lose energy as they travel from source to observer

(Observable = Flux & Luminosity) Used to measure the distance to bright objects (Observable = Flux & Luminosity) Used to measure the distance to bright objects 

In Magnitudes:

! 

m "M = 5lgDL ,Mpc +25

(1)effect of redshifting on energy of photons
(2) time delay between photons

f = L/(4πa2(t0)Sk2(r)(1+z)2)Thus,

dL= a(t0)Sk(r) (1+z)



Another way to assign a distance is to use the angular size dθ

dθ = L / dA 
since more distant objects 

are smaller in general!

time

light emitted

light observed

Example using a simple closed space time

Source

Note angle maintained as universe expands!

Where it will be observed



Another way to assign a distance is to use the angular size dθ

dθ = L / dA 
since more distant objects 

are smaller in general!

Example using a simple closed space time

Source

Where it will be observed

θ2θ1

Consider FRW metric again where the 
coordinates of the emitter are as 

follows:

one side of emitter: (r, θ1, Φ) 
other side of emitter: (r, θ2, Φ) 

dθ = L / (a(te)Sk(r))What is dθ?

dA = a(te)Sk(r)

dA = (a(t0)/(1+z)) Sk(r)

H. Böhringer 28 

Luminosity Distance 

Ansatz: the source<is located at the origin, the observer is 

located on the sphere with radius = distance :!

S0=4(R0
2r2!

The surface of the sphere is calculated for the time  t0  :!

Definition of the luminosity distance: !

Without the effect of the redshift and 

„thinning“ of the photons :!

1. Factor   (1+z)  due to the loss of energy by the redshift!

2. Factor   (1+z)   due to time dilation from  a(t)  to  a0!

bolometric flux !"

Sk(r)

observer 
(r=0)

emitter

L dθ

View from above
dθ = ⎮θ1 − θ2⎮

L



Gravita.onal'lensing'

angular'diameter'distances!'



Another distance measure is a proper motion distance
dθ/dt, i.e., angle on sky per unit time.

dM = (dL/dt0) / (dθ/dt0)

As for angular diameter distance, angle on sky is determined by 
when a source emits its light…   but then there is time delay…

dM = dA(t0) (1+z)

So

dA = dM / (1+z) = dL / (1+z)2

Overall, there is a nice relation between all 3 distance measures:



For small z << 1,

dA = (c/H0)z (1 + (−q0−3)z/2)

dL = (c/H0)z (1 + (−q0+1)z/2)

For large z →∞,

dL = z dHor (t0)

dA = dHor (t0) / z

Note that while dP (z1,z2) = dp(0,z2)  − dp(0,z1)

but  dA (z1,z2) ≠ dA(0,z2)  − dA(0,z1)

What happens to these distance measures in the limit of small 
or large redshifts?



Do the distance measurements depend on the values of the 
cosmological parameters, i.e., Ωm or ΩΛ?

Yes — In fact, we can use the dependence on the distance 
measures on the cosmological parameters to “weight” the

universe

What are the dependencies?



Luminosity Distance - Redshift Relation

Luminosity 
Distance

Two different ways of increasing 
the luminosity distance:
  1) Increase ΩΛ
  2) Decrease Ωm

Ωm = 0.2, 
ΩΛ = 0.8

Ωm = 0.2, 
ΩΛ = 0.0

Ωm = 1.0, 
ΩΛ = 0.0



Angular 
Diameter 
Distance

Ωm = 1.0, 
ΩΛ = 0.0

Ωm = 0.2, 
ΩΛ = 0.0

Ωm = 0.2, 
ΩΛ = 0.8

Angular Diameter Distance - Redshift Relation



DistancePredshiQ'rela.ons…'

Credit:'Ned'Wright'

…'depend'on'cosmological'parameters!'
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What are the measured densities in various components of the 
universe?



What are the measured densities in various components of the 
universe?

What is Ωmat?    (density of normal matter relative to critical)

0.31
Baryonic matter componentΩmat,bary = 0.04

Yields of Helium allow this to be measured 
+ from acoustic oscillations in CMB

Dark matter component0.27

Measurable from bulk flows / peculiar
velocities / and from CMB



Evidence for Dark Matter 
from the Observations of 
Colliding Galaxy Clusters



First a few words to orient you a little more about what a 
galaxy cluster is…

Observational Cosmology Lectures 4-6:  Cosmology with Galaxy Clusters

Mass budget in clusters

5

The name “galaxy clusters” is a misnomer!

• ~2% mass in galaxies
• ~13% in the hot, ionized intra-cluster plasma 
(baryon that didn’t make it to the galaxies)
• ~85% dark matter

Galaxy clusters are regions of the universe that have 
collapsed (due to gravity)

Approximate mass budget:

~2% galaxies
~13% in a very hot ionized gas

~85% in dark matter

Most of the baryons are in the 
ionized gas!

Evidence for Dark Matter from Observations of 
Colliding Clusters



Evidence from the Observations of Colliding Clusters

-- ionized gas from the 
colliding clusters “run into 

each other” forming a shock

-- dark matter from the colliding clusters 
pass right through each other

Reason it is useful 
can be seen from 

the following 
“simulation”:

Cluster #1 Cluster #2

this presents us with a situation where the light (from baryons) and 
mass (from dark matter) are in different places



Observational Cosmology Lectures 4-6:  Cosmology with Galaxy Clusters

Dark matter with Bullet Cluster

9

Clowe et al. 2006

-- x-ray light shows us where the 
ionized gas (i.e., baryons) is 

-- gravitational lensing shows us where 
the mass is (mostly dark matter)

x-ray “baryons”

lensing “dark matter”

“Bullet Cluster” Clowe et al. 2006

Observational Cosmology Lectures 4-6:  Cosmology with Galaxy Clusters

Dark matter with Bullet Cluster

9

Clowe et al. 2006

-- ionized gas from the colliding clusters 
“run into each other” forming a shock

-- dark matter from the colliding clusters 
pass right through each other

Evidence from the Observations of Colliding Clusters

-- how can we use the observations 
to see that baryons do not provide 

most of the mass



The Bullet Cluster

Orange: stars Red : X-ray gas Blue : Mass from lensing measurements

See Clowe et al. 2006 

Sunday, March 28, 2010

Credit: Papovich for layout



The Bullet Cluster

Orange: stars Red : X-ray gas Blue : Mass from lensing measurements

See Clowe et al. 2006 

Sunday, March 28, 2010

Credit: Papovich for layout



The Bullet Cluster

Orange: stars Red : X-ray gas Blue : Mass from lensing measurements

See Clowe et al. 2006 

Sunday, March 28, 2010

Credit: Papovich for layout



The Bullet Cluster

Orange: stars Red : X-ray gas Blue : Mass from lensing measurements

See Clowe et al. 2006 

Sunday, March 28, 2010

Credit: Papovich for layout



What are the measured densities in various components of the 
universe?

What is Ωmat?    (density of normal matter relative to critical)

0.31

Dark matter component

Baryonic matter componentΩmat,bary = 0.04

0.27

Yields of Helium allow this to be measured 
+ from acoustic oscillations in CMB

Measurable from bulk flows / peculiar
velocities / and from CMB

What is Ωrad?    (energy density of radiations relative to critical)

0.0001 Measurable from temperature of
CMB (since it has a black body spectrum)



What are the measured densities in various components of the 
universe?

What is Ωmat?    (density of normal matter relative to critical)

0.31

Dark matter component

Baryonic matter componentΩmat,bary = 0.04

0.27

Yields of Helium allow this to be measured 
+ from acoustic oscillations in CMB

Measurable from bulk flows / peculiar
velocities / and from CMB

What is Ωrad?    (energy density of radiations relative to critical)

0.0001 Measurable from temperature of
CMB (since it has a black body spectrum)

What is ΩΛ?    (energy density of radiations relative to critical)

0.69
Measurable from luminosity distances to 

SNe



Standard'Model'of'cosmology'

The'aim'of'this'course'is'to'explain'these'results.'

Planck Collaboration: Cosmological parameters

Table 1. Parameters of the base ⇤CDM cosmology (as defined in PCP13) determined from the publicly released nominal-mission
CamSpec DetSet likelihood [2013N(DS)] and the 2013 full-mission CamSpec DetSet and crossy-yearly (Y1 ⇥Y2) likelihoods with
the extended sky coverage [2013F(DS) and 2013F(CY)]. These three likelihoods are combined with the WMAP polarization like-
lihood to constrain ⌧. The column labelled 2015F(CHM) lists parameters for a CamSpec cross-half-mission likelihood constructed
from the 2015 maps using similar sky coverage to the 2013F(CY) likelihood (but greater sky coverage at 217 GHz and di↵erent
point source masks, as discussed in the text). The column labelled 2015F(CHM) (Plik) lists parameters for the Plik cross-half-
mission likelihood that uses identical sky coverage to the CamSpec likelihood. The 2015 temperature likelihoods are combined
with the Planck lowP likelihood to constrain ⌧. The last two columns list the deviations of the Plik parameters from those of
the nominal-mission and the CamSpec 2015(CHM) likelihoods. To help refer to specific columns, we have numbered the first six
explicitly.

[1] Parameter [2] 2013N(DS) [3] 2013F(DS) [4] 2013F(CY) [5] 2015F(CHM) [6] 2015F(CHM) (Plik) ([2] � [6])/�[6] ([5] � [6])/�[5]

100✓MC . . . . . . . . . 1.04131 ± 0.00063 1.04126 ± 0.00047 1.04121 ± 0.00048 1.04094 ± 0.00048 1.04086 ± 0.00048 0.71 0.17
⌦bh2 . . . . . . . . . . . 0.02205 ± 0.00028 0.02234 ± 0.00023 0.02230 ± 0.00023 0.02225 ± 0.00023 0.02222 ± 0.00023 �0.61 0.13
⌦ch2 . . . . . . . . . . . 0.1199 ± 0.0027 0.1189 ± 0.0022 0.1188 ± 0.0022 0.1194 ± 0.0022 0.1199 ± 0.0022 0.00 �0.23
H0 . . . . . . . . . . . . 67.3 ± 1.2 67.8 ± 1.0 67.8 ± 1.0 67.48 ± 0.98 67.26 ± 0.98 0.03 0.22
ns . . . . . . . . . . . . 0.9603 ± 0.0073 0.9665 ± 0.0062 0.9655 ± 0.0062 0.9682 ± 0.0062 0.9652 ± 0.0062 �0.67 0.48
⌦m . . . . . . . . . . . . 0.315 ± 0.017 0.308 ± 0.013 0.308 ± 0.013 0.313 ± 0.013 0.316 ± 0.014 �0.06 �0.23
�8 . . . . . . . . . . . . 0.829 ± 0.012 0.831 ± 0.011 0.828 ± 0.012 0.829 ± 0.015 0.830 ± 0.015 �0.08 �0.07
⌧ . . . . . . . . . . . . . 0.089 ± 0.013 0.096 ± 0.013 0.094 ± 0.013 0.079 ± 0.019 0.078 ± 0.019 0.85 0.05
109Ase�2⌧ . . . . . . . . 1.836 ± 0.013 1.833 ± 0.011 1.831 ± 0.011 1.875 ± 0.014 1.881 ± 0.014 �3.46 �0.42

pixel-based likelihood that extends up to multipoles ` = 29. Use
of the polarization information in this likelihood is denoted as
“lowP” in this paper The optical depth inferred from the lowP
likelihood combined with the Planck TT likelihood is typically
⌧ ⇡ 0.07, and is about 1� lower than the typical values of
⌧ ⇡ 0.09 inferred from the WMAP polarization likelihood (see
Sect. 3.4) used in the 2013 papers. As discussed in Sect. 3.4
(and in more detail in Planck Collaboration XI 2015) the LFI
70 GHz and WMAP polarization maps are consistent when both
are cleaned with the HFI 353 GHz polarization maps.7

(3) In the 2013 papers, the Planck temperature likelihood was
a hybrid: over the multipole range `= 2–49, the likelihood
was based on the Commander algorithm applied to 94 % of
the sky computed using a Blackwell-Rao estimator. The like-
lihood at higher multipoles (`=50–2500) was constructed from
cross-spectra over the frequency range 100–217 GHz using the
CamSpec software (Planck Collaboration XV 2014), which is
based on the methodology developed in (Efstathiou 2004) and
(Efstathiou 2006). At each of the Planck HFI frequencies, the
sky is observed by a number of detectors. For example, at
217 GHz the sky is observed by four unpolarized spider-web
bolometers (SWBs) and eight polarization sensitive bolometers
(PSBs). The TOD from the 12 bolometers can be combined to
produce a single map at 217 GHz for any given period of time.
Thus, we can produce 217 GHz maps for individual sky surveys
(denoted S1, S2, S3, etc.), or by year (Y1, Y2) or split by half-
mission (HM1, HM2). We can also produce a temperature map
from each SWB and a temperature and polarization map from

7Throughout this paper, we adopt the following labels for likeli-
hoods: (i) Planck TT denotes the combination of the TT likelihood at
multipoles ` � 30 and a low-` temperature-only likelihood based on
the CMB map recovered with Commander; (ii) Planck TT+lowP fur-
ther includes the Planck polarization data in the low-` likelihood, as de-
scribed in the main text; (iii) labels such as Planck TE+lowP denote the
T E likelihood at ` � 30 plus the polarization-only component of the
map-based low-` Planck likelihood; and (iv) Planck TT,TE,EE+lowP
denotes the combination of the likelihood at ` � 30 using TT , T E,
and EE spectra and the low-` temperature+polarization likelihood. We
make occasional use of combinations of the polarization likelihoods at
` � 30 and the temperature+polarization data at low-`, which we denote
with labels such as Planck TE+lowT,P.

quadruplets of PSBs. For example, at 217 GHz we produce four
temperature and two temperature+polarization maps. We refer
to these maps as detectors-set maps (or “DetSets” for short);
note that the DetSet maps can also be produced for any arbitrary
time period. The high multipole likelihood used in the 2013 pa-
pers was computed by cross-correlating HFI DetSet maps for
the “nominal” Planck mission extending over 15.5 months.8 For
the 2015 papers we use the full-mission Planck data extending
over 29 months for the HFI and 48 months for the LFI. In the
Planck 2015 analysis, we have produced cross-year and cross-
half-mission likelihoods in addition to a DetSet likelihood. The
baseline 2015 Planck temperature-polarization likelihood is also
a hybrid, matching the high multipole likelihood at ` = 30 to the
Planck pixel-based likelihood at lower multipoles.

(4) The sky coverage used in the 2013 CamSpec likelihood was
intentionally conservative, retaining 58 % of the sky at 100 GHz
and 37.3 % of the sky at 143 and 217 GHz. This was done to
ensure that on the first exposure of Planck cosmological results
to the community, corrections for Galactic dust emission were
demonstrably small and had negligible impact on cosmological
parameters. In the 2015 analysis we make more aggressive use
of the sky at each of these frequencies. We have also tuned the
point-source masks to each frequency, rather than using a sin-
gle point-source mask constructed from the union of the point
source catalogues at 100, 143, 217, and 353 GHz. This results in
many fewer point source holes in the 2015 analysis compared to
the 2013 analysis.

(5) Most of the results in this paper are derived from a revised
Plik likelihood based on cross half-mission spectra. The Plik
likelihood has been modified since 2013 so that it is now similar
to the CamSpec likelihood used in PCP13. Both likelihoods use
similar approximations to compute the covariance matrices. The
main di↵erence is in the treatment of Galactic dust corrections
in the analysis of the polarization spectra. The two likelihoods
have been written independently and give similar (but not iden-
tical) results, as discussed further below. The Plik likelihood is

8Although we analysed a Planck full-mission temperature likeli-
hood extensively prior to the release of the 2013 papers.
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CamSpec DetSet likelihood [2013N(DS)] and the 2013 full-mission CamSpec DetSet and crossy-yearly (Y1 ⇥Y2) likelihoods with
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pixel-based likelihood that extends up to multipoles ` = 29. Use
of the polarization information in this likelihood is denoted as
“lowP” in this paper The optical depth inferred from the lowP
likelihood combined with the Planck TT likelihood is typically
⌧ ⇡ 0.07, and is about 1� lower than the typical values of
⌧ ⇡ 0.09 inferred from the WMAP polarization likelihood (see
Sect. 3.4) used in the 2013 papers. As discussed in Sect. 3.4
(and in more detail in Planck Collaboration XI 2015) the LFI
70 GHz and WMAP polarization maps are consistent when both
are cleaned with the HFI 353 GHz polarization maps.7

(3) In the 2013 papers, the Planck temperature likelihood was
a hybrid: over the multipole range `= 2–49, the likelihood
was based on the Commander algorithm applied to 94 % of
the sky computed using a Blackwell-Rao estimator. The like-
lihood at higher multipoles (`=50–2500) was constructed from
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CamSpec software (Planck Collaboration XV 2014), which is
based on the methodology developed in (Efstathiou 2004) and
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sky is observed by a number of detectors. For example, at
217 GHz the sky is observed by four unpolarized spider-web
bolometers (SWBs) and eight polarization sensitive bolometers
(PSBs). The TOD from the 12 bolometers can be combined to
produce a single map at 217 GHz for any given period of time.
Thus, we can produce 217 GHz maps for individual sky surveys
(denoted S1, S2, S3, etc.), or by year (Y1, Y2) or split by half-
mission (HM1, HM2). We can also produce a temperature map
from each SWB and a temperature and polarization map from

7Throughout this paper, we adopt the following labels for likeli-
hoods: (i) Planck TT denotes the combination of the TT likelihood at
multipoles ` � 30 and a low-` temperature-only likelihood based on
the CMB map recovered with Commander; (ii) Planck TT+lowP fur-
ther includes the Planck polarization data in the low-` likelihood, as de-
scribed in the main text; (iii) labels such as Planck TE+lowP denote the
T E likelihood at ` � 30 plus the polarization-only component of the
map-based low-` Planck likelihood; and (iv) Planck TT,TE,EE+lowP
denotes the combination of the likelihood at ` � 30 using TT , T E,
and EE spectra and the low-` temperature+polarization likelihood. We
make occasional use of combinations of the polarization likelihoods at
` � 30 and the temperature+polarization data at low-`, which we denote
with labels such as Planck TE+lowT,P.

quadruplets of PSBs. For example, at 217 GHz we produce four
temperature and two temperature+polarization maps. We refer
to these maps as detectors-set maps (or “DetSets” for short);
note that the DetSet maps can also be produced for any arbitrary
time period. The high multipole likelihood used in the 2013 pa-
pers was computed by cross-correlating HFI DetSet maps for
the “nominal” Planck mission extending over 15.5 months.8 For
the 2015 papers we use the full-mission Planck data extending
over 29 months for the HFI and 48 months for the LFI. In the
Planck 2015 analysis, we have produced cross-year and cross-
half-mission likelihoods in addition to a DetSet likelihood. The
baseline 2015 Planck temperature-polarization likelihood is also
a hybrid, matching the high multipole likelihood at ` = 30 to the
Planck pixel-based likelihood at lower multipoles.

(4) The sky coverage used in the 2013 CamSpec likelihood was
intentionally conservative, retaining 58 % of the sky at 100 GHz
and 37.3 % of the sky at 143 and 217 GHz. This was done to
ensure that on the first exposure of Planck cosmological results
to the community, corrections for Galactic dust emission were
demonstrably small and had negligible impact on cosmological
parameters. In the 2015 analysis we make more aggressive use
of the sky at each of these frequencies. We have also tuned the
point-source masks to each frequency, rather than using a sin-
gle point-source mask constructed from the union of the point
source catalogues at 100, 143, 217, and 353 GHz. This results in
many fewer point source holes in the 2015 analysis compared to
the 2013 analysis.

(5) Most of the results in this paper are derived from a revised
Plik likelihood based on cross half-mission spectra. The Plik
likelihood has been modified since 2013 so that it is now similar
to the CamSpec likelihood used in PCP13. Both likelihoods use
similar approximations to compute the covariance matrices. The
main di↵erence is in the treatment of Galactic dust corrections
in the analysis of the polarization spectra. The two likelihoods
have been written independently and give similar (but not iden-
tical) results, as discussed further below. The Plik likelihood is

8Although we analysed a Planck full-mission temperature likeli-
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What are the measured densities in various components of the 
universe?

Standard'Model'of'cosmology'
We'start'with'the'reviewing'the'status'of'observa.onal'
cosmology'over'the'past'century'and'how'we'arrived'at'the'
current'“standard'model”'of'cosmology.'
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A. Moneti71, L. Montier111,11, G. Morgante57, D. Mortlock66, A. Moss101, D. Munshi100, J. A. Murphy93, P. Naselsky94,43, F. Nati31, P. Natoli37,4,57,

C. B. Netterfield22, H. U. Nørgaard-Nielsen19, F. Noviello79, D. Novikov89, I. Novikov94,89, C. A. Oxborrow19, F. Paci99, L. Pagano38,60, F. Pajot70,

R. Paladini67, D. Paoletti57,59, B. Partridge51, F. Pasian56, G. Patanchon1, T. J. Pearson13,67, O. Perdereau81, L. Perotto86, F. Perrotta99,

V. Pettorino50, F. Piacentini38, M. Piat1, E. Pierpaoli25, D. Pietrobon78, S. Plaszczynski81, E. Pointecouteau111,11, G. Polenta4,55, L. Popa72,
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February 5 2015ABSTRACT

This paper presents cosmological results based on full-mission Planck observations of temperature and polarization anisotropies of the cosmic mi-

crowave background (CMB) radiation. Our results are in very good agreement with the 2013 analysis of the Planck nominal-mission temperature

data, but with increased precision. The temperature and polarization power spectra are consistent with the standard spatially-flat six-parameter

⇤CDM cosmology with a power-law spectrum of adiabatic scalar perturbations (denoted “base ⇤CDM” in this paper). From the Planck tempera-

ture data combined with Planck lensing, for this cosmology we find a Hubble constant, H0 = (67.8±0.9) km s�1Mpc�1, a matter density parameter

⌦m = 0.308 ± 0.012, and a tilted scalar spectral index with ns = 0.968 ± 0.006, consistent with the 2013 analysis. (In this abstract we quote 68 %

confidence limits on measured parameters and 95 % upper limits on other parameters.) We present the first results of polarization measurements

with the Low Frequency Instrument at large angular scales. Combined with the Planck temperature and lensing data, these measurements give a

reionization optical depth of ⌧ = 0.066 ± 0.016, corresponding to a reionization redshift of zre = 8.8+1.7
�1.4 . These results are consistent with those

from WMAP polarization measurements cleaned for dust emission using 353 GHz polarization maps from the High Frequency Instrument. We

find no evidence for any departure from base ⇤CDM in the neutrino sector of the theory. For example, combining Planck observations with other

astrophysical data we find Ne↵ = 3.15 ± 0.23 for the e↵ective number of relativistic degrees of freedom, consistent with the value Ne↵ = 3.046 of

the Standard Model of particle physics. The sum of neutrino masses is constrained to Pm⌫ < 0.23 eV. The spatial curvature of our Universe is

found to be very close to zero with |⌦K | < 0.005. Adding a tensor component as a single-parameter extension to base ⇤CDM we find an upper

limit on the tensor-to-scalar ratio of r0.002 < 0.11, consistent with the Planck 2013 results and consistent with the B-mode polarization constraints

from a joint analysis of BICEP2, Keck Array, and Planck (BKP) data. Adding the BKP B-mode data to our analysis leads to a tighter constraint of

r0.002 < 0.09 and disfavours inflationary models with a V(�) / �2 potential. The addition of Planck polarization data leads to strong constraints on

deviations from a purely adiabatic spectrum of fluctuations. We find no evidence for any contribution from isocurvature perturbations or from cos-

mic defects. Combining Planck data with other astrophysical data, including Type Ia supernovae, the equation of state of dark energy is constrained

to w = �1.006 ± 0.045, consistent with the expected value for a cosmological constant. The standard big bang nucleosynthesis predictions for the

helium and deuterium abundances for the best-fit Planck base ⇤CDM cosmology are in excellent agreement with observations. We also analyse

constraints on annihilating dark matter and on possible deviations from the standard recombination history. In both cases, we find no evidence for

new physics. The Planck results for base ⇤CDM are in good agreement with baryon acoustic oscillation data and with the JLA sample of Type Ia

supernovae. However, as in the 2013 analysis, the amplitude of the fluctuation spectrum is found to be higher than inferred from some analyses

of rich cluster counts and weak gravitational lensing. We show that these tensions cannot easily be resolved with simple modifications of the base

⇤CDM cosmology. Apart from these tensions, the base ⇤CDM cosmology provides an excellent description of the Planck CMB observations and

many other astrophysical data sets.
Key words. Cosmology: observations – Cosmology: theory – cosmic microwave background – cosmological parameters 1
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The'standard'model'of'cosmology'
What are the measured densities in various components of the 

universe?

Note:  slightly different than Planck constraints



Importantly, what do the different densities add up to equal?

What does this imply regarding Ωk ?

Why might this be unexpected?!   (and therefore it is important!)

Ωm+ Ωr+ ΩΛ = 1.000 ±  0.005

Ωm+ Ωr+ ΩΛ + Ωk = 1 Ωk = 1− Ωm− Ωr− ΩΛ

|Ωk| < 0.005



The relation between the Hubble and density parameters can be seen 
by writing the Friedmann equation as follows:

How does this expression vary with a or t at early times?

1 − Ω (t) = H0 (1 − Ω0)a2/(Ωr,0  − aΩm,0)
during radiation domination ⎮1 − Ω (t)⎮ ∝ a2  ∝ t

during matter domination ⎮1 − Ω (t)⎮ ∝ a  ∝ t2/3

deviation grows with time

if ⎮1 − Ω ⎮ ~ 0.005 now, then ⎮1−Ω⎮ ~ 10-62

as this suggests fine tuning, this is the flatness problem

H(t)2 = (8πG/3c2)ε(t) − κc2/(R02 a2(t))

Dividing by H2(t) and realizing that (8πG/3H2(t))(ε(t)/c2) = Ω(t)

1 − Ω(t) = −κc2/(R02 a2(t)H2(t))

1 − Ω (t) = H0 (1 − Ω0)/(H(t)a(t))2

Manipulating this expression, one can show


